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PREFACE   TO   THE   FIRST   EDITIOK. 

IHE  fact  that  certain  bodies,  after  being  rubbed, 
appear  to  attract  other  bodies,  waa  known  to  the 
ancients.  In  modem  times,  a  great  Taiiety  of  other 
phenomena  have  been  observed,  and  have  been  found 
to  be  related  to  these  phenomena  of  attraction.  They 
have  been  classed  under  the  name  of  Electric  phe- 
nomena, amber,  ^Xticrpov,  having  been  the  substance 
in  which  they  were  first  described. 

Other  bodies,  particularly  the  loadstone,  and  pieces 
of  iron  and  steel  which  have  been  subjected  to  certain 
processes,  have  also  been  long  known  to  exhibit  phe- 
nomena of  action  at  a  distance.  These  phenomena, 
with  others  related  to  them,  were  found  to  diflfer  from 
the  electee  phenomena,  and  have  been  classed  under 
the  name  of  Magnetic  phenomena,  the  loadstone,  /idyvK, 
being  found  in  the  Thessalian  Ma^esia. 

These  two  classes  of  phenomena  have  since  been 
foimd  to  be  related  to  each  other,  and  the  relations 
between  the  various  phenomena  of  both  classes,  so 
far  as  they  are  known,  constitute  the  science  of  Elec- 
t3x>magnetism. 

In  the  following  Treatise  I  propose  to  describe  the 
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vi  PREFACE. 

most  important  of  these  phenomena,  to  shew  how  tliey 
may  be  subjected  to  meaaurement,  and  to  trace  the 
mathematical  connexions  of  the  quantities  measured. 
Having  thus  obtained  the  data  for  a  mathematical 
theory  of  electromagnetism,  and  having  shewn  how 
this  theory  may  be  applied  to  the  calculation  of  phe- 
nomena,' I  shall  endeavour  to  place  in  as  clear  a  hght 
as  I  can  the  relations  between  the  mathematical  form 
of  this  theory  and  that  of  the  fimdamental  science  of 
Dynamics,  in  order  that  we  may  be  in  some  degree 
prepared  to  determine  the  kind  of  dynamical  pheno- 
mena among  which  we  are  to  look  for  illustrations  or 
explanations  of  the  electromagnetic  phenomena. 

In  describing  the  phenomena,  I  shall  select  those 
which  most  clearly  illustrate  the  fundamental  ideas  of 
the  theory,  omitting  others,  or  reserving  them  till  the 
reader  is  more  advanced. 

The  most  important  aspect  of  any  phenomenon  ftom 
a  mathematical  point  of  view  is  that  of  a  measurable 
quantity.  I  shall  therefore  consider  electrical  pheno- 
mena chiefly  with  a  view  to  their  measxirement,  de- 
scribing the  methods  of  meaaurement,  and  defining 
the  standards  on  which  they  depend. 

In  the  application  of  mathematics  to  the  calculation 
of  electrical  quantities,  I  shall  endeavour  in  the  first 
place  to  deduce  the  most  general  conclusions  from  the 
data  at  our  disposal,  and  in  the  next  place  to  apply 
the  results  to  the  simplest  cases  that  can  be  chosen. 
I  shall  avoid,  as  much  as  I  can,  those  questions  which, 
though  they  have  elicited  the  skill  of  mathematicians, 
have  not  enlarged  our  knowledge  of  science. 
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PREFACE.  vii 

The  internal  relations  of  the  different  branches  of 
the  science  which  we  have  to  study  are  more  nnmerous 
and  complex  than  those  of  any  other  science  hitherto 
developed.  Its  external  relations,  on  the  one  hand  to 
dynamics,  and  on  the  other  to  heat,  light,  chemical 
action,  and  the  constitution  of  bodies,  seem  to  indicate 
the  special  importance  -of  electrical  science  as  an  aid 
to  the  interpretation  of  nature. 

It  appears  to  me,  therefore,  that  the  study  of  electro- 
magnetism  in  all  its  extent  has  now  become  of  the 
first  importance  as  a  means  of  promoting  the  progress 
of  science. 

The  mathematical  laws  of  the  different  classes  of 
phenomena  have  been  to  a  great  extent  satisfactorily 
made  out. 

The  connexions  between  the  different  classes  of  phe- 
nomena have  also  been  investigated,  and  the  proba- 
bility of  the  rigorous  exactness  of  the  experimental 
laws  has  been  greatly  strengthened  by  a  more  extended 
knowledge  of  their  relations  to  each  other. 

Finally,  some  progress  has  been  made  in  the  re- 
duction of  electromagnetism  to  a  dynamical  science, 
by  shewing  that  no  electromagnetic  phenomenon  is 
contradictory  to  the  supposition  that  it  depends  on 
purely  dynamical  action. 

What  has  been  hitherto  done,  however,  has  by  no 
means  exhausted  the  field  of  electrical  research.  It 
has  rather  opened  up  that  field,  by  pointing  out  sub- 
jecta  of  enquiry,  and  furnishing  us  with  means  of 
investigation. 

It  is  hardly  necessary  to  enlarge  upon  the  beneficial 
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viii  PREFACE. 

results  of  magnetic  research  on  navigation,  and  the 
importance  of  a  knowledge  of  the  true  direction  of 
the  compass,  and  of  the  effect  of  the  iron  in  a  ship. 
But  the  labours  of  those  who  have  endeavoured  to 
render  navigation  more  secure  by  means  of  magnetic 
observations  have  at  the  same  time  greatly  advanced 
the  progress  of  pure  science. 

GausB,  as  a  member  of  the  German  Magnetic  Union, 
brought  his  powerful  intellect  to  bear  on  the  theory 
of  magnetism,  and  on  the  methods  of  observing  it, 
and  he  not  only  added  greatly  to  our  knowledge  of 
the  theory  of  attractions,  but  reconstructed  the  whole 
of  magnetic  science  as  regards  the  instruments  used, 
the  methods  of  observation,  and  the  calculation  of  the 
results,  so  that  his  memoirs  on  Terrestrial  Magnetism 
may  be  taken  as  models  of  physical  research  by  all 
those  who  are  engaged  in  the  measurement  of  any 
of  the  forces  in  nature. 

The  important  applications  of  electromagnetism  to 
telegraphy  have  also  reacted  on  pure  science  by  giving 
a  commercial  value  to  accurate  electrical  measure- 
ments, and  by  affording  to  electricians  the  use  of 
apparatus  on  a  scale  which  greatly  transcends  that 
of  any  ordinary  laboratory.  The  consequences  of  this 
demand  for  electrical  knowledge,  and  of  these  experi- 
mental opportunities  for  acquiring  it,  have  been  already 
very  great,  both  in  stimulating  the  energies  of  ad- 
vanced electricians,  and  in  diffusing  among  practical 
men  a  degree  of  accurate  knowledge  which  is  likely 
to  conduce  to  the  general  scientific  progress  of  the 
whole  engineering  profession. 
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PREFACE.  ix 

There  are  several  treatises  id  which  electrical  and 
magnetic  phenomena  are  described  in  a  popular  way. 
These,  however,  are  not  what  is  wanted  by  those  who, 
have  been  brought  face  to  iace  with  quantities  to  be 
measured,  and  whose  minds  do  not  rest  satisfied  with 
lecture-room  esperimentfi. 

There  is  also  a  cousiderable  mass  of  mathematical 
memoirs  which  are  of  great  importance  in  electrical 
science,  but  they  lie  concealed  in  the  bulky  Trans- 
actions of  learned  societies ;  they  do  not  form  a  con- 
nected ffy^tem;  they  are  of  very  imequal  merit,  and 
they  are  for  the  most  part  beyond  the  comprehension 
of  any  but  professed  mathematiciana. 

I  have  therefore  thought  that  a  treatise  would  be 
useful  which  should  have  for  its  principal  object  to 
tate  up  the  whole  subject  in  a  methodical  manner, 
and  which  should  also  indicate  how  each  part  of  the 
subject  is  brought  within  the  reach  of  methods  of 
verification  by  actual  measurement. 

The  general  complexion  of  the  treatise  differs  con- 
siderably from  that  of  several  excellent  electrical 
works,  published,  most  of  them,  in  Germany,  and  it 
may  appear  that  scant  justice  is  done  to  the  specu- 
lations of  several  eminent  electricians  and  mathema- 
ticiana One  reason  of  this  is  that  before  I  began 
the  study  of  electricity  I  resolved  to  read  no  mathe- 
matics on  the  subject  till  I  had  first  read  through 
Faraday's  Experimented  Besearchea  on  EletAridty.  I 
was  aware  that  there  was  supposed  to  be  a  difference 
between  Faraday's  way  of  conceiving  phenomena  and 
that  of   the   mathematidans,  so   that   neither   he   nor 
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they  were  satisfied  with  each  other's  language.  I  had 
also  the  conviction  that  this  discrepancy  did  not  arise 
_from  either  party  being  wrong.  I  was  first  convinced 
of  this  by  Sir  William  Thomson  *,  to  whose  advice  and 
assistance,  as  well  as  to  his  published  papers,  I  owe 
most  of  what  I  have  learned  on  the  subject 

As  I  proceeded  with  the  study  of  Faraday,  I  per- 
ceived that  his  method  of  conceiving  the  phenomena 
was  also  a  mathematical  one,  though  not  exhibited 
in  the  conventional  form  of  mathematical  symbols.  I 
also  found  that  these  methods  were  capable  of  being 
expressed  In  the  ordinary  mathematical  forms,  and 
thus  compared  with  those  of  the  professed  mathema- 
ticians. 

For  instance,  Faraday,  in  his  mind's  eye,  saw  lines 
of  force  traversing  all  space  where  the  mathematicians 
saw  centres  of  force  attracting  at  a  distance :  Faraday 
saw  a  medium  where  they  saw  nothing  but  distance ; 
Faraday  sought  the  seat  of  the  phenomena  in  real 
actions  going  -on  in  the  medium,  they  were  satisfied 
that  they  had  found  it  in  a  power  of  action  at  a 
distance  impressed  on  the  electric  fluids. 

When  I  had  translated  what  I  considered  to  be 
Faraday's  ideas  into  a  mathematical  form,  I  found 
that  in  general  the  results  of  the  two  methods  coin- 
cided, 80  that  the  same  phenomena  were  accounted 
for,  and  the  same  laws  of  action  deduced  by  both 
methods,  but   that  Faraday's  methods  resembled   those 

*  I  tftke  this  opportunitj  of  acknowledging  mj  obligations  to  Sir 
W.  Thomaon  and  to  Professor  Tait  for  mauf  valuable  auggeetions  made 
during  the  printing  of  thia  work. 
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in  which  we  begin  with  the  whole  and  arrive  at  the 
parts  by  anlaysis,  while  the  ordinaiy  mathematical 
methods  were  founded  on  the  principle  of  beginning 
with  the  parts  and  building  up  the  whole  by  syn- 
thesis. 

I  also  found  that  several  of  Uie  most  fertile  methods 
of  research  discovered  by  the  mathematicians  could  be 
expressed  much  better  in  terms  of  ideas  derived  from 
Faraday  than  in  their  original  form. 

The  whole  theory,  for  instance,  of  the  potential,  con- 
sidered as  a  quantity  which  satisfies  a  certain  partial 
differential  equation,  belongs  essentially  to  the  method 
which  I  have  called  that  of  Faraday.  According  to 
the  other  method,  the  potential,  if  it  is  to  be  considered 
at  all,  must  be  regarded  as  the  result  of  a  summation 
of  the  electrified  particles  divided  each  by  its  distance 
fi:t}m  a  given  point.  Hence  many  of  the  mathematical 
discoveries  of  Laplace,  Poisson,  Green  and  Gauss  find 
their  proper  place  in  this  treatise,  and  their  appropriate 
expression  in  terms  of  conceptions  mainly  derived  from 
Faraday. 

Great  progress  has  been  made  in  electrical  science, 
chiefly  in  Germany,  by  cultivators  of  the  theory  of 
action  at  a  distance.  The  valuable  electrical  measure- 
ments of  W.  Weber  are  interpreted  by  him  according 
to  this  theory,  and  the  electromagnetic  speculation 
which  was  originated  by  Gauss,  and  carried  on  by 
Weber,  Riemaon,  J,  and  C.  Neumann,  Lorenz,  &c  is 
founded  on  the  theory  of  action  at  a  distance,  but 
depending  either  directly  on  the  relative  velocity  of  the 
particles,  or  on  the  gradual  propagation  of  something, 
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whether  potential  or  force,  from  the  one  particle  to 
the  other.  The  great  success  which  these  eminent 
men  have  attained  in  the  application  of  mathematics 
to  electiical  phenomena,  gives,  as  is  natural,  addi- 
tional weight  to  their  theoretical  speculations,  so  that 
those  who,  as  students  of  electricity,  turn  to  them  as 
the  greatest  authontiea  in  mathematical  electricity, 
would  probably  imbibe,  along  with  their  mathematical 
methods,  their  physical  hypotheses. 

These  physical  hypotheses,  however,  are  entirely 
alien  from  the  way  of  looking  at  things  which  I 
adopt,  and  one  object  which  I  have  in  view  is  that 
some  of  those  who  wish  to  study  electricity  may,  by 
reading  this  treatise,  come  to  see  that  there  is  another 
way  of  treating  the  subject,  which  is  no  less  fitted  to 
explain  the  phenomena,  and  which,  though  in  some 
parts  it  may  appear  less  definite,  corresponds,  as  I 
think,  more  faithfully  with  our  actual  knowledge,  both 
in  what  it  a£Qrms  and  in  what  it  leaves  undecided. 

In  a  philosophical  point  of  view,  moreover,  it  is 
exceedingly  important  that  two  methods  should  be 
compared,  both  of  which  have  succeeded  in  explaining 
the  principal  electromagnetic  phenomena,  and  both  of 
which  have  attempted  to  explain  the  propagation  of 
light  as  an  electromagnetic  phenomenon,  and  have 
actually  calculated  its  velocity,  while  at  the  same  time 
the  fundamental  conceptions  of  what  actually  takes 
place,  as  well  as  most  of  the  secondary  conceptions  of 
the  quantities  concerned,  are  radically  different. 

I  have  therefore  taken  the  part  of  an  advocate  rather 
than  that  of  a  judge,  and  have  rather  exempHfied  one 
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method  than  attempted  to  give  an  impartial  deecription 
of  both.  I  have  no  doubt  that  the  method  which  I 
have  called  the  German  one  will  also  £nd  its  sup- 
porters, and  will  be  expounded  with  a  skill  worthy 
of  its  ingenuity. 

I  have  not  attempted  an  exhaustive  account  of  elec- 
trical phenomena,  experiments,  and  apparatus.  The 
ctudent  who  desires  to  read  all  that  is  known  on  these 
Hubjecta  will  find  great  assistance  from  the  TraUi 
itElectriciii  of  Professor  A.  de  la  Rive,  and  from  several 
German  treatises,  such  as  Wiedemann's  Galvaniemtu, 
Biesa'  BedyungselektricitcU,  Beer's  Einleitung  in  die  Elek- 
troBtaiik,  Jcc. 

I  have  confined  myself  almost  entirely  to  the  ma- 
thematical  treatment  of  the  subject,  but  I  would 
recommend  the  student,  after  he  has  learned,  experi- 
mentally if  possible,  what  are  the  phenomena  to  be 
observed,  to  read  carefully  Faraday's  ExperimeTUal 
Besearchea  in  Electricity.  He  will  there  find  a  strictly 
contemporary  historical  account  of  some  of  the  greatest 
electrical  discoveries  and  investigations,  carried  on  in 
»a  order  and  succession  which  could  hardly  have  been 
improved  if  the  results  had  been  known  from  the 
first,  and  expressed  in  the  language  of  a  man  who 
devoted  much  of  his  attention  to  the  methods  of 
accurately  describing  scientific  operations  and  their 
results*. 

It  is  of  great  advantage  to  the  student  of  any 
gubject  to  read  the  ori^nal  memoirs  on  that  subject,  - 
for  science  is  always  most  completely  assimilated  when 
*  Life  and  Letlen  of  Faraday,  vol.  i.  p.  395. 
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xiv  PREFACE, 

it  is  Id  the  naacent  state,  and  in  the  case  of  Faraday's 
Reeearchea  this  is  comparatively  easy,  as  they  are 
published  in  a  separate  form,  and  may  be  read  con- 
Becutively.  If  by  anything  I  have  here  written  I 
may  assist  any  student  in  understandiug  Faraday's 
modes  of  thought  and  expression,  I  shall  regard  it  as 
the  accomplishment  of  one  of  my  principal  aims — to 
communicate  to  others  the  same  delight  which  I  have 
found  myself  in  reading  Faraday's  Researches. 

The  description  of  the  phenomena,  and  the  ele- 
mentary parts  of  the  theory  of  each  subject,  will  be 
found  in  the  earlier  chapters  of  each  of  the  four  Parts 
into  which  this  treatise  is  divided.  The  student  will 
find  in  these  chapters  enough  to  give  him  an  elementary 
acquaintance  with  the  whole  science. 

The  remaining  chapters  of  each  Part  are  occupied 
with  the  higher  parts  of  the  theory,  the  processes  of 
numerical  calculation,  and  tite  instruments  and  methods 
of  experimental  research. 

The  relations  between  electromagnetic  phenomena 
and  those  of  radiation,  the  theory  of  molecular  electric 
currents,  and  the  results  of  speculation  on  the  nature 
of  action  at  a  distance,  are  treated  of  in  the  last  four 
chapters  of  the  second  volume. 
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When  I  was  asked  to  read  the  proof-sheets  of  the 
second  edition  of  the  Electricity  and  Magnetism  the 
work  of  printiDg  had  already  reached  the  ninth  chapter, 
the  greater  part  of  which  had  been  revised  by  the 
author. 

Those  who  are  familiar  with  the  first  edition  will  see 
from  a  comparison  with  the  present  how  extensive  were 
the  changes  intended  by  Professor  Maxwell  both  in  the 
substance  and  in  the  treatment  of  the  subject,  and  how 
much  this  edition  has  suffered  from  bis  premature  death. 
The  first  nine  chapters  were  in  some  cases  entirely  re- 
written, much  new  matter  being  added  and  the  former 
contents  rearranged  and  simplified. 

From  the  ninth  chapter  onwards  the  present  edition 
ie  little  more  than  a  reprint  The  only  liberties  I  have 
taken  have  been  in  the  insertion  here  and  there  of  a 
step  in  the  mathematical  reasoning  where  it  seemed  to 
be  an  advantage  to  tJie  reader,  and  of  a  few  foot-notes 
on  parte  of  the  subject  which  my  own  experience  or  tJiat 
of  pupils  attending  my  classes  shewed  to  require  furtJier 
elucidation.  These  footnotes  are  in  square  brackets- 
There  were  two  parts  of  the  subject  in  the  treatment 
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of  which  it  was  known  to  me  that  the  Professor  con- 
templated considerable  changes :  viz.  the  mathematical 
theory  of  the  conduction  of  electricity  in  a  network  of 
wires,  and  the  determination  of  coefficients  of  induction 
in  coils  of  wire.  In  these  subjects  I  have  not  found 
myself  in  a  position  to  add,  from  the  Professor's  notes, 
anything  substantial  to  the  work  as  it  stood  in  the 
former  edition,  with  the  exception  of  a  numerical  table, 
printed  in  vol.  ii,  pp.  317-319.  This  table  will  be  found 
very  useful  in  calculating  coefficiente  of  induction  in 
circular  coils  of  wire. 

In  a  work  so  original,  and  containing  so  many  details 
of  new  resxilte,  it  was  impossible  but  that  there  should 
be  a  few  errors  in  the  first  edition.  I  trust  that  in 
the  present  edition  most  of  these  will  be  found  to  have 
been  corrected.  I  have  the  greater  confidence  in  ex- 
pressing this  hope  as,  in  reading  some  of  the  proofs,  I 
have  had  the  assistance  of  various  friends  conversant 
with  the  work,  among  whom  I  may  mention  particularly 
my  brother  Professor  Charles  Niven,  and  Mr.  J.  J.  Thom- 
son, Fellow  of  Trinity  College,  Cambridge. 

W.  D.  Niven. 


Tbhotz  Coluob,  Cahbudo^ 
Oct.  I,  1 88 1. 


DigiLizedbyGoOglc 


CONTENT  S. 


FBELmiNAIlT. 


OH  TRB  XKABUSSUEBT  07  QUAHTITIBS. 


1.  The  exprraeion  of  &  qoantify  coueiste  of  tvn  faetorG)  the  na- 

mericol  value,  and  the  name  of  the  coacrete  unit 1 

2,  Dimensions  of  derived  nnita       1 

3-5.  Hie  three  fandunental  nnita — Length,  Time  and  Haas        . .  2,  3 

6.  Derived  nnita      6 

7.  FhTtrical  continnity  and  diacontinnit;        6 

8.  Discontinnity  of  a  function  of  more  than  one  variaUe      . .     . :  7 

9.  Periodic  and  multiple  fhuctiona 8 

10.  Belatitm  of  phyncal  quontitiefl  to  directiona  in  ^aoe        . .     . .  8 

11.  Heanii^  <rf  tlte  words  Scalar  and  Vector 9 

12.  Divid<Mi  of  physica]  vectors  into  two  classes,  Forces  and  Fluxes  10 
IS.  Relation  between  corresponding  vectors  of  the  two  dasses       . .  II 

14.  Lise-int^ration  appropriate  to  forces,  sai£ace-iDtegnttion  to 

flnxea :      ..  12 

15.  Longitudinal  and  rotational  vectors 13 

16.  Une-integTsls  and  potentials     13 

17.  Hamilton's  expreaaion  for  the  relation  between  a  force  and  ita 

potential 15 

18.  GTolior^ons  and  geometry  of  position 16 

19.  The  potential  in  an  acyclic  region  is  ungle  valued 17 

20.  Byatem  of  values  of  the  potential  in  a  t^olic  region 18 


22.  Snrfaoa,  tubes,  and  lines  of  flow       21 

23.  Bight-handed  and  left-himded  relationa  in  space      .'.      . .  24 

24.  Transformation  of  a  lioe-intq^ral  into  a  surbce-int^iral  . .  25 

25.  Eflect  of  HamiltoD'a  opoation  7  on  a  vector  ftinctioa     . .     . .  28 

26.  Nature  of  tbe  operation  V*        29 

TOL.  1.  b  DigiLizedbyGoOJ^lc 


ELECTB03TATIC8. 
CHAPTER  I. 


Art.  F.ee 

27.  Electrification  by  ftiction.    Electrification  is  of  two  kinds,  to 

which  the  names  of  Yitreous  and  HesiuoaB,  or  Positive  and 

Negative,  have  been  given 31 

28.  Electrification  bj  induction         32 

29.  Electrification  hy  conduction.     Condncton  and  insulators        . .  33 

30.  In  electrification  by  friction  the  quantity  of  the  positive  elec- 

trification is  equal  to  that  of  the  negative  electrification      . .  34 

31.  To  cbat^  a  vessel  with  a  quantity  of  electricity  equal  and 

opposite  to  that  of  an  excited  body       34 

32.  To  discharge  a  conductor  completely  into  a  metallic  vessel       . .  35 

33.  Teat  of  electrification  by  gold-leaf  electroscope 35 

34.  Electrification,  considered  as  a  meaaarable  quantity,  may  be 

called  Electricity 36 

35.  Electricity  may  be  treated  as  a  physical  quantity     37 

36.  Theory  of  Two  fluida 38 

37.  Theory  of  One  fluid 40 

38.  Measurement  of  the  force  between  electrified  bodies 41 

39.  Relation  between  this  force  and  the  quantities  of  electricity     . ,  42 

40.  Variation  of  the  force  with  the  distance 43 

41,42.    Definition  of  the  electrostatic  unit   of  electricity.  —  Its 

dimensions 43,  44 

43.  Proof  of  the  law  of  electric  force        44 

44.  Electric  field        45 

46.  Electromotive  force  and  potential      46 

46.  Equipotential   auHacea.    Example  of  their  use  in  reaeoning 

about  electricity 47 

47.  lines  of  force 48 

48.  Electric  tension 49 

49.  Electromotive  forc« 49 

60.  Capacity  of  a  conductor.     Electric  Accumulators 49 

51.  Properties  of  bodies. — Resistance      50 

52.  Specific  Inductive  capacity  of  a  dielectric 62 

53.  'Absorption' of  electricity S3 


DigiLizedbyGoOJ^lc 


COBTIEKTS,  xix 

Art.  nge 

64.  ImpoBeibility  of  an  absolute  cliat^    .. 64 

55.  DiernptiTe  discharge. — Qlow      64 

66.  Brush 67 

57.  Spark 57 

68.  Electrical  phenomena  of  Toannaline 68 

59.  Plan  c4  ike  treatise,  and  sketch  of  its  results 69 

60.  Electric  polarization  and  displacement      61 

61.  Hie  motion  of  electricity  analogons  to  that  of  an  incompressible 

fluid       64 

62.  Pecniiaritiee  of  the  theory  of  this  treatise 65 


XLEIOEKTABT   lUTHEUATICAIi   THEOBT    OF  XLBCTBICITY. 

63.  Definition  of  electricity  as  a  mathematical  quantity 68 

64.  Yolume -density,  surface-density,  and  line-density      68 

65.  Definition  of  the  electrostatic  unit  of  electricity       70 

66.  Law  of  force  between  electrified  bodies 70 

67.  Besnltant  force  between  two  bodies 71 

68.  Resultant  intensity  at  a  point 71 

69.  Line-integral  of  electric  intensity ;  electromotive  force     . .      . .  72 

70.  Electric  potential        73 

71.  Besnltant  intensity  io  terms  of  the  potential 74 

72.  The  potential  of  all  points  of  a  conductor  is  the  same       . .      . .  75 

73.  Potential  due  to  an  electrified  system         76 

74  a.  Proof  of  the  law  of  the  inverse  square.  Cavendish's  experiments  76 

74  6.  Cavendish's  experiments  repeated  in  a  modified  form     . .      . .  77 

74  tf,  d,  e.  Theory  of  the  experiments        79-81 

75.  Surface-integral  of  electric  induction 82 

76.  Induction  through  a  closed  surface  due  to  a  single  centre  of 

force      83 

77.  Poisson's  extension  of  Laplace's  equation 84 

79  a,b,e.  Conditions  to  be  fulfilled  at  an  electrified  surface  . .        86-88 

79.  Resultant  force  on  an  electrified  surface 88 

80.  The  electrification  of  a  conductor  is  entirely  on  the  surface     . .  90 

81.  A  distribution  of  electricity  on  lines  or  points  is  physically 

impossible      91 

82.  Lines  of  electric  induction 93 

83  a.  Specific  inductive  capacity      94 

83  b.  Apparent  distribution  of  electricity        94 

l**  DigiLized  by  Google 


CHAPTER  m. 

OM  SI/XOTRICAIj   WOBK   and   ENEBOT   IK  A   8TSTBH  OS  00HDTICT0B8. 
Alt.  F>«e 

84.  On  the  superpositaon  of  eleobrified  aystems.     ExpresdoD  for  the 

energy  of  &  ^rst«in  of  condactors 96 

86  a.  Gfaonge  of  the  energy  in  passing  Arom.one  state  to  another  . .  97 

85  b,  Belationa  between  the  potentials  and  the  charges 98 

86.  Theorems  of  reciprocity      98 

87.  Theory  of  a  syetem  of  conductors.   Coefficients  of  potential.  Ca- 

pacity.   Coefficients  of  induction         100 

88.  Dimensions  of  the  coefficient 103 

89  a.  Necessary  relations  among  tlie  coefGcients  of  potential  . ,      , .  103 

89  &.  Relations  derived  froin  physical  conaideratioiis       104 

89  0.  Relations  among  coefficients  of  capacity  and  induction  . ,      . ,  106 

89  d.  Approximation  to  capacity  of  one  conductor 105 

89  0.  The  coefficients  of  potential  changed  by  a  second  conductor  . .    106 

90  a.  Approximate  detemuDation  of  the  coefficnenta  of  capacity  and 

induction  of  two  conductors 107 

90  b.  Similar  determination  for  two  condensers      107 

91.  Relative  magnitudes  of  coeffidento  of  potential         109 

92.  And  of  indnction        110 

93  a.  Mechanical  force  on  a  conductor  nrpressed  in  terms  of  the 

cbarges  of  the  different  oondnctors  of  the  Byetem 110 

93  b.  Theorem  in  quadratic  functions       Ill 

93  c.  Work  done  by  the  electric  forces  during  the  displacement  of  a 

system  when  the  potentials  are  maintained  constant  . .  , .  Ill 
94.  Comparison  of  electrified  systems      112 


CHAPTER  IV. 

OXirEKAt  THEOBSXB. 

95  a,  6.  Two  oppoute  methods  of  treating  electrical  questions     115,  116 

96  a.  Green's  Theorem 118 

96  (.  When  one  of  the  functions  is  many  valued 120 

96  c  When  the  region  is  multiply  connected 120 

96  d.  When  one  of  the  ftinctious  becomes  infinite  in  the  region      . .    121 

97  a,  b.  Applications  of  Qreeu's  method 123,124 

98.  Green's  Function 125 

99  a.  Energy  of  a  system  expressed  as  a  volume  integral       . .      , ,    126 

DigiLizedbyGoOJ^lc 


CONTKWTS.  xxi 

Art.  ftw 

99  h.  Proof  of  imiqne  Bolation  for  tb«  potential  when  its  raloe  is 

given  at  every  point  of  a  closed  SDrface        127 

100  o-«.  Thomson's  Theorem 129-132 

101  a-h.  Expression  for  the  energy  when  the  dielectric  constantu 

are  different  in  different  directions.     Extension  of  Oreen's 
Theorem  to  a  heterogeneous  medinm 133-137 

102  a.  Method  of  finding  limiting  values  of  electrical  coefficients  . .    138 
102  &  Approximation  to  the  solution  of  problems  of  the  distribution 

of  electricity  on  conductors  at  given  potentials HO 

102  e.  Application  to  the  case  of  a  condenser  with  slightly  curved 

plates 142 


CHAPTER  V. 

HXCHAinCAIi  ACnOlT  BBTWEBN   TWO   XLXCIKICAL  BTBTEUS. 

103.  Expression  For  the  fbroe  at  any  point  of  the  medium  in  terms 

of  the  potentials  arisit^  from  the  presence  of  tbe  two  systems  144 

104.  In  terms  of  the  potential  arising  from  both  systemB        ..      ..    145 

105.  Nature  of  the  stress  in  the  medium  which  would  produce  the 

aameforce 146 

106.  Further  determination  of  the  type  of  stress 148 

107.  Modification  of  the  expressions  at  the  surface  of  a  conductor. .    149 

108.  Discussion  of  the  integral  of  Art.  104  expressing  the  force 

when  taken  over  all  space 151 

1 09.  Statements  of  Faraday  relative  to  the  longitudinal  tension  and 

lateral  pressure  of  tbe  lines  of  force     153 

110.  Objections  to  stress  in  a  fluid  considered        153 

1 1 1 .  Statement  of  the  theory  of  electric  polarization       154 


CHAPTER  VI. 

POINTS  AND   LIKBS  OF  EQTHLIBSIDH, 

112.  Conditions  for  a  point  of  equilibrium      157 

113.  Number  of  points  of  equilibrium 158 

114.  At  a  point  or  line  of  equilibrium  there  is  a  conical  point  or  a 

line  of  self-interaection  of  the  eqnipotential  surface     ..     ..    159 

1 1 5.  Angles  at  which  an  equipotential  surface  intersects  itself       . .    1 60 

1 16.  The  equilibrium  of  an  electrified  body  cannot  be  stable . .      . .    161 


DigiLized  by  Google 


CHAPTER  VII. 

FOSMS   OF  EQUIPOTENTIAI.  SUSFACEa   ADD  UmS  OF  FLOW. 

Art.  P*et< 

1 17.  Practical  importance  of  a  knowledge  of  these  forms  in  simple 

casea       164 

118.  Two  electrified  points,  ratio  4  :  1,     (Fig.  I) 165 

119.  Twoelectrifiedpotnts,  ratio  4:~-l.     (Fig.  II)       166 

1 20.  An  electrified  point  in  a  umform  field  of  force    (Fig.  Ill)    . .  167 

121.  Three  electrified  points.     Two  spherical  eqnipotential  sur- 

fcces.     (Fig.  IV) 167 

122.  Faraday's  use  of  the  conception  of  lines  of  force 168 

123.  Uethod  employed  in  drawing  the  diagrams 169 

CHAPTER  VIII. 

BIXPLB  OABEB   OF  ELXCTEIFIOAnOH. 

124.  Two  parallel  planes 172 

1 25.  Two  concentric  spherical  surfaces 174 

1 26.  Two  coaxal  cylindric  surfaces , 1 76 

127.  Lonptudinal  force  on  a  cylinder,  the  ends  of  which  are  sur- 

rounded by  cylinders  at  different  pot«ntiab 177 

CHAPTER  IX. 

BPHEBIOAI>  HASHONICS. 

128.  Heine,  Todbnnter,  Ferrers       179 

1 29  a.  Singular  points      , 1 79 

129  &.  Definition  of  on  axis 180 

129  c.  Construction  of  points  of  different  orders     181 

129  d.  Potential  of  such  points.     Surface  harmonics  F.        . .      . .  182 

130  a.  Bolid  harmonics.     S^  =  t'T^       182 

130  (.  There  are  2n  +  l  independent  constants  in  a  solid  harmonic 

of  the  nth  order 183 

131  a.  Potential  due  to  a  spherical  shell 184 

131  (.  Expressed  in  harmonics 184 

131  e.  Mutual  potential  of  shell  and  external  system      185 

132.  Value  of //T.r.rfi         186 

1 33.  Trigonometrical  expressions  for  F, 187 

134.  Value  ot//r^Y,di,  when  m  =  n 189 

135  a.  Special  case  when  F„  is  a  £onal  harmonic 190 

13S  6.  Laplace's  expaosion  of  a  surface  harmonic 190 

136.  Conjugate  harmonics        192 


DigiLizedbyGoOJ^lc 


137.  Sbmdard  humonicB  of  any  order 192 

13S.  Zonal  harmonica       193 

1 39.  Laplace's  coefficient  or  Biazal  harmonio 194 

110  a.  Tesaeral  harmonics.    Their  trigonometrical  expansion        ,.  194 

140  &.  Notations  used  by  variooa  authors       197 

140  e.  Forms  of  the  tesseral  and  sectorial  harmonics      197 

141.  Surface  integral  of  the  square  of  a  tesseral  harmonic     . .      . .  198 
142  a.  Determination  of  a  given  tesseral  harmomo  in  the  expansion 

of  a  function 199 

142  b.  The  same  in  terms  of  differential  coefficients  of  the  function. ,  199 

143.  Figures  of  various  harmonics 200 

144  a.  Spherical  condnctor  in  a  giren  field  of  force        201 

144  b.  Spherical  conductor  in  a  field  for  which  Qreen's  function  is 

known 201 

145  a.  Distribution  of  electricity  on  a  nearly  spherical  conductor  . .  204 

14S  b.  When  acted  on  by  external  electrical  force 206 

145  0.  Whm  enclosed  in  a  nearly  spherical  and  neariy  eoncentric 

▼eesel 207 

146.  Equilibrium  of  electricity  on  two  spherical  conductors   ..      ..  208 

CHAPTER  X. 
coirrocAi.  aireFAOBe  or  ths  bbconv  dkohkb. 

147.  The  lines  of  intersection  of  two  systems  and  their  intercepts 

by  the  third  system       215 

148.  The  characteristic  equation  of  F  in  terms  of  ellipsoidal  co- 

ordinates          216 

149.  Expression  of  a,  ^,  y  in  terms  of  elliptic  functions 217 

150.  Farticnlar  solntions  of  electrical  distribution  on  the  confocal 

snrbcee  and  their  limiting  forma 218 

151.  Continuous  transformation  into  a  figure  of  revolution  about 

the  axis  of  3 221 

152.  Transfbrmationintoafignreof  revolution  about  the  axis  of  fc..  222 

153.  Trassformation  into  a  system  of  cones  and  spheres 223 

154.  Confocal  paraboloids 223 

CHAPTER  XI. 

TBBOBT  OF   ELECTBIO  OtAOBB. 

1 55.  Thomson's  method  of  electric  images       226 

1 56.  When  two  points  are  t^poMtely  and  unequally  electrified,  the 

cuiCsce  for  which  the  potential  is  zero  is  a  sphere        ..      ..  227 

DigiLized  by  Google 


xxir  CONTENTS. 

Alt.  Ttge 

157.  Electric  imsgOB 228 

158.  Distribution  of  electricity  on  the  surface  of  the  sphere  ..      ..  230 

169.  Image  of  any  given  distrribntion  of  electricity 231 

160.  BcBultant  force  between  an  electrified  point  and  sphere  . .      . .  232 

161.' Images  in  an  infinite  plane  conducting  surface        231 

162.  Electric  inversion 235 

163.  Qeometrical  theorems  about  inversion 236 

164.  Application  of  the  method  to  the  problem  of  Art.  168    . .      . .  237 

165.  Finite  systems  of  successive  images 238 

166.  Case  of  two  spherical  suri'aces  intersecting  at  an  angle  —       . .  240 

167.  Enumeration  of  the  cases  in  which  the  number  of  images  is 

finit«       241 

168.  Case  of  two  spheres  intersecting  orthogonally 242 

169.  Case  of  three  spheres  intersecting  orthogonally       245 

1 70.  Case  of  four  spheres  intersecting  orthogonally         246 

171.  Infinite  series  of  images.     Csae  of  two  concentric  spheres      . .  247 

172.  Any  two  spheres  not  intersecting  each  other 249 

173.  Calculation  of  the  coefficients  of  capacity  and  induction  . .      . .  2S1 

174.  Calculation  of  the  charges  of  the  spheres,  and  of  the  force 

between  them         253 

175.  DiBtribntion  of  electricity  on  two  spheres  in  contact.     Proof 

sphere 265 

1 76.  Thomson's  investigation  of  an  electrified  spherical  bowl. .      . .  257 

177.  Distribution  on  as  ellipsoid,  and  on  a  circular  disk  at  po- 

tential F        257 

178.  Induction  on  an  uninsulated  disk  or  bowl  by  an  electriGed 

point  in  the  continuation  of  the  plane  or  spherical  eurfiice . .  258 

179.  The  rest  of  the  sphere  tiupposed  uniformly  electrified     . .      . .  259 

180.  The  bowl  maintained  at  potential  V  and  uninfluenced   . ,     . .  269 

181.  Induction  on  the  bowl  due  to  a  point  placed  anywhere  . .     . .  260 

CHAPTEK  XII. 

COSJOOATE  rUlTCnOKB  IB  TWO   OntSSfSIOJfS. 

182.  Cases  in  which  the  quantitiea  are  fiinctioni  of  x  and  y  only  . .  262 
163.  Coiyogate  fimctions 263 

184.  Conjugate  functions  may  be  added  or  subtracted 264 

185.  Conjugate  Auctions  of  conjugate   fonctions    are  themselves 

conjugate        265 

186.  TruurformatioQ  of  Poisson's  equation      267 

1 87.  Additional  theorems  on  conjugate  functione 268 


DigiLizedbyGoOJ^lc 


188.  Inveruon  in  twodimeDBioiu 268 

189.  Electric  imageB  in  two  dimeiisionB 269 

190.  Nenmvm'a  tranaforiDatioii  of  thia  case 270 

191.  Distribntion  of  electricity  near  the  edge  of  a  conductor  formed 

b;  two  plane  sar&cea 272 

192.  EUipBei  and  hyperbolae     (Fig.  X) 273 

193.  TransfonnatioD  of  this  case.    (Fig.  XI) 274 

194.  Application  to  two  caeea  of  the  flow  of  electricity  in  a  con- 

ducting dieet 27fi 

196.  Application  to  two  caaeB  of  electrical  induction       276 

196.  Capacity  of  a  condenser  conBisting  of  a  drcular  disk  between 

two  infinite  pUtnee 277 

197.  Case  of  a  series  of  equidistant  planes  cut  off  by  a  plane  at  right 

angles  to  them       27d 

198.  Oase  of  a  furrowed  surface       ^      280 

199.  Case  of  a  single  straight  groore       281 

200.  Modification  of  tbe  results  when  the  groove  is  drculu-  . .     . .    281 

201.  Application  to  Sir  W.  Thomeon's  gusj^-rii^ 284 

202.  Case  of  two  parallel  plates  cut  off  by  a  perpendicular  plane. 

(Fig.XII)     285 

203.  Case  of  a  grating  of  parallel  wires.    (Fig.  XIII) 286 

204.  Case  of  a  sin^e  electrified  wire  transformed  into  that  of  the 

grating 287 

205.  The  grating  used  aa  a  shield  to  protect  a  body  from  electrical 

influence . .     .  ■   288 

206.  Method  of  approximation  applied  to  the  case  of  tbe  grating  . .    289 

CHAPTER  Xni. 

ELXOTBOSTATIC  INffTRUMEtTTe. 

207.  The  frictional  electrical  machine     292 

208.  The  electrophorus  of  Volta      293 

209.  Production  of  electrification  by  mechanical  work. — Nicholson's 

Revolving  Doubler        294 

210.  Principle  of  Yarle/s  and  Thomson's  electrical  machines..      ..   294 

211.  Thomson's  water-dropping  machine 297 

212.  HoIU'h  electrical  machine 298 

218.  Theory  of  regenerators  applied  to  electrical  machines     ..      ..    298 
214.  On  electrometers  and  electroscopes.     Indicating  instruments 

and  null  methods.    Difference  between  regiatration  and  mea- 
surement         300 

216.  Conlomb's  Torsion  Balance  for  measuring  charges SOI 

DigiLizedbyGoOJ^lc 


Art.  f>go 

216.  Electrometers  for  measuiiiig  poteatitJs.     Snow-HarriB's  and 

ThomBon'B      S04 

217.  Principle  of  the  ^ard-ring.    Thonuon's  Absolute  Blectrometer  305 

218.  HeeeroBtAtic  method 306 

219.  Self-acting  electrometers. — ThomBon's  Quftdrant  Electrometer  309 

220.  Measurement  of  the  electric  potential  of  a  small  bodj    .,      ..    312 

221.  Measurement  of  the  potential  at  a  point  in  the  Mr 313 

222.  Measaremeut  of  the  potential  of  a  conductor  without  tonchiog  it  314 

223.  Measurement  of  the  superficial  density  of  electrification.     The 

proofplaue , 315 

224.  A  hemisphere  used  as  a  test 316 

225.  A  circular  disk 317 

236.  On  electric  accumulators.     TheLeydeujar 3]9 

227.  Accumulators  of  measurable  capacity       . .      .'.      320 

226.  The  guard-riug  accumulator 321 

229.  CompariBon  of  the  capacities  of  accumulators 323 


PART   II. 

BLECTROEINEMATICS. 
CHAPTER  I. 

THK  ELBCTBIC   CDBBENT. 


230.  Current  produced  when  cooductors  are  dischai^ed 326 

231.  Transference  of  electrification 326 

232.  Description  of  the  voltaic  bsttery 327 

233.  Electromotive  force 328 

234.  Production  of  a  steady  current        328 

236.  Properties  of  the  current 329 

236.  Electrolytic  action 329 

237.  Explanation  of  terms  connected  with  electrolysis 330 

238.  Different  modes  of  passage  of  the  current        330 

239.  Magnetic  action  of  the  current 331 

240.  The  Qalvauometer 332 


DigiLizedbyGoOJ^lc 


C0NTENT8.  ZXVU 

CHAPTER  II. 

OOKSUCnOH  AHD  BBSISTASCE. 

Alt.  Faee 

241.  Ohra'aLftW       333 

242.  Oenention  of  heat  by  the  current.    Jonle's  Law S34 

243.  Analog;  between  the  coadnctioa  of  electricity  and  that  of  heat  335 

244.  DifierenceB  between  the  two  classes  of  phenomena 335 

245.  Faraday'B  doctrine  of  the  impossibility  of  an  absolate  cbai^ge . .  336 


CHAPTER  III 

■LECTBOMOnn!   FORCB  BETWEEN  BODIES  IN   CONTACT. 

246.  Tolta'B  law  of  the  contact  force  between  different  metals  at  the 

same  temperature 337 

247.  Effect  of  electrolytes         338 

248.  Thomson's  voltaic  current  in  wMch  gravity  performs  the  part 

of  chemical  action 338 

249.  Peltier's  phenomenon.    Deduction  of  the  thermoelectric  elec- 

tromotive force  at  a  junction        338 

250.  Beebeck's  disooveiy  of  thermoelectric  currents         340 

261.  Kagnns's  law  of  a  circnit  of  one  metal 340 

252.  Cumming's  discovery  of  thermoelectric  inversions 342 

253.  Thomson's  deductions  from  these  facts,  and  discovery  of  the 

reversible  thermal  effects  of  electric  currents  in  copper  and 

in  iron 342 

254.  Tait's  law  of  the  electromotive  force  of  a  thermoelectric  pair. .  343 

CHAPTER  IV. 

ELBCTKOLXeiS. 

255.  Faraday's  law  of  electrochemical  equivalents 846 

266.  Clausins's  theory  of  molecular  agitation 347 

257.  Electrolytic  polarization 347 

"258.  Test  of  an  electrolyte  by  polarization       348 

269.  DifBcnltJes  in  the  theory  of  electrolyns 348 

260.  Kolecnlar  charges 349 

261.  Secondary  actions  observed  at  the  electrodes 361 

262.  Conservation  of  energy  in  electrolysis 353 

263.  Ueutimnent  of  chemical  affinity  a«  an  electromotive  force    . .  354 

DigiLized  by  Google 


CHAPTER  V. 

BLECTBOLTTIC  POULBIZATIOIT. 

Alt.  Flge 

264.  Difficulties  of  applyiof;  Obm's  law  to  electrolytes 366 

265.  Ohm's  law  neverthelesB  applicable 356 

266.  The  effect  of  polarization  distingubhed  from  that  of  resistance  356 

267.  PolarizatiDD  due  to  the  presence  of  the  ions  at  the  electrodes. 

The  ions  not  in  a  free  state 357 

268.  Relation  botveen  the  electromotive  force  of  polarization  and 

the  state  of  the  ions  at  the  electrodes 358 

269.  Dissipation  of  the  ions  and  loss  of  polarization        359 

270.  Limit  of  polarization         359 

271.  Bitter's  secondary  pile  compared  with  Hie  Leyden  jar    ..      ..  360 

272.  Constant  voltaic  elements. — Daniell's  cell       863 


CHAPTER  VI. 

UATHEXA-nCiL  TUEOBT   OF  THB  DISTBIBITTIOH  OF  SLXCTfilC  CUBSENTS. 

273.  linear  conductors 367 

274.  Ohm's  Law       367 

275.  Linear  conductors  in  series       367 

276.  Linear  conductors  in  multiple  arc 368 

277.  Resistance  of  conductors  of  onifbrm  section 369 

278.  Dimensions  of  the  quantities  involved  in  Ohm's  law      . .      . .    370 

279.  Specific  resistance  and  conductivity  in  electromagnetic  measure  371 

280.  Linear  systems  of  couductors  in  general 371 

281.  Beciprocal  property  of  any  two  conductors  of  the  system      . .    373 
282  a,  b.  Conjugate  conductors        373,  374 

283.  Heat  generated  in  the  system 374 

284.  The  heat  is  a  minimum  when  the  current  is  distributed  ac- 

cording to  Ohm's  law 375 

CHAPTER  VII. 

OOHDUCTION  IK   THBEB   DUCEHSIOMS. 

285.  Notation 376 

286.  Composition  and  resolution  of  electric  currents       376 

287.  Determination  of  the  quantity  which  flows  through  anysur&ce  377 
286.  Equation  of  a  surface  of  flow 378 


DigiLizedbyGoOJ^lc 


289.  Belation  between  any  three  tyeUaoB  of  snr&ees  of  flow  , .      . .    378 

290.  Tnbeaof  flow 378 

291.  Expression  for  the  oomponenta  of  the  flow  in  tennB  of  eorfacea 

of  flow 379 

292.  Simplification  of  thia  expression  by  a  propOT  choice  of  para- 

metoTB 379 

293.  Unit  tubes  of  flow  used  as  a  complete  method  (f  determining 

the  cnrrent 379 

294.  Cnrrent-sheets  and  current-fonatioiis       380 

295.  Eqoatioa  of 'continuity' 380 

296.  Quantity  of  electricity  which  flows  through  a  given  surface  . ,    382 

CHAPTER  VIII. 

BESISTAltCE  AND   COKDUOHTIIY   IS  TBXES  SIMENSIOITB. 

297.  Equations  of  resistance ..  383 

298.  Equations  of  conduction 384 

299.  Bate  of  geneii^tion  of  beat        384 

300.  Conditions  of  stabilify       385 

301.  Equation  of  contanni^  in  a  homogeneous  medium 386 

302.  Solution  of  the  equation 386 

303.  Theory  of  the  co^cient  T.    It  probably  does  not  exist        ..  387 

304.  Generalized  form  of  Thomson's  theorem 388 

306.  Proof  without  symbols     389 

306.  Strntt's  method  applied  to  a  wire  of  variable  section. — Lower 

limit  of  the  value  of  the  redstance         890 

307.  Higher  limit      393 

308.  Lower  limit  for  the  correction  for  the  ends  of  the  wire  ..       ..  395 

309.  Higher  limit 396 

CHAPTER  IX. 
coirsuonoit  THBOuan  hbixsoqbubotis  kedia. 

310.  Snrface-conditionB 398 

311.  Spherical  sur^ce       400 

312.  ^berical  shell 401 

313.  Spherical  ehell  placed  in  afield  of  uniform  flow      402 

314.  Medium  in  which  small  spheres  are  uniformly  disseminated  ..  403 

315.  Images  in  a  plane  sor^e 404 

316.  Method  of  inversioii  not  applicable  in  three  dimensions  .,       ..  40S 

317.  Case  of  conduction  through  a  stratum  bounded  by  par^lel 

planes ^  405 

DigiLized  by  Google 


X«  C0NTEKT3. 

AJft  Ptst 

318.  Infinite  series  of  imagefl.  Application  to  magnetic  indnetion..    406 

319.  On  strati&ed  conductora.    Coefficients  of  conductivity  of  a  con- 

ductor conuBtJng  of  alternate  strata  of  two  different  sabBtanceB  407 

320.  If  neither  of  the  Bubstances  has  tbe  rotatory  property  denoted 

by  2*  tiie  compound  conductor  is  free  &om  it       408 

321.  If  the  substances  are  isotropic  the  direction  of  greatest  resiet- 

ance  is  normal  to  tbe  strata 408 

322.  Uediimi  containing  parallelepipeds  of  another  medium  ..       .,    409 

323.  The  rotatory  property  cannot  be  introduced  by  means  of  con- 

ducting channels     410 

324.  Construction  of  an  artifidal  solid  having  given  coeffidenfs  of 

longitudinal  and  transverse  conductivity       411 


CHAPTER  X. 

CONDTJCTIOS  IV  DIELECTBICS. 

325.  In  a  strictly  homogeneous  medium  there  can  be  no  internal 

charge 412 

326.  Theory  of  a  condenser  in  which  the  ^electric  is  not  a  perfect 

insulator  413 

327.  No  residual  charge  due  to  simple  conduction 414 

328.  Theory  (^  a  composite  accumulator 414 

329.  Residual  charge  aud  electrical  absorption        416 

330.  Total  discharge 418 

331.  Comparison  with  tbe  conduction  of  beat 419 

332.  Theory  of  telegraph  cables  and  comparison  of  tbe  equations 

with  those  of  the  conduction  of  heat      421 

333.  Opinion  of  Ohm  on  this  subject       422 

334.  Uechanical  illustration  of  the  properties  of  a  dielectric  ..      ..   423 

CHAPTEE  XI. 

UEABrREHXHT  Of  THE  XLECTKIO   RXSISTAXCB  OF  COKDITCTOES. 

336.  Advantage  of  using  material  standards  of  resistance  in  electrical 

measurementa         426 

336.  Different  standards  which  have  been  used  and  different  systems 

which  have  been  proposed     426 

337.  The  electromagnetic  system  of  units        427 

338.  Weber's  unit,  aud  the  Britjsh  Association  unit  or  Olim  ..       ..  427 

339.  Professed  value  of  the  Ohm  10,000,000  metres  p^r  second     ..  427 

DigiLizedbyGoOJ^lc 


340.  Beproduction  of  standards         428 

341.  Forma  of  resistance  coila 429 

342.  CoiIb  of  great  resistance 430 

343.  Arrangement  of  coils  in  series 430 

344.  Arrangement  in  multiple  arc 431 

345.  On  the  comparison  of  resistances.     (1)  Ohm's  method    ..       ..  432 

346.  (2)  By  the  differential  galvanometer        432 

347.  (3)  By  Wheatstone's  Bridge 436 

348.  Estimation  of  limits  of  error  in  the  determination 437 

349.  Best  arrangement  of  the  condnctors  to  be  compared       ..      ..  438 

350.  On  the  use  of 'Wheatstone's  Bridge 440 

351.  Thomson's  method  for  small  resistances 442 

352.  Mattbieeeen  and  Hockin'a  method  for  small  resistanoes  ..       .,  444 

353.  Comparison  of  great  reeistances  by  the  electrometer       ..      ..  446 
364,  By  accumulation  in  a  condenser       447 

355.  Direct  electrostatic  method        ;'      ..       .,  447 

356.  Thomson's  method  for  the  resistance  of  a  galvanometer  ..       ..  448 

357.  Mance's  method  of  determining  the  resistance  of  a  battery      ,.  449 
356.  Comparison  of  electromotive  forces 462 

CHAPTER  Xn. 


359.  Hetals,  electrolytes,  and  dielectrics 454 

360.  Resistance  of  metals 465 

361.  Reuatance  of  mercury       456 

362.  Table  of  resistance  of  metals 457 

363.  Resistance  of  electrolytes 458 

364.  Experimenta  of  Paalzow 458 

365.  Experiments  of  Eohlrausch  and  Nippoldt       459 

366.  Resistance  of  dielectrics 460 

367.  Outta-percha 462 

368.  Glass 462 

369.  OaseB 463 

370.  Experiments  of  Wiedemann  and  Hiihlmaun 463 


DigiLizedbyGoOglc 


D,j.,.db,Googlc 


ELECTBICITY  AND   MAGNETISM. 


PRELIMINARY. 


OH  THE  HEASITBBUENT  07  QUANTITIES. 

1.]  EvEEY  expresgion  of  a  Quantity  consiBts  of  two  fiietors  or 
compooente.  Oae  of  these  is  the  name  of  a  certain  known  quan- 
tity of  the  same  kind  as  the  quantity  to  be  expressed,  which  is 
taken  as  a  standard  of  reference.  The  other  component  is  the 
namber  of  times  the  standard  is  to  be  taken  in  order  to  make  np 
the  required  quantity.  The  standard  quantity  is  technically  called 
the  Unit,  and  the  number  is  called  the  Numerical  Value  of  the 
quantity. 

There  must  be  as  many  different  units  aa  there  are  different 
kinds  of  quantities  to  be  measured,  but  in  all  dynamical  sciences 
it  is  possible  to  define  these  units  in  terms  of  the  three  funda- 
mental tmits  of  Length,  Time,  and  Mass.  Thus  the  units  of  area 
and  of  volume  are  defined  respectively  as  the  square  and  the  cube 
whose  sides  are  the  unit  of  length. 

Sometimes,  however,  we  find  several  units  of  the  same  kind 
founded  on  independent  considerations.  Thus  the  gallon,  or  the 
volume  of  ten  ponnds  of  water,  is  used  as  a  unit  of  capacity  as  well 
as  the  cubic  foot.  The  gallon  may  be  a  conrement  measure  in 
some  cases,  but  it  is  not  a  systematao  one,  since  its  numerical  re- 
lation to  the  cubic  foot  is  not  a  round  integral  number. 

2.]  In  framing  a  mathematical  system  we  suppose  the  funda- 
mental  units  of  length,  time,  and  mass  to  be  given,  and  deduce 
all  the  derivative  units  from  these  by  the  simplest  attainable  de- 
finitioDS. 

the  formnlae  at  which  we  arrive  must  be  such  that  a  person 

A  '    TOL,  I.  B  ,--  T 
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of  any  nation,  by  Bubstitating  for  the  different  symbols  the  nu- 
merical yalnea  of  the  quantities  as  measured  by  his  own  national 
units,  would  arrive  at  a  true  result. 

Hence,  in  all  scientific  studies  it  is  of  the  greatest  importance 
to  employ  units  belonging  to  a  properly  defined  Bystem,  and  to 
know  the  relations  of  these  units  to  the  fundamental  units,  so  that 
we  may  be  able  at  once  to  transform  our  results  from  one  system  to 
another. 

This  is  most  conveniently  done  by  ascertaining  the  dimetmont 
of  every  unit  in  terms  of  the  three  fundamental  units.  When  a 
given  unit  varies  as  the  nth  power  of  one  of  these  units,  it  is  said 
to  be  of  n  dimentitm»  as  regards  that  unit. 

For  instance,  the  scientific  unit  of  volume  is  always  the  cube 
whose  side  is  the  unit  of  length.  If  the  nnit  of  length  varies, 
the  unit  of  volume  will  vaiy  as  its  third  power,  and  the  unit  of 
volume  is  said  to  be  of  three  dimensions  with  respect  to  the  unit  of 
lengiih, 

A  knowledge  of  the  dimensions  of  nuits  furnishes  a  test  which 
ought  to  be  applied  to  the  equations  resulting  from  any  lengthened 
investigation.  The  dimensions  of  every  term  of  such  an  equa- 
tion, with  respect  to  each  of  the  three  fundamental  units,  must 
be  the  same.  If  not,  the  equation  is  absurd,  and  contains  some 
error,  as  its  interpretation  would  be  different  according  to  the  arbi- 
trary system  of  units  which  we  adopt  *. 

Tie  Three  Fundamental  Units. 

S.]  (1)  Length.  The  standard  of  length  for  scientific  purposes 
in  this  country  is  one  foot,  which  is  the  third  part  of  the  standard 
yard  preserved  in  the  Eioheqner  Chambers. 

In  France,  and  other  countries  which  have  adopted  the  metric 
system,  it  is  the  m^tre.  The  m^tre  is  theoretically  the  ten  mil- 
lionth part  of  the  length  of  a  meridian  of  the  earth  measured 
&om  the  pale  to  the  equator;  but  practically  it  is  the  length  of 
a  standard  preserved  in  Paris,  which  was  constructed  by  Borda 
to  correspond,  when  at  the  temperature  of  melting  ice,  with  the 
value  of  the  preceding  length  as  measured  by  Delambre.  The  m^tre 
has  not  been  altered  to  correspond  with  new  and  more  accurate 
measurements  of  the  earth,  but  the  arc  of  the  meridian  is  estimated 
in  terms  of  the  original  mfetre. 

*  The  thaoi7  of  dimeanoni  wu  fint  it>tsd  tf  Fourier,  Thiorit  dt  ChtiUw,  }  160. 
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In  astronomy  the  mean  dietance  of  the  earth  from  the  eon  ia 
sometimes  taken  as  a  nnit  of  length. 

In  the  present  8tat«  of  science  the  most  aniverBal  standard  of 
length  which  we  conld  asaome  would  be  the  wave  length  in  vacuam 
of  a  particular  kind  of  light,  emitted  by  some  widely  diffused  sub- 
stanee  snch  as  sodium,  which  has  well-defined  lines  in  its  spectrum. 
Such  a  standard  would  be  independent  of  any  changes  in  the  di- 
mensions of  the  earth,  and  should  be  adopted  by  those  who  expect 
their  writings  to  he  more  permanent  than  that  body. 

In  treating  of  the  dimensions  of  nnits  we  shall  call  the  unit  of 
length  [Z].  If  ^  is  the  numerical  value  of  a  length,  it  is  under- 
stood to  be  expressed  in  terms  of  the  concrete  unit  [X],  so  that 
the  actual  length  would  be  fully  expressed  by  I  [i]. 

4.]  (2)  Tinte,  The  standard  anit  of  time  in  all  civilized  coun- 
tries is  deduced  from  the  time  of  rotatioD  of  the  earth  about  its 
axis.  The  sidereal  day,  or  the  true  period  of  rotation  of  the  earth, 
can  be  ascertained  with  great  exactness  by  the  ordinary  obserra- 
tioDs  of  astronomers  J  and  the  mean  solar  day  can  be  deduced 
irom  this  by  our  knowledge  of  the  length  of  the  year. 

The  unit  of  time  adopted  in  all  physical  researches  Is  one  second 
of  mean  solar  time. 

In  astronomy  a  year  is  sometimes  used  aa  a  unit  of  time.  A 
more  uniTerssl  nnit  of  time  might  be  found  by  taking  the  periodic 
time  of  vibration  of  the  particular  kind  of  light  whose  wave  length 
is  the  unit  of  length. 

We  shall  call  the  concrete  unit  of  time  [7*],  and  the  nmnerical 
measure  of  time  i. 

6.]  (3)  Matt.  The  standard  unit  of  mass  is  in  this  country  the 
avoirdupois  pound  preserved  in  the  Exchequer  Chambers.  The 
grain,  which  is  often  used  as  a  unit,  is  defined  to  be  the  7000th 
part  of  this  pound. 

In  the  metrical  system  it  is  the  gramme,  which  is  theoretically 
the  mass  of  a  cubic  centimetre  of  distilled  water  at  standard  tem- 
perature and  presBore,  but  practically  it  is  the  thousandth  part 
of  the  standard  kilogramme  preserved  in  Paris. 

The  accuracy  with  which  the  masses  of  bodies  can  be  com- 
pared by  weighing  is  far  greater  than  that  hitherto  attained  in 
the  measurement  of  lengths,  so  that  all  masses  ought,  if  possible, 
to  be  compared  directly  with  the  standard,  and  not  deduced  from 
experiments  on  water. 

In  descriptive  astronomy  the  mass  of  the  ma  or  that  of  the 
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earth  is  sometimes  taken  ae  a  unit,  but  in  tbe  dynamical  tbeoiy 
of  astronomy  the  unit  of  mass  is  deduced  irom  the  units  of  time 
and  length,  combined  with  tbe  fact  of  universal  gravitation.  The 
astronomical  unit  of  maaa  is  that  mass  which  attracts  another 
body  placed  at  the  onit  of  distance  so  as  to  prodace  in  that  body 
the  unit  of  acceleration. 

In  framing  a  universal  system  of  units  we  may  either  deduce 
the  unit  of  mass  in  this  way  from  those  of  length  and  time 
already  defined,  and  this  we  can  do  to  a  rough  approximation  in 
the  present  state  of  scienee ;  or,  if  we  expect*  soon  to  be  able  to 
determine  the  mass  of  a  single  molecole  of  a  standard  Bubstance, 
we  may  wait  for  this  determinatien  before  fixing  a  universal 
standard  of  mass. 

We  shall  denote  the  concrete  unit  of  masa  by  the  symbol  [3f  ] 
in  treating  of  the  dimensions  of  other  nnits.  The  unit  of  mass 
will  be  taken  as  one  of  the  three  fundamental  units.  When,  as 
in  the  French  system,  a  particular  substance,  water,  is  taken  as 
a  standard  of  density,  then  the  unit  of  mass  is  no  longer  inde- 
pendent, but  varies  as  the  unit  of  volume,  or  as  [i/^]- 

Ifj  as  in  the  astronomical  system,  the  unit  of  mass  is  defined 
with  respect  to  its  attractive  power,  the  dimensions  of  [Jtf  ]  are 
[i'T-]. 

For  the  acceleration  due  to  the  attraction  of  a  soass  m  at  a 

distance  r  is  by  the  Newtonian  Law  —^  •     Suppose  this  attraction 

to  act  for  a  very  small  time  ^  on  a  body  originally  at  rest,  and  to 
cause  it  to  describe  a  space  s,  then  by  the  formula  of  Cralileo, 

'=!/'' =  *?''; 

whence  m  =  2  ~r^ ,    Since  r  and  (  are  both  lengths,  and  ^  is  a 

time,  this  equation  cannot  be  true  unless  the  dimengionB  of  m  are 
[Z'7~'].  The  same  can  be  shewn  from  any  astronomical  equa- 
tion in  which  the  mass  of  a  body  appears  in  some  but  not  in  all 

of  the  terms  t' 


1888  ;  and  Sir  W.  Thomeon  on  '  The  Siio  of  AtomB,'  Nature,  Muroh  SI ,  187o! 

-f-  If  a  ceDtimstre  and  a  second  are  taken  as  unita,  the  aatronomioal  unit  of  mail 
WDOld  be  aboDt  l'S37  »  10^  grammea,  or  16'37  tonneB  according  to  Baily's  tepetiCioD 
of  CaTendieb'R  experitneDt.  Baity  adopts  6'S604  as  the  result  of  all  his  eipeiimenta 
•1  the  mean  deniity  of  the  enrtlu  and  thii,  with  the  valaea  used  b;  BailT  for  the 
dlmenrionaof  the  earth  and  the  ioteon^  ofgniTitation  atitaiur&ce,  givee  the  abore 
TalneaaUie  direct  nault  of  hia^perimente. 
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6.]  DEBITED   UKITS.  5 

Derived  Units. 

6,]  The  unit  of  Velocity  is  that  velocity  in  which  unit  of  length 
is  described  in  unit  of  time.     Its  dimengions  are  [i/7'~^]. 

If  we  adopt  the  nnite  of  length  and  time  derived  &om  the 
vibratione  of  light,  then  the  unit  of  velocity  is  the  velocity  of 
light. 

He  unit  of  Acceleration  is  that  acceleration  in  which  the  velo- 
city increases  by  nnity  in  nnit  of  time.     Its  dimensions  are  [its'"']. 

The  Bitit  of  Density  is  the  density  of  a  substance  which  contains 
unit  of  mass  in  unit  of  volume.     Its  diroensions  are  [ML-"]. 

The  unit  of  Momentum  is  the  momentum  of  unit  of  mass  moving 
with  unit  of  velocity.     Its  dimensions  are  [JfZr-*]. 

The  unit  of  Force  is  the  force  which  ptodnces  unit  of  momentum 
in  nnit  of  time.     Its  dimensions  are  {_MLT-*']- 

This  is  the  absolute  unit  of  force,  and  this  definition  of  it  is 
implied  in  eveiy  equation  in  Dynamics.  Neyertheless,  in  many 
text  books  in  which  these  equations  are  given,  a  different  miit  of 
force  is  adopted,  namely,  the  weight  of  the  national  unit  of  mass; 
and  then,  in  order  to  satisfy  the  equations,  the  national  unit  of  mass 
is  itself  abandoned,  and  an  artificial  unit  is  adopted  as  the  dynamical 
nnit,  equal  to  the  national  unit  divided  by  the  numerical  value  of 
the  intensity  of  gravity  at  the  place.  In  this  way  both  the  unit  of 
force  and  the  unit  of  mass  are  made  to  depend  on  the  value  of  the 
intensity  of  gravity,  which  varies  from  place  to  place,  so  that  state- 
ments involving  these  quantities  are  not  complete  without  a  know- 
ledge of  the  intensity  of  gravity  in  the  places  where  these  statements 
were  found  to  be  true. 

The  abolition,  for  all  scientific  purposes,  of  this  method  of  measur- 
ing forces  is  mainly  due  to  the  introduction  by  Gauss  of  a  general 
system  of  making  observations  of  magnetic  force  in  countries  in 
which  the  intensity  of  gravity  is  different.  All  such  forces  are 
now  measured  according  to  the  strictly  dynamical  method  deduced 
from  our  definitions,  and  the  numerical  reeults  are  the  same  in 
whatever  conntry  the  experiments  are  made. 

The  unit  of  Work  is  the  work  done  by  the  unit  of  force  acting 
through  the  unit  of  length  measured  in  its  own  direction.  Its 
dimensions  are  [ AfZ'T*'^]. 

The  Energy  of  a  system,  being  its  capacity  of  performing  work, 
is  measured  by  the  work  which  the  system  is  capable  of  performing 
by  the  uqienditure  of  its  whole  energy. 
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The  definitions  of  other  quantities,  and  of  the  units  to  which 
they  are  referred,  will  be  given  when  we  require  them. 

In  transforming  the  values  of  physical  quantities  determined  in 
terms  of  one  unit,  so  as  to  express  them  in  terms  of  any  other  unit 
of  the  same  kind,  we  have  only  to  remember  that  every  expres- 
sion for  the  quantity  consists  of  two  factors,  the  unit  and  the  nu- 
merical part  which  expreaaee  how  often  the  unit  is  to  be  taken. 
Hence  the  namerical  part  of  the  expression  varies  inversely  aa  the 
magnitude  of  the  unit,  that  is,  inversely  as  the  various  powers  of 
the  fundamental  units  which  are  indicated  by  tbe  dimensions  of  the 
derived  unit. 

On  Physical  Continuity  and  Di^conlinuity. 

7.]  A  quantity  is  said  to  vary  continuously  if,  when  it  passes 
from  one  value  to  another,  it  assumes  all  the  intermediate  values. 

We  may  obtain  the  conception  of  continuity  from  a  consideration 
of  the  continnoue  existence  of  a  particle  of  matter  in  time  and  space. 
Such  a  particle  cannot  pass  from  one  position  to  another  without 
describing  a  continuous  line  in  space,  and  tiie  coordinates  of  its 
position  must  be  continuous  functions  of  the  time. 

In  the  so-called  'equation  of  continuity,'  as  given  in  treatises 
on  Hydrodynamics,  the  fact  expressed  is  that  matter  cannot  appear 
in  or  disappear  from  an  element  of  volume  without  passing  in  or  out 
through  the  sides  of  that  element. 

A  quantity  is  said  to  be  a  continuous  function  of  its  variables 
if,  when  the  variables  alter  continuously,  the  quantity  itself  alters 
continuously. 

Thus,  if  u  is  a  function  of  x,  and  if,  while  x  passes  continuously 
from  3!^  to  Xi,  u  passes  continaonsly  from  »g  to  »i,  but  when  x 
passes  from  htj  to  jrj,^  passes  from  u,'  to  tcj,  «i' being  different  from 
«i,  then  u  is  said  to  have  a  discontinuity  in  its  variation  with 
respect  to  x  for  the  value  x=Xj,  because  it  passes  abruptly  from  u^ 
to  Vi  while  X  passes  continuously  through  x^. 

If  we  consider  the  differential  coefficient  of  a  with  respect  to  x  for 
the  value  x=Xias  the  limit  of  the  fraction 

when  x^  and  Xg  are  both  made  to  approach  Xj  without  limit,  then, 
Hxq  and  x^  are  always  on  opposite  sides  of  :r^,  the  ultimate  value  of 
the  numerator  will  be  w^'— »i,  and  that  of  the  denominator  will 
be  zero.     If  »  is  a  quantity  physically  continuous^  the  discontinuity 
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can  exist  only  with  respect  to  the  particular  variable  e.  We  must 
in  this  case  atlmit  that  it  has  an  infinite  di£ferential  coefficient 
when  x=Xy.  If  u  is  not  physically  continaous,  it  cannot  be  dif- 
ferentiated at  all. 

It  is  possible  in  physical  qnestions  to  get  rid  of  the  idea  of 
discontinuity  without  sensibly  altering  the  conditioDs  of  the  case. 
If  2^  is  a  very  little  less  than  x^ ,  and  x^  a  very  little  greater  than 
*,,  then  M„  will  be  very  nearly  equal  to  «i  and  «g  to  Wi'.  W© 
may  now  suppose  m  to  vary  in  any  arbitrary  but  continaous  manner 
from  Kg  to  Uj  between  the  limits  ds^  and  x^.  In  muiy  physical 
questions  we  may  begin  with  a  hypothesis  of  this  kind,  and  then 
investigate  the  result  when  the  values  of  x^  and  x^  are  made  to 
•pproach  that  of  x^  and  ultimately  to  reach  it.  If  the  result  is 
independent  of  the  arbitrary  manner  in  which  we  have  supposed 
u  to  vary  between  the  limits,  we  may  assume  that  it  is  true  when  w 
18  diecoDtinuons. 

Ditcontinuitj/  of  a  Function  of  more  than  One  Variable. 

8,]  If  we  suppose  the  values  of  all  the  variables  except « to  be 
coDstsnt,  the  discontinuity  of  the  function  will  occur  for  particular 
values  of  x,  and  these  will  be  connected  with  the  values  of  the 
other  variables  by  an  equation  which  we  may  write 

^  =:  ^  {x,y,  z,  &c.)  =  0. 
The  discontinuity  will  occur  when  0  =  0.     When  ^  is  positive  the 
function  will  have  the  form  F^  (^x,  y,  z,  &.C.).    When  (fi  is  negative 
it  will  have  the  form  /",  {ii;,^',  z,  Sic.).     There  need  be  no  necessary 
relation  between  the  forms  Fj  and  F^. 

To  express  this  discontinuity  in  a  mathematical  form,  let  one  of 
the  variables,  say  x,  be  expressed  as  a  function  of  ^  and  the  other 
variables,  and  let  F^  and  f j,  be  expressed  as  functions  of  tft,  y,  z,  &c. 
We  may  now  express  the  general  form  of  the  function  by  any 
formula  which  is  sensibly  equal  to  F^  when  ^  is  positive,  and  to 
F,  when  <p  is  negative.     Such  a  formala  is  the  following — 

Ab  long  as  «  is  a  finite  quantity,  however  great,  F  will  be  a 
continuous  function,  but  if  we  make  »  infinite  F  will  be  equal  to 
Ff  when  0  is  positive,  and  equal  to  F^  when  ^  is  negative. 
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DUcontinuiiy  qfiht  Derivatives  of  a  Coniinttotis  Funciion. 

The  first  deriTatiTes  of  a  continoouB  fuDCtion  may  be  discon- 
tinuous. Let  the  values  of  the  variables  for  which  the  discon- 
tinuity of  the  derivatives  occurs  be  connected  by  the  equation 

<l>  =  <l>(x,y,z...)=  0, 
and  let  F^  and  F,  be  expressed  in  terms  of  0  and  »— 1   other 
variableB,  say  (y,z...). 

Then,  when  ^  is  negative,  F^  is  to  be  taken,  and  when  1^  is 
positive  Ff  is  to  be  taken,  and,  since  F  is  itself  continaouB,  when 
0  is  zero,  F^  =  F^. 

Hence,  when  <p  is  zero,  the  derivatives  -~  and  -^  may  be 

different,  hut  the  derivatives  with  respect  to  any  of  the  other 

dF,  dF, 

variables,  such  aB  —r^  and  —r^  ,  must  be  the  same.     The  discon- 
dy  dy 

tinuity  is  therefore  confined  to  the  derivative  with  respect  to  0j  all 

the  other  derivatives  hein;  continuous, 

Periodic  and  Multiple  Ftmcttont. 

9.]  If  «  is  a  function  of  x  such  that  its  valne  is  the  same  for 
X,  x+a,  g+na,  and  all  values  of  w  differing  by  a,  »  is  called  a 
periodic  Junction  of  »,  and  a  is  called  its  period. 

IF  «  ie  considered  as  a  function  of  w,  then,  for  a  given  value  of 
V,  there  must  be  an  infinite  series  of  values  of  ir  differing  by 
multiples  of  a.  In  this  case  w  lb  called  a  multiple  function  of  », 
and  a  is  called  its  cyclic  constant. 

The  differential  coe£Scient  -^  has  only  a  finite  number  of  values 
du  ^ 

corresponding  to  a  given  value  of  ». 

On  lie  Belation  i^Piyncal  Quaniitiet  to  Directumt  i»  Space. 
10.]  In  distinguishing  the  kinds  of  physical  quantities,  it  is  of 
great  importance  to  know  how  they  are  related  to  the  directions 
of  those  coordinate  axes  which  we  usually  employ  in  defining  the 
positions  of  things.  The  introduction  of  coordinate  axes  into  geo- 
metry by  Dee  Cartes  was  one  of  the  greatest  steps  in  mathematical 
progress,  for  it  reduced  the  methods  of  geometry  to  calculations 
performed  on  numerical  quantities.  The  position  of  a  point  is  made 
to  depend  on  the  length  of  three  lines  which  are  always  drawn  in 
detenninate  directionsj  and  the  line  joining  two  points  is  in  like 
manner  considered  as  the  resultant  of  three  lines. 
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But  for  many  purposes  of  physical  reosooiDg,  as  distinguished 
from  calcnlatioB,  it  is  desirable  to  avoid  explicitly  introducing  the 
Cartesiau  cooidinates,  and  to  fix  the  mind  at  once  on  a  point  of 
space  instead  of  its  ttree  coordinates,  and  on  the  magnitude  and 
direction  of  a  force  instead  of  its  three  components.  This  mode 
of  contemplating  geometrical  and  physical  qoantities  ie  more  prim- 
itive and  more  natural  than  the  other,  although  the  ideas  connected 
with  it  did  not  receive  their  full  development  till  Hamilton  made 
the  next  great  step  in  dealing  with  space,  by  the  invention  of  his 
Calculus  of  Quaternions. 

As  the  methods  of  Des  Ca]rt«e  are  still  the  most  ^miliar  to 
students  of  science,  and  as  they  are  really  the  most  useful  for 
purposes  of  calculation,  we  shall  express  all  our  results  in  the 
Cartesian  form.  I  am  convinced,  however,  that  the  introduction 
of  the  ideas,  as  distinguished  from  the  operations  and  methods  of 
Quaternions,  will  be  of  great  use  to  ns  in  the  study  of  all  parte 
of  our  subject,  and  especially  ia  electrodynamics,  where  we  have  to 
deal  with  a  number  of  physical  quantities,  the  relationa  of  which 
to  each  other  can  be  expressed  far  more  simply  by  a  few  expressions 
of  Hamilton's,  than  by  the  ordinary  equations. 

11.]  One  of  the  most  important  features  of  Hamilton's  method  is 
the  division  of  quantities  into  Scalars  and  Vectors. 

A  Scalar  quuitity  is  capable  of  being  completely  defined  by  a 
single  numerical  specification.  Its  numerical  value  does  not  in 
any  way  depend  on  the  directions  we  assume  for  the  coordinate 
axes. 

A  Vector,  or  Directed  quantity,  requires  for  its  definition  three 
numerical  specifications,  and  these  may  most  simply  be  understood 
as  having  reference  to  the  directions  of  the  coordinate  axes. 

Scalar  quantities  do  not  involve  direction.  The  volume  of  a 
geometrical  fignre,  the  mass  and  the  energy  of  a  material  body, 
the  hydroBtatical  pressure  at  a  point  in  a  fluid,  and  the  potential 
at  a  point  in  space,  are  examples  of  scalar  quantities. 

A  vector  quantity  has  direction  as  well  as  magnitude,  and  is 
such  that  a  reversal  of  its  direction  reverses  its  sign.  The  dis- 
placement of  a  point,  represented  by  a  straight  line  drawn  from 
its  original  to  its  final  position,  may  be  taken  as  the  typical  vector 
quantity,  from  which  indeed  the  name  of  Vector  is  derived. 

The  velocity  of  a  body,  its  momentnm,  the  force  acting  on  it, 
an  electric  current,  the  magnetization  of  a  particle  of  iron,  are 
iiutanceB  of  vector  quaatitiea. 
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There  are  physical  qaantities  of  another  kind  which  are  related 
to  diiectioDS  in  space,  but  which  are  not  vectors.  Stresses  and 
strains  in  solid  bodies  are  examples  of  these,  and  so  are  some  of 
the  properties  of  bodies  considered  in  the  theory  of  elaaticity  and 
in  the  theory  of  double  refraction.  Quantities  of  this  class  require 
for  their  definition  nine  numerical  specifications.  They  are  ex- 
pressed in  the  langoa^  of  Quaternions  by  linear  and  vector 
fuactioDs  of  a  vector. 

The  addition  of  one  vector  quantity  to  another  of  the  same  kind 
is  performed  according  to  the  mie  given  in  Statics  for  the  com- 
position of  forces.  In  fact,  the  proof  which  Foisson  gives  of  the 
'  parallelogram  of  forces '  is  applicable  to  the  composition  of  any 
quantities  each  that  taming  them  end  for  ead  is  equivalent  to  a 
reversal  of  their  sign. 

When  we  wish  to  denote  a  vector  qnantity  by  a  single  symbol, 
and  to  call  attention  to  the  fact  that  it  is  a  vector,  so  that  we  must 
consider  ite  direction  as  well  as  its  magnitude,  we  shall  denote 
it  by  a  German  capital  letter,  as  31,  SS,  &c. 

In  the  calculus  of  QaatemioDS,  the  position  of  a  point  in  space 
is  defined  by  the  vector  drawn  from  a  fixed  point,  called  the  origin, 
to  that  point.  If  we  have  to  consider  any  physical  quantity  whose 
value  depends  on  the  position  of  the  point,  that  quantity  is  treated 
as  a  function  of  the  vector  drawn  from  the  origin.  The  function 
may  be  itself  eitlier  scalar  or  vector.  The  density  of  a  body,  its 
temperature,  its  hydrostatic  pressure,  the  potential  at  a  point, 
are  examples  of  scalar  functions.  The  resultant  force  at  a  point, 
the  velocity  of  a  fluid  at  a  point,  the  velocity  of  rotation  of 
an  element  of  the  fluid,  and  the  couple  producing  rotation,  are 
examples  of  vector  functions. 

12.]  Physical  vector  quantities  may  be  divided  into  two  classes, 
in  one  of  which  the  quantity  is  defined  with  reference  to  a  line, 
while  in  the  other  the  quantity  is  defined  with  reference  to  an 
area. 

For  instance,  the  resultant  of  an  attractive  force  in  any  direction 
may  be  measured  by  finding  the  work  which  it  would  do  on  a 
body  if  the  body  were  moved  a  short  distance  in  that  direction 
and  dividing  it  by  that  short  distance.  Here  the  attractive  force 
is  defined  with  reference  to  a  line. 

On  the  other  hand,  the  flux  of  heat  in  any  direction  at  any 
point  of  a  solid  body  may  be  defined  as  the  quantity  of  heat  which 
crosses  a  small  area  drawn  perpendicular  to  that  direction  divided 
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by  &at  area  and  by  tbe  time.  Here  the  flux  is  defined  with 
reference  to  an  area. 

There  are  certain  cases  in  which  a  quantity  may  be  measured 
with  reference  to  a  line  as  well  as  with  reference  to  an  area. 

Thus,  in  treating  of  the  dtsplacements  of  elastic  solids,  we  may 
direct  onr  attention  either  to  the  original  and  the  actual  position 
of  a  particle,  in  which  case  the  displacement  of  tbe  particle  is 
measured  by  tbe  line  drawn  from  tbe  first  position  to  tbe  second, 
or  we  may  consider  a  small  area  fixed  in  space,  and  determine 
what  quimtity  of  tbe  solid  passes  across  that  area  daring  the  dis- 
placement. 

In  the  same  way  the  velocity  of  a  fiuid  may  be  investigated 
either  with  respect  to  the  actual  velocity  of  the  individual  particles, 
or  with  respect  to  tbe  quantity  of  tbe  fiuid  which  Sows  through 
any  fixed  area. 

Bnt  in  these  cases  we  require  to  know  separately  the  density  of 
the  body  as  well  as  tbe  displacement  or  velocity,  in  order  to  apply 
the  first  method,  and  whenever  we  attempt  to  form  a  molecular 
theory  we  have  to  use  tbe  second  method. 

In  the  case  of  the  flow  of  electricity  we  do  not  know  anything 
of  its  density  or  its  velocity  in  the  conductor,  we  only  know  the 
value  of  what,  on  the  fluid  theory,  would  correspond  to  tbe  product 
of  the  density  and  tbe  velocity.  Hence  in  all  such  cases  we  must 
apply  the  more  general  method  of  measurement  of  the  fiux  across 
•n  area. 

In  electrical  science,  electromotive  and  magnetic  intensity 
belong  to  the  first  class,  being  defined  with  reference  to  lines. 
When  we  wish  to  indicate  this  fiict,  we  may  refer  to  them  as 
Intensities. 

On  the  other  hand,  electric  and  magnetic  induction,  and  electric 
currents,  belong  to  the  second  class,  being  defined  with  reference 
to  areas.  When  we  wish  to  indicate  this  fact,  we  shall  refer  to  them 
BB  Fluxes. 

Each  of  these  forces  may  be  considered  as  producing,  or  tending 
to  produce,  its  corresponding  flux.  Thus,  electromotive  intensity 
produces  electric  currents  in  conductors,  and  tends  to  produce  them 
in  dielectrics.  It  produces  electric  induction  in  dielectrics,  and  pro- 
bably in  conductors  also,  In  the  same  sense,  magnetic  intensity 
produces  magnetio  induction. 

18.]  Id  some  cases  the  flux  is  simply  proportional  to  the  force 
and  is  the  some  dtrection,  but  in  other  cases  we  can  only  affirm 
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that  the  direction  and  mag^nitade  of  the  flux  are  fuQctioDB  of  the 
direction  and  magnitude  of  the  force. 

The  case  in  which  the  components  of  the  flux  are  Imear  fanetions 
of  those  of  the  force  is  discussed  in  the  chapter  on  the  Equations 
of  Conduction,  Art.  297.  There  are  in  general  nine  coefficients 
which  determine  the  relation  between  the  force  and  the  flux.  In 
certain  cases  we  have  reason  to  helieve  that  six  of  these  coefficients 
form  three  pairs  of  eqoal  quantities.  In  such  cases  the  relation  be- 
tween the  line  of  direction  of  the  force  and  the  normal  plane  of  the 
flux  is  of  the  same  kind  as  that  between  a  diameter  of  an  ellipsoid 
and  its  conjugate  diametral  plane.  In  Quaternion  language,  the 
one  vector  is  said  to  be  a  linear  and  vector  function  of  the  other,  and 
when  there  are  three  pairs  of  equal  coefficients  the  function  is  said 
to  be  self-conjugate. 

In  the  case  of  magnetic  induction  in  iron,  the  flux,  (the  mag- 
netization of  the  iron,)  is  not  a  linear  function  of  the  magnetizing 
force.  In  all  cases,  however,  the  product  of  the  force  and  the 
flux  resolved  in  its  direction,  give  a  result  of  scientific  import- 
ance, and  this  is  always  a  scalar  quantity. 

14.]  There  are  two  mathematical  operations  of  frequent  occur- 
rence which  are  appropriate  to  these  two  classes  of  vectors,  or 
directed  quantities. 

In  the  case  of  forces,  we  have  to  take  the  integral  along  a  line 
of  the  product  of  an  element  of  the  line,  and  the  resolved  part  of 
the  force  along  that  element.  The  result  of  this  operation  is 
called  the  Line-integral  of  the  force.  It  represents  the  work 
done  on  a  body  carried  along  the  line.  In  certain  cases  in  which 
the  line-integral  does  not  depend  on  the  form  of  the  line,  but 
only  on  the  positions  of  its  extremities,  the  line-integnd  is  called 
the  Potential. 

Id  the  case  of  fluxes,  we  have  to  take  the  integral,  over  a  surface, 
of  the  flnx  through  every  element  of  the  surface.  The  result  of 
this  operation  is  called  the  Sur&ce-integral  of  the  flux.  It  repre- 
sents the  quantity  which  passes  through  the  surface. 

There  are  certain  surfaces  across  which  there  is  no  flnx.  If 
two  of  these  surfaces  interaect,  their  line  of  intersection  is  a  line 
of  flux.  In  those  cases  in  which  the  flux  is  in  the  same  direction 
as  the  force,  lines  of  this  kind  are  oA;en  called  Lines  of  Force.  It 
would  be  more  correct,  however,  to  speak  of  them  in  electrostatics 
and  magnetics  as  Lines  of  Induction,  and  in  electrokinematics  as 
Lines  of  Flow. 
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16.]  There  is  another  distiDction  between  different  kinds  of 
directed  quantities,  which,  thoug^h  very  important  in  a  ph^cal 
point  of  view,  is  not  so  neceesaiy  to  be  obeerved  for  the  sake  of 
tiie  mathematical  methods.  This  is  the  distinction  between  longi- 
tndinal  and  rotational  properties. 

The  direction  and  magnitude  of  a  qaantity  may  depend  apon 
some  action  or  effect  which  takes  place  entirely  along  a  certain 
line,  or  it  may  depend  upon  something  of  the  nature  of  rota- 
tion about  that  line  as  an  axis.  The  laws  of  combination  of 
directed  quantities  are  the  same  whether  they  are  longitudinal  or 
rotational,  bo  that  there  is  no  difference  in  the  mathematical  treat- 
ment of  the  two  classes,  but  there  may  be  physical  circumstances 
which  indicate  to  which  class  we  mnst  refer  a  particular  pheno- 
menon. Thus,  electrolysis  consists  of  the  transfer  of  certain  sub- 
stances along  a  line  in  one  direction,  and  of  certain  other  sub- 
stances in  the  opposite  direction,  which  is  evidently  a  longitudinal 
phenomenon,  and  there  is  no  evidence  of  any  rotational  effect 
about  the  direction  of  the  force.  Hence  we  infer  that  the  electric 
current  which  causes  or  accompanies  electrolysis  is  a  longitudinal, 
and  not  a  rotational  phenomenon. 

On  the  other  hand,  the  north  and  south  poles  of  a  magnet  do 
not  differ  as  oxygen  and  hydrogen  do,  which  appear  at  opposite 
places  during  electrolysis,  so  that  we  have  no  evidence  that  mag- 
netism is  a  longitudinal  phenomenon,  while  the  effect  of  magnetism 
in  rotating  the  plane  of  polarized  light  distinctly  shews  that  mag- 
netism is  a  rotational  phenomenon. 


On  Zine-integralt. 

I6.3  The  operation  of  integration  of  the  resolved  part  of  a  veotoi 
quantity  along  a  line  is  important  in  physical  science  generally, 
and  should  be  clearly  understood. 

Let  0,  y,  2  be  the  coordinates  of  a  point  P  on  a  line  whose 
length,  measured  from  a  certain  point  A,  is  g.  These  coordinates 
will  be  tunctions  of  a  single  variable  a. 

Let  B  be  the  numerical  value  of  the  vector  quantity  at  P,  and 
let  the  tangent  to  the  curve  at  P  make  with  the  direction  of  B  the 
angle  c,  then  R  cos  c  is  the  resolved  part  of  R  along  the  line,  and  the 

u  called  tlie  line-int^^  of  R  along  the  line  1, 
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We  may  write  this  expreesion 

where  X,  Y,  Z  are  the  components  of  S  parallel  to  SB,t/,z  respect- 
ively. 

This  quantity  is,  in  general,  different  for  different  lines  drawn 
between  A  and  P.  When,  however,  within  a  certain  region,  the 
quantity  Xdx-\-7  dy-\-Zdz  =—D'^, 

that  is,  when  it  is  an  exact  differential  within  that  region,  the 
valne  of  L  becomes 

L  =  *^-*P, 
and  is  the  same  for  any  two  forms  of  the  path  between  A  and  JP, 
provided  the  one  form  can  be  changed  into  the  other  by  continnous 
motion  without  passing  out  of  this  region, 

Ok  Potentialt. 
The  quantity  4'  is  a  scalar  function  of  the  position  of  the  point, 
and  is  therefore  independent  of  the  directions  of  reference.     It  is 
called  the  Potential  Function,  and  the  vector  quantity  whose  com- 
ponents are  X,T,  Z'w  said  to  have  a  potenti^  4',  if 

^=-(S)'  '=-(!)■  -=-(f)- 

When  a  potential  ftiDction  exists,  sar&ces  for  which  the  potential 
b  constant  are  called  Eqnipotential  sm&ces.  The  direction  of  B  at 
any  point  of  such  a  sur&ce  coincides  with  the  normal  to  the  anr&ce, 

and  if  n  be  a  normal  at  the  point  P,  then  jS  =  —  -^  ■ 

The  method  of  considering  the  components  of  a  vector  as  the 
first  derivatives  of  a  certain  function  of  the  coordinates  with  re~ 
spect  to  these  coordinates  was  invented  by  Laplace  *  in  his  treat- 
ment of  the  theory  of  attractions.  The  name  of  Potential  was  first 
given  to  this  function  by  Green  t^  who  made  it  the  basis  of  his 
treatment  of  electricity.  Green's  essay  was  neglected  by  mathe- 
maticians till  1846,  and  before  that  time  most  of  its  important 
theorems  had  been  rediscovered  by  Gauss,  Chasles,  Sturm,  and 
Thomson  %• 

*  TA6e.  CdlMta,  liv.  iii. 

t  Bhbj  on  the  Applioktion  of  MatbBnutloil  AdiIjui  to  t^e  ThAoriea  of  Eleotrid^ 
ftnd  Hagnetism,  Nottmgh^m,  1828.  Beprint«d  in  CrcOt'*  Jovnal,  and  in  Mr.  Sanzil 
sditlon  of  Qraen'i  Worki. 

I  llusiiMD  ud  Tm(,  Satitml  PUlotofky,  \  483. 


D,giL,zeclby.G00J^lc 


XJ.1  BELATIOK  BBTWESN  FOBCB   AND  POTENTIAL.  15 

In  the  theory  of  graTitation  the  potentnal  is  taken  with  the 
opposite  sign  to  that  which  is  here  need,  and  the  resultant  force 
in  any  direction  is  then  meaeared  hy  the  rate  of  increate  of  the 
potential  function  in  that  direction.  In  electrical  and  ma^etic 
ioTestigationa  the  potential  is  defined  so  that  the  resnltaot  force 
in  any  direction  is  measnred  by  the  decrease  of  the  potential  in 
that  direction.  This  method  of  nsing  the  expression  makes  it 
correspond  in  sign  with  pot«ntial  energy,  which  always  decreases 
when  the  bodies  are  moved  in  the  direction  of  the  forces  acting 
on  them. 

17.]  The  geometrical  nature  of  the  relation  between  the  poten- 
tial and  the  vector  thus  derived  from  it  receives  great  light  from 
Hamilton's  discovery  of  the  form  of  the  operator  by  whidi  the  vector 
is  derived  from  the  potential. 

The  resolved  part  of  the  vector  in  any  direction  is,  as  we  have 
seen,  the  first  derivative  of  the  potential  with  respect  to  a  co- 
ordinate drawn  in  that  direction,  the  sign  being  reversed. 

Now  if  i,  j,  k  are  three  unit  vectors  at  right  angles  to  each 
other,  and  if  X,  Y,  Z  are  the  components  of  the  vector  g  resolved 
parallel  to  these  vectors,  then 

%  =  iX+JY+iZ;  (1) 

and  by  what  we  have  said  above,  if  4*  is  tiie  potential, 


Ifn 

e  now  write  V  for  the  operator, 

^i*4^'i'                  « 

S=-V*.                                             (4) 

The 

symbol  of  operation  V  may  be  interpreted  as  directing  us 

I  each  of  three  rectangular  directions,  the  rate  of 
)  of  4*,  and  then,  considering  the  quantities  thus  found  as 
vectors,  to  compound  them  into  one.  This  is  what  we  are  directed 
to  do  by  the  expression  (3).  But  we  may  also  consider  it  as  directing 
vm  first  to  find  out  in  what  direction  4*  increases  &6test,  and  then 
to  lay  off  in  that  direction  a  vector  representing  tliis  rat«  of 
increase. 

M.  Lam4  in  his  TV-oiV  dei  Foncliona  Invenet,  uses  the  term 
Differential  Parameter  to  express  the  magnitude  of  this  greatest 
rate  of  iiun-ease,  bat  neither  the  term  itself,  nor  the  mode  in  which 
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Lani€  neee  it,  indicates  that  the  quantity  referred  to  has  directioii 
as  well  as  magfnitade.  On  those  rare  occaeions  in  which  I  shall  have 
to  refer  to  this  relation  as  a  purely  geometrical  one,  I  shall  call  the 
vector  %  the  Bpace-variation  of  the  scalar  fiinction  'i,  nsing  the 
phrase  to  indicate  the  direction,  as  well  as  the  magnitnde,  of  the 
most  rapid  decrease  of*. 

18.]  There  are  cases,  however,  in  which  the  conditions 
dZ     dT     ^      dX     dZ     ^         ,     dT     dX     „ 
di/      de  az      ax  ax      dy 

which  are  those  of  Xdx+Ydy-^Zdz  being  a  complete  differential, 
are  satisfied  throughout  a  certain  region  of  space,  and  yet  the  line- 
integral  from  A  to  P  may  be  different  for  two  lines,  each  of 
which  lies  wholly  within  that  region.  This  may  be  the  case  if 
the  region  is  in  the  form  of  a  ring,  and  if  the  two  lines  from  A 
to  P  pass  through  opposite  segmenlfi  of  the  ring.  In  this  case, 
the  one  path  cannot  he  transformed  into  the  other  by  continuous 
motion  without  passing  out  of  the  region. 

We  are  here  led  to  considerations  belonging  to  the  Geometry 
of  Portion,  a  subject  which,  though  its  importuice  was  pointed 
ont  by  Leibnitz  and  illustrated  by  Gangs,  has  been  little  studied. 
The  most  complete  treatment  of  this  subject  has  been  given  by 
J.  B.  Listing*. 

Let  there  he  p  points  in  space,  and  let  I  lines  of  any  form  be 
drawn  joining  these  points  so  that  no  two  lines  intersect  each 
other,  and  no  point  is  left  isolated.  We  shall  call  a  figure  com- 
posed of  lines  in  this  way  a  Diagram.  Of  these  lines,  p~l  are 
sufficient  to  join  the  p  points  so  as  to  form  a  connected  system. 
Every  new  line  completes  a  loop  or  closed  path,  or,  as  we  shall 
call  it,  a  Cycle.  The  nnmber  of  independent  cycles  in  the  diagram 
is  therefore  k  =  l—p  + 1 . 

Any  closed  path  drawn  along  the  lines  of  the  diagram  is  com- 
posed of  these  independent  cycles,  each  being  taken  any  number  of 
times  and  in  either  direction. 

The  existence  of  cycles  is  called  Cycloeis,  and  the  number  of 
cycles  in  a  diagram  is  called  its  Cyclomatic  number. 

Cyelosis  i»  Surges  and  Reffiont. 

Snrftoee  are  either  complete  or  bounded.     Complete  surfaces  ara 

either  infinite  or  closed.     Bounded  sur&ces  are  limited  by  one  or 

•  I>er  CeHiM  AiflmKoUr  CompleBe,  Gott  AbL,  Bd.  x.  S.  67  (1861). 
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more  closed  lines,  which  may  in  the  limiting  oases  become  double 
finite  lines  or  points. 

A  finite  r^on  of  apace  ia  bounded  by  one  or  more  doaed 
aariaces.  Of  these  one  ia  the  external  sorface,  the  others  are 
inclnded  in  it  and  exclude  each  other,  and  are  called  internal 
surfaces. 

If  the  region  has  one  bounding  surface,  we  may  auppoae  that 
snr&ce  to  contract  inwards  without  breaking  its  continuity  or 
cutting  itaelf.  If  the  re^on  is  one  of  simple  continuity,  auch  as 
a  sphere,  this  process  may  be  continued  till  it  is  reduced  to  a 
point ;  bat  if  tiie  region  is  like  a  ring,  the  result  will  be  a  closed 
cnrve;  and  if  the  region  haa  multiple  connexiona,  the  result  will 
be  a  diagram  of  lines,  and  the  cyclomatic  number  of  the  diagram 
will  be  that  of  the  region.  The  apace  outaide  the  region  has  the 
same  cyclomatic  number  as  the  region  itself.  Hence,  if  the  region 
ia  boanded  by  interual  as  well  as  external  surfaces,  its  cyolomatio 
number  is  the  sum  of  those  dne  to  all  the  surfacee. 

'When  a  re^on  encloses  within  itself  other  regions,  it  is  called  a 
Poriphractic  region. 

The  number  of  internal  bounding  snr&cee  of  a  region  b  called 
ita  poriphractic  number.  A  closed  sur&ce  is  also  poriphractic,  ita 
periphraotic  number  being  unity. 

The  cyclomatic  number  of  a  closed  surface  is  twice  that  of  either 
of  the  r^ons  which  it  bounds.  To  find  the  cyclomatic  number  of 
a  boanded  surface,  aappose  all  the  boundaries  to  contract  inwards, 
without  breaking  continuity,  till  they  meet.  The  aurface  will  then 
be  reduced  to  a  point  in  the  case  of  an  acyclic  aur&ce,  or  to  a  linear 
diagram  in  the  case  of  cyclic  anrfacea.  The  cyclomatic  number  of 
■  the  diagram  ia  that  of  the  surface. 

19.]  Thbokkh  I.  y  throughout  any  aeyeUe  region 
Xdm+Jds-irZdz  =-1)^, 
the  valve  of  the  line-integral  from  a  point  A  to  a  point  P  taken 
along  any  path  within  the  region  wHl  be  the  tame. 
Vie  shall  first  shew  that  the  line-integral  taken  round  any  otoeed 
path  wi^n  the  r^on  is  zero. 

Suppose  the  equipotcutial  aurfacea  drawn.  They  are  all  either 
eloaed  surfacee  or  are  bounded  entirely  by  the  aur&ce  of  the  re- 
gion, so  that  a  closed  line  within  the  region,  if  it  cuts  any  of  the 
surfaces  at  one  part  of  its  path,  must  cut  the  same  sur&ce  in 
the  opposite  direofion  at  some  other  part  of  i\a  path,  utd  the 
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coireflponding  portions  of  the  Ime-integral  being  equal  and  opposite, 
tbe  total  value  ie  zero. 

Hence  if  AQP  and  A^P  are  two  patbs  from  A  to  P,  tbe  line- 
iDtegral  for  A^P  is  tbe  enm  of  tbat  for  AQP  and  tbe  closed  path 
AQ'PQA.  Bat  tbe  line-integral  of  the  closed  path  ia  zero,  tber&- 
fore  those  of  the  two  paths  are  equal. 

Hence  if  the  potential  is  given  at  any  one  point  of  sncb  a 
region,  tbat  at  any  other  point  is  determinate. 

20.]  Theobeh  II.   In  a  cyclic  region  in  tDhich  the  equation 

i»  ever^wAere  satiified,  the  line-integral  from  A  to  P,  along  a 
line  drawn  within  the  region,  Kill  not  in  general  he  determinate 
unless  the  channel  of  communication  between  A  and  P  be  tpecified. 

Let  K  be  the  cjclomatio  number  of  the  reg^n,  then  K  sections 
of  tbe  region  may  be  made  by  surfoces  which  we  may  call  Dia- 
phragms, BO  as  to  close  up  £  of  tbe  channels  of  communication, 
and  reduce  tbe  region  to  an  acyclic  condition  without  destroying 
its  continuity. 

The  line-integral  from  A  to  any  point  P  taken  along  a  line 
which  does  not  cut  any  of  these  diaphragms  will  he,  by  tbe  last 
theorem,  determinate  in  valae. 

Now  let  A  and  P  be  taken  indefinitely  near  to  each  other,  bnt 
on  opposite  sides  of  a  diaphragm,  and  let  £"  be  tbe  line-integral 
from  A  to  P. 

Let  A'  and  P'  be  two  other  points  on  opposite  sides  of  tbe  same 
diaphragm  and  indefinitely  near  to  each  other^  and  let  K'  be  the 
line-integral  from  A'  to  P'.    Then  jr=  K. 

For  if  we  draw  AA'  and  PP",  nearly  coincident,  bat  on  opposite 
sides  of  the  diaphragm,  the  line-integials  along  these  lines  will 
be  equal.  Suppose  each  equal  to  Z,  then  E',  the  line-integral  of 
A'P',  is  equal  to  that  of  A'A  +  AP  +  PP'=^-l  +  K+l=K=  that 
etAP. 

Hence  tbe  line-integral  ronnd  a  closed  cnrve  which  passes  through 
one  diaphragm  of  the  system  in  a  given  direction  is  a  constant 
quantity  K.  This  quantity  is  called  the  Cyclic  constant  corre- 
sponding to  the  given  cycle. 

Let  any  closed  curve  be  drawn  within  tbe  region,  and  let  it  cut 
the  diaphragm  of  tbe  first  cycle  p  times  in  the  positive  direction 
and /'times  in  tbe  negative  direction,  and  let/— j:i'=%.  Tb«u 
the  line-int^ral  of  tbe  closed  curve  will  be  n^  K^. 
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Similarly  Hie  line-integral  of  aoy  closed  curve  will  be 

where  ng  represeDti  the  excess  of  the  nnmber  of  positive  passages 
of  the  curve  through  the  diaphragm  of  tlie  cycle  K  over  the 
nomber  of  negative  passages. 

If  two  carves  are  such  that  one  of  them  may  ho  traosformed 
into  the  other  by  continuous  motion  without  at  any  time  passing 
through  any  part  of  epace  for  which  the  condition  of  having  a 
potential  is  not  fulfilled,  these  two  curves  are  called  Beconcileable 
curves.  Curves  for  which  this  trauBformation  cannot  be  ejected 
are  called  Irreconcileable  curves  *. 

The  condition  that  Xdas  +  Tdy  +  Zda  is  a  complete  difi'erential 
of  some  function  'I'  for  all  points  within  a  certain  re^oo,  occurs  in 
several  physical  investigations  in  which  the  directed  quantity  and 
tiie  potential  have  different  physical  interpretations. 

In  pore  kinematics  we  may  suppose  X,  F,  ^  to  be  the  com- 
ponents of  the  displacement  of  a  point  of  a  contiDnoua  body  whose 
original  coordinates  aTem,y,e;  the  condition  then  expresses  that 
tiiese  displacements  constitute  a  tton-rolaiional  ttrain  f. 

If  X,  F,  ^  represent  the  components  of  the  velocity  of  a  fluid  at 
the  point  «,y,  2,  then  the  condition  expresses  that  the  motion  of  the 
fluid  is  irrotational. 

If  X,  T,  Z  represent  the  components  of  the  force  at  the  point 
m.  If,  t,  then  the  condition  expresses  that  the  work  done  on  a 
particle  passing  from  one  point  to  another  is  the  diflTerenoe  of  the 
potentials  at  these  points,  and  the  value  of  this  difference  ia  the 
same  for  all  reconcileable  paths  between  the  two  points. 

On  Surfaee-JtUtgraU. 

21.]  Let  dS  bo  the  element  of  a  surface,  and  t  the  angle  which 

a  normal  to  the  surface  drawn  towards  the  positive  side  of  the 

surface  makes  with  the  direction  of  the  vector  quantify  R,  then 

R  cos  fd8]a  called  the  tur/ace-integral  qfB,  over  Ha  *utfae€  8. 

TraoaBM  in.  Tke  mrface-iutegral  of  the  fivx  inward*  tirougA  a 
cloaed  surface  mt^  be  at^etsed  aa  the  volume-inlegrfU  of  iii  eon- 
vergence  taien  Kitiin  tke  turfaee.     (See  Art.  28.) 

Let  X,  r,  ^  be  the  components  of  R,  and  let  ^,  n,  «  be  the 


//^ 
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directioD-coames  of  tbe  normal  to  S  measured  iowaids.  Then  the 
surTace-integral  of  S  over  S  is 

Jfs  cos  tdS  =jjxidS  +JfTm  dS+JJzndS;  (l) 

the  values  of  X,  7,  Z  being  those  at  a  point  in  the  surfiKe,  and 
the  integrations  being  extended  over  the  whole  surface. 

If  the  snr&ce  is  a  closed  one,  then,  when  y  and  z  are  giren, 
the  coordinate  «  must  have  an  even  number  of  values,  since  a  line 
parallel  to  x  must  enter  and  leave  the  enclosed  space  an  equal 
number  of  times  provided  it  meets  the  surface  at  all. 

At  each  eotranoe 

Ids  =  dydz, 
and  at  each  eiit  U8  ^.-dydz. 

Let  a  point  travelling  from  «=  —  oe  to  ai  =  +  oe  first  enter 
the  space  when  a>  —  Xi,  then  leave  it  when  10  =  11^,  and  so  on; 
and  let  the  values  of  X  at  these  points  be  Xj ,  ^ ,  &c.,  then 

If  X  is  a  quantily  which  is  continuousj  and  has  no  infinite  values 
between  «!  and  w^,  then 

where  the  integration  is  extended  from  the  first  to  the  eecood 
intersection,  that  is,  along  the  first  segment  of  «  which  is  within 
the  closed  snr&ce.  Taking  into  account  all  the  e^ment«  which  Ue 
within  the  closed  surface,  we  find 

the  doable  integration  being  confined  to  t^e  closed  surface,  but 
the  triple  integration  being  extended  to  the  whole  enclosed  space. 
Hence,  i!  X,  T,  Z  are  continuous  and  finite  within  a  closed  surface 
8,  the  total  sorface-integrol  of  S  over  that  sur&ce  will  be 

the  triple  integration  being  extended  over  the  whole  space  within  S. 
Let  us  next  suppose  that  X,  T,  ^  are  not  continuous  within  the 
closed  surface,  but  that  at  a  certain  surface  F{x,  y,z)=0  the 
values  of  X,  Y,  Z  alter  abruptly  from  X,  7",  Z  on  the  negative  aide 
of  the  Burlflce  ^aT,T,Z  on  the  positive  side. 
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If  ihia  discontiniiity  occnrs,  eaj,  between  «i  and  a^,  the  value 
ofli-XiwiUbe 

jr'^^+(Z'-i),  (e) 

wliere  in  the  expreasoD  under  the  integral  sign  only  the  finite 
valnea  of  the  derivative  of  X  are  to  be  considered. 

In  this  case  therefore  the  total  Borface-integral  of  S  over  the 
dosed  surface  will  be  expressed  by 

+  ff{Y'-T)dedx+Jf(Z'-£)d3!tfy;     (7) 

or,  if  I',  m',  h'  are  the  direction-co«nes  of  the  normal  to  the  snr&ce 
of  discontinuity,  and  dS'  an  element  of  that  snr&ec^ 

■X)  +  m'(r-I)  +  i^{£'-Z)}d8',   (8) 

where  the  intt^^tion  of  the  last  term  is  to  be  extended  over  the 
surface  of  discontinuity. 

If  at  every  point  where  X,  T,  Z  are  continnons 

dX     dY     dZ      „  ,„, 

^+^+^  =  ^'  (') 

and  at  every  surface  where  they  are  discontinnons 

l'X'-k-m'T-\-n'Z'=  l'X+m^T+n%  (10) 

then  the  surface-integral  over  every  closed  aurfaco  ia  zero,  and  the 
distribution  of  the  vector  quantity  is  said  to  be  Solenoidal. 

We  shall  refer  to  equation  (9)  as  the  General  solenoidal  con- 
dition, and  to  equation  (10)  as  the  Superficial  solenoidal  condition. 

32,]  Let  UB  now  consider  the  case  in  which  at  every  point 
within  the  surface  S  the  equation 

dX     dT     dZ     ^  ,,,. 

^  +  ^  +  ^  =  ''  f"> 

ia  satisfied.    We  have  as  a  consequence  of  this  the  sar&ce-integral 
over  the  dosed  sur&ce  equal  to  zero. 

Now  let  the  dosed  surface  S  consist  of  three  parte  8i,  8^,  and 
8^.  Let  5j  be  a  surface  of  any  form  bounded  by  a  closed  line  X^. 
Let  S^  be  formed  by  drawing  lines  firom  every  point  of  i^  always 
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coinciding  witK  the  directdoD  of  B.  If  /,  m,  n  are  the  direction- 
cosines  of  the  normal  at  any  point  of  the  surface  8^^ ,  we  have 

RcxMt  =  Xl+7m-irZn=  0.  (12) 

Hence  this  part  of  the  surface  contributes  nothing  towards  the 
Talue  of  the  surface-integral. 

Let  Sf  be  another  surface  of  any  form  bounded  by  the  closed 
carve  L^  in  which  it  meets  the  suriace  S^. 

^^  ^i>  Qo>  Qi  ^  ^he  sarface-integrals  of  the  surfaces  S^,  8^,  8,, 
and  let  Q  be  the  sur&ce-integrat  of  the  closed  surface  8.     Then 

«  =  «i+«o+Qa  =  o;  (IS) 

and  we  know  that  Q^  =  0;  (14) 

therefore  Qa=  —  Qi;  (15) 

or,  in  other  words,  the  surface-integral  over  the  sorfaoe  82  is  equal 
and  opposite  to  that  over  8^  whatever  be  the  form  and  position 
of  8^,  provided  that  the  intermediate  surface  S^^  is  one  for  which  H 
is  always  tangential. 

If  we  suppose  L^  a  closed  curve  of  small  area,  Sg  will  be  a 
tubular  surface  having  the  property  that  the  surface-integral  over 
every  complete  section  of  the  tube  is  the  same. 

Since  the  whole  space  can  be  divided  into  tubes  of  this  bind 
provided  ax      dl      dZ 

d^-^lf  +  7^  =  '-  (^«) 

a  distribation  of  a  vector  quantity  consistent  with  this  equation  is 
called  a  Solenoidal  Distribution. 

On  Tkbet  and  Lines  of  FIok, 

If  the  space  is  so  divided  into  tubes  that  the  surface-integral 
for  every  tube  is  unity,  the  tubes  are  called  Unit  tubes,  and  the 
surface-integral  over  any  finite  surface  8  bounded  by  a  closed 
curve  X  is  equal  to  the  number  of  such  tubes  which  pass  through 
8  in  the  positive  directioQ,  or,  what  is  the  same  thing,  the  number 
which  pass  through  the  closed  carve  L. 

Hence  the  surface-integral  of  8  depends  only  on  the  form  of 
its  boundary  i,  and  not  on  the  form  of  the  sor&ce  within  its 
bonndary. 

On  Peripkractic  SegUmt, 

If,  throughoot  the  whole  region  bounded  externally  by  the  single 
closed  surfiMe  8,  the  solenoidal  condition 


dX      dY      dZ_ 
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is  satisfied,  then  tbe  sur&ce-inte^ral  taken  over  any  cloeed  surface 
drawn  within  this  re^on  will  be  zero,  and  the  sarface-integral 
taken  over  a  bounded  sorface  within  the  region  will  depend  only 
on  the  form  of  the  closed  curve  which  fonna  its  boundaiy. 

It  is  not,  however,  g«neran7  true  that  the  same  results  follow 
if  the  region  within  which  the  solenoidal  condition  is  satisfied  is 
bounded  otherwise  than  by  a  single  surface. 

For  if  it  is  bounded  by  more  than  one  continuous  sur&ce,  one  of 
these  is  the  external  surface  and  the  others  are  internal  surfaces, 
and  the  region  i^  is  a  periphnictic  region,  having  within  it  other 
r^ons  which  it  completely  encloses. 

If  within  one  of  these  enclosed  regions,  say,  that  bounded  by  the 
closed  surface  S^,  the  solenoidal  condition  is  not  satisfied,  let 


-II- 


be  the  surface>integral  for  the  surface  enclosing  this  r^^n,  and 
1^  Qt>  Qsi  ^-  ^  ^^B  corresponding  quantities  for  the  other  en- 
closed regions  S^,  Sg,  &c. 

Then,  if  a  closed  surface  S'  is  drawn  within  the  r^on  S,  the 
value  of  its  surface-integral  will  be  zero  only  when  this  surface 
S'  does  not  include  any  of  the  enclosed  regions  ^^,  Sg,  Sfc.  If  ib 
includes  any  of  these,  the  surface-integral  is  the  sum  of  the  surface- 
integrals  of  the  diSerent  enclosed  regions  which  lie  within  it. 

For  the  same  reason,  the  surface-integral  taken  over  a  anriace 
bonoded  by  a  closed  curve  is  the  same  for  such  surfaces  only,  bounded 
by  the  closed  curve,  as  axe  reconcileahle  with  the  given  surface  by 
continuous  motion  of  the  surface  withiu  the  region  S. 

When  we  have  to  deal  with  a  periphractic  region,  the  first  thing 
to  be  done  is  to  reduce  it  to  an  aperiphractic  region  by  drawing 
lines  Xj,  Z^,  kc.  joining  the  internal  sur&ces  3^,  S^,  &g*  to  the 
external  sur&ce  S.  Each  of  these  lines,  provided  it  joins  surfaces 
which  were  not  already  in  continuous  connexion,  reduces  the 
periphractic  number  by  unity,  so  that  the  whole  number  of  lines 
to  be  drawn  to  remove  the  periphraxy  is  equal  to  the  periphraotio 
number,  or  the  number  of  internal  sur&ces.  In  drawing  these  lines 
we  most  remember  that  any  line  joining  surfaces  which  are  already 
connected  doee  not  diminish  the  periphraxy,  but  introduces  cydosis. 
When  these  lines  have  been  drawn  we  may  assert  that  if  the 
•olenoidal  condition  is  satisfied  in  the  region  3,  any  closed  surface 
drawn  entirely  within  3,  and  not  cutting  any  of  the  lines,  has  its 
snrface-iategntl  zero.    If  it  cuts  any  line,  say  L^,  once  or  any  odd 
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nomber  of  times,  it  encloses  tlie  aurface  ^  and  the  snrface-integrsl 
is  Q,. 

The  most  familiar  example  of  a  periphractic  region  within  which 
the  Bolenoidal  condition  is  satisfied  is  the  region  snirounding  a  mass 
attracting  or  repelling  inversely  as  the  square  of  the  distance. 

In  this  case  we  have 

JL  ^  n  — J  t  Y  ^  tJt  -^  t        ^=  M  — r  I 

f»  r^  r* 

where  m  is  the  roaes,  supposed  to  be  at  the  origin  of  ooordinatee. 
At  any  point  where  r  is  finite 

dX    dT    dZ_^ 
dx      dy      dz  ~   ' 
but  at  the  origin  these  qoanfdties  become  io6nit«.     For  any  dosed 
snrfiice  not  including  the  origin,  the  surface-integral  is  zero.     If  a 
dosed  surface  include  the  origin,  its  surface-integral  is  4  vm. 

If,  for  any  reason,  we  wish  to  treat  the  region  round  m  as  if  it 
were  not  periphractic,  we  must  draw  a  line  from  m  to  an  infinite 
distance,  and  in  taking  surface-integrals  we  must  remember  to  add 
4  virt  whenever  this  line  crosses  &om  the  negative  to  the  positive 
side  of  the  surface. 

On  Right-handed  and  Left-havded  Belationt  in  Space. 

28.]  In  this  treatise  the  motions  of  translation  along  any  axis 
and  of  rotation  about  that  axis  will  be  assumed  to  be  of  the  same 
sign  wben  their  directions  correspond  to  those  of  the  translation 
and  rotation  of  an  ordinary  or  right-handed  screw  *. 

For  instance,  if  the  actual  rotation  of  the  eartb  irova  west  to  east 
is  taken  positive,  the  direction  of  the  earth's  axis  from  south  to 
north  will  be  taken  positive,  and  if  a  man  walks  forward  in  the 
positive  direction,  the  positive  rotation  is  in  the  order,  head,  right- 
hand,  feet,  left-hand. 

*  IThe  combiiied  action  of  the  moaclei  of  the  srm  when  ws  torn  the  upper  side  of 
the  right-hamd  cutwarda,  axA  ftt  the  suae  time  tbnut  tbe  hand  forwarda.  will 
impreaa  the  right-haoded  screw  moUoa  on  the  memory  more  firmly  than  uiy  TertxJ 
definition.  A  common  oorluciew  m>;  be  ued  a>  a  material  symbol  of  the  nme 
relation. 

ProfbnoF  W.  H.  Hiller  haa  snggwtad  to  me  that  aa  the  tendrik  of  the  vina  u« 
right-handed  sorewa  and  those  of  the  hop  left-handed,  tbe  two  syetans  of  relations  in 
apace  might  be  called  thoea  of  the  Tina  and  the  trap  respectively. 

The  syiitem  of  the  vine,  which  we  adopt,  is  that  of  Litmsena,  and  of  acrew-maher* 
in  all  ciTiiized  conntries  except  Japan.  De  Condolle  was  the  first  who  called  the 
hop-tendril  right-handed,  and  in  thia  he  is  followed  by  Lisdng,  and  by  most  writara 
on  tba  cironlar  polarizaldon  of  light.  Screws  lika  the  hop-tendril  are  made  fur  the 
couplings  of  nulway-carriagn,  and  jbr  the  fittings  of  wheels  on  the  left  side  of  or- 
dinary carriages,  but  they  are  always  called  le^handed  sorewi  by  those  who  use 
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If  we  place  oarselvea  on  tbe  positiTe  side  of  a  sarface,  tbe  positive 
direction  aloDg  ita  booDdiog'  cnrva  will  be  opposite  to  the  motion 
of  the  hands  of  a  watch  with  ita  face  towards  us, 

This  is  the  rig^ht-banded  system  which  is  adopted  in  Thomson 
and  Tut's  Natural  PAilotopA^,  §  243,  and  in  Tait's  QuatemiofU. 
He  opposite,  or  left-handed  system,  is  adopted  in  Hamilton's 
Quaieraioiu  {Lectura,  p.  76,  and  Elementt,  p.  108,  and  p.  117  note). 
The  operation  of  passing  from  the  one  system  to  the  other  is  called, 
by  Listing,  Perversion. 

The  reflexion  of  an  object  in  a  mirror  is  a  perverted  image  of  the 
object. 

When  we  ose  the  Cartesian  axes  of  m,  y,  z,  we  shall  draw  them 
BO  that  the  ordinary  conventions  about  the  cyclic  order  of  the 
symbols  lead  to  a  right-handed  system  of  directionB  in  space.  Thus, 
if  «  is  drawn  eastward  and  y  northward,  e  must  be  drawn  npward. 

The  areas  of  snr&cee  will  be  taken  positive  when  the  order  of 
integration  coincides  with  the  cyclic  order  of  the  symbols.  Thus, 
the  area  of  a  closed  cnrve  in  the  plane  of  xy  may  be  written  either 

jxdy    or     —J  ydse; 

the  order  of  integration  being  «,  y  in  the  first  ^cpreesioD,  and  y,  m 
in  the  second. 

This  relation  between  the  two  products  die  dy  and  dy  daj  may 
be  compared  with  the  rule  for  the  product  of  two  perpendictdar 
vectors  in  the  method  of  Quaternions,  the  sign  of  which  depends 
on  the  order  |of  multiplication ;  an  1  with  the  reversal  of  the  sign 
of  a  determinant  when  the  adjoining  rows  or  colnmos  are  ex- 
changed. 

For  similar  reasons  a  volnme-integral  is  to  be  taken  positive  when 
the  order  of  integration  is  in  the  cyclic  order  of  the  variables  x,y,  z, 
and  negative  when  the  cyclic  order  is  reversed. 

We  now  proceed  to  prove  a  theorem  which  is  useful  as  esta- 
blishing a  connexion  between  the  surface-integral  taken  over  a 
fiuito  atuface  and  a  lin&-integral  taken  round  ite  boundary. 

24.]  Thbobxh  IV.  A  line-integral  taken  round  a  clcted  curve 
mt^  be  expretted  in  termi  of  a  tutface-integral  take*  over  a 
turfaee  bounded  by  the  curve. 

Let  X,  J",  ^  be  the  components  of  a  vector  quantity  %  whose  line- 
integral  is  to  be  taken  round  a  closed  curve  ». 

Let  8  be  any  continuous  finite  surface  bounded  entirely  by  the 
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closed  cnrre  «,  and  let  (,  i),  ^be  the  components  of  another  vector 
quantity  S,  related  to  X,  F,  ^  by  the  equations 

^      dy       dz'      "'"  dz       dai'      ^  ~  dx       dy'  *   ' 

Then  the  sarface-integral  of  $  taken  over  the  surface  S  is  equal  to 
the  lioe-integral  of  91  takeu  round  the  curve  a.  It  is  manifest  that 
$,  T],  ^satisfy  of  themselves  the  solenoidal  condition 

dx      dy       dz 
Let  I,  m,  n  he  the  direction-cosines  of  the  normal  to  an  element 
of  the  surface  dS,  reckoned  in  the  positiye  direction.     Then  the 
value  of  the  surface-integral  of  3  may  he  written 

In  order  to  form  a  definite  idea  of  the  meaning  of  the  element 
dS,  we  shall  suppose  that  the  values  of  the  coordinates  x,  y,  z  for 
eveiy  point  of  the  surface  are  given  as  functions  of  two  inde- 
pendent variables  a  and  ^.  If  j3  is  constant  and  a  varies,  the  point 
{Xjy,  z)  will  describe  a  curve  on  the  surface,  and  if  a  series  of  values 
is  given  to  ^,  a  series  of  such  curves  will  he  traced,  all  lying  on 
the  surface  3.  In  the  same  way,  by  giving  a  series  of  constant 
values  to  a,  a  flecoud  series  of  curves  may  be  traced,  cutting  the 
first  series,  and  dividing  the  whole  surface  into  elementary  portions, 
any  one  of  which  may  be  taken  as  the  element  dS. 

The  projection  of  this  element  on  the  plane  oi  y  z  is,  by  the 
ordinary  fonnala. 

The  expressions  for  m  dS  and  ndS  are  obtained  from  this  by  sub- 
stituting X,  y,  z  in  cyclic  order. 

The  sur&ce-integral  which  we  have  to  find  is 


//(" 


Jf(l(+M^  +  nQdS;  (4) 

Talaes  of  f,  t},  C  in  terma  of  X,  T,  Z, 

dX  ,     dY     ,dT  ,  ,dZ        dZs..  „, 

ich  depends  on  X  may  be  writteo 

fCidX/dzdx       dz  dx\      dX  ,dx  dv      dx  dy-.t  ,_  ,  ,. 

JJ\d,(rar^-r^di>-^(-rai-r^m''^'''-  W 

DigiLizedbyGoOJ^lc 


34.]  LINE  INTEGRAL  AND  SVBFAOE  INTEQBAL. 

adding  and  subtracting  'j~  'j"j^'  ^^^^  becomes 


//I 


da  da  dp 
dai  fdXdx       dXdy      dX dz\ 
d^^d^da'^  ^d^'^dld^^ 

dx  ,dX  dx      dX  dy 


-Ik 


Let  ns  now  suppose  that  the  curves  for  which  a  is  constant  form 
a  series  of  closed  carves  surronnding  a  point  on  the  surface  for 
which  a  has  its  minimum  value,  Og,  and  let  the  last  curve  of  the 
series,  for  which  a  =  o^,  coincide  with  the  closed  curve  i. 

Zjet  na  also  anppoee  that  tiie  curves  for  which  ^  is  constant  form 
a  series  of  lines  drawn  Itom  the  point  at  which  a  =  o^  to  the  closed 
curve  *,  the  first,  /3g,  and  the  last,  p^,  being  identical. 

Integrating  (8)  by  parts,  the  first  term  with  respect  to  a  and  the 
second  with  respect  to  ^,  the  double  integrals  destroy  each  other 
and  the  expression  becomes 


-£'(■ 


ig)      i..      (9) 

Since  the  point  (a,  0,)  is  identical  with  the  point  (a,  jSg),  the 
third  and  fourth  terms  destrcy  each  other;  and  since  there  is 
but  one  value  of  m  at  the  point  where  a  =  Oq,  the  second  term  is 
zero,  and  the  expression  is  reduced  to  the  first  term  : 

Since  the  curve  a  =  Oj  is  identical  with  the  closed  curve  «,  we 
may  write  the  egression  in  the  form 

AS*'  <■») 

when  the  integration  is  to  be  performed  round  the  curve  s.  We 
may  treat  in  the  same  way  the  parts  of  the  sur&ce-integral  which 
depend  upon  Y  and  Z,  so  that  we  get  finally, 

where  the  first  integral  is  extended  over  the  suriace  S,  and  the 
second  round  the  bounding  curve  t*. 

•  Thk  UMonm  wm  glren  by  Preftnor  Stokaa,  iSmfU't  Prin  RetanmaHm.  18U, 
qtuftiou  8.    It  ii  piOTed  in  Xlunnwu  uid  Tait'i  ArntaraJ  i^ftilowpAy,  f  100  (j). 
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On  the  effect  of  the  operator  V  on  a  vector  JvncttoH. 

25.]  We  t&Te  seen  that  the  operation  denoted  by  V  is  that  by 
which  a  vector  quantity  is  deduced  from  its  potential.  The  same 
operation,  however,  when  applied  to  a  vector  function,  produces 
leealta  which  enter  into  the  two  theorems  we  have  juet  proved 
(III  and  IV).  The  eztension  of  this  operator  to  vector  displace- 
ments, and  most  of  its  further  development,  is  due  to  Professor 
Tait*. 

Let  IT  be  B  vector  function  of  p,  the  vector  of  a  variable  point. 
Let  us  suppose,  as  osual,  that 

p  =  ia)+Jy  +  kz, 
and  <r  =  »J+yr+i^; 

where  X,Y,Z  ore  the  components  of  a  in  the  directions  of  the 
axes. 

We  have  to  perform  on  o-  the  operation 

Performing  this   operation,   and   remembering  the  rules  for  the 
multiplication  of  t,  j,  k,  we  find  that  Va  consiets  of  two  parts, 
one  scalar  and  the  other  vector. 
The  scalar  part  is 

SVo- =  -  (5?  +  ?  +  5^) ,  eee  Theoma  m, 

Bud  the  vector  part  is 

__        .AZ     dT^      .liX     iZs  ,  ,,dY     iX, 

If  tKe  relation  between  X,  7,  Z  and  f,  >),  ^  is  that  given  \sy 
equation  (1)  of  the  last  theorem,  we  may  write 

Wo  =  i^+Jv  +  ^C     See  Theorem  IV. 

It  appears  therefore  that  the  functions  of  X,  T,  Z  which  occur 
in  the  two  theorems  are  both  obtained  by  the  operation  V  on  the 
vector  whose  components  are  X,  7,  Z.  The  theorems  themselves 
may  be  written 

Jfjsvods  =jJ8.oUpd»,     (III) 


and     jsodp    =:ffs.VoUpdi;    (IV) 
I  and  othar  1 
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26.]  Hamilton's  operatoe  V,  29 

where  dt  is  an  element  of  a  volome,  dt  of  a  snrCEice,  dp  of  a  carve, 
uid  Uv  a  nnit-veetor  in  the  direction  of  the  normal. 

To  understand  the  meaning  of  th«e  functions  of  a  vector,  let  db 
flQppose  that  tr^  is  the  value  of  tr  at  a  point  P,  and  let  as  examine 
the  value  of  o-— Vg  in  the  nei^hbonrhood  of  P. 
If  we  draw  a  closed  snr&ce  round  P,  then,  if  the  I 

snrfiice-integral  of  a  over  this  surface  is  directed         ^v     I     y" 
inwards,  SVa  will  be  positive,  and  the  vector 
»■— (To  near  the  point  P  will  be  on  the  whole         *"     p      ** 
directed  towards  P,  as  in  the  figure  (l).  y'     *    ^ 

I  propose  therefore  to  call  the  scalar  part  of  [ 

V<r  the  convergence  of  a  at  the  point  P.  Kg,  i. 

To  interpret  the  vector  part  of  Vir,  let  oe 
Boppose  ourselves  to   he   looking   in   the  direction  of  the  vector 
whoee  components  are  f,  i),  f,  and  let  us  examine 
the  vector  a—o^  near  the  point  P.    It  will  appear  '' — 

as  in  the  figure  (2),  this  vector  being  arranged  on       I       .       [ 

the  whole  tangentJallj  in  the  direction  opposite  to  ^ 

the  hands  of  a  watch.  p.    ^ 

I  propose  (with  great  diffidence)  to  call  the  vector 
part  of  Vir  the  rotation  of  a  at  the  point  P, 

In  Kg.  3  we  have  an  illustration  of  rotation  com-  y 

bioed  with  convei^nce.  \ 

Iiet  us  now  consider  the  meaning  of  the  equation  \ 

rv<T  =  0.  / 

This  implies  that  V  o-  is  a  scalar,  or  that  the  vector        f^.  s. 
o-  is  the  space-variation  of  some  scalar  function  4*. 
.     26.]  One  of  the  most  remarkable  properties  of  the  operator  V  is 
that  when  repeated  it  becomes 

,d"         d*        d»v 
^   -"^da?  "^  df  '*'  dz^r 

an  operator  occurring  in  all  parts  of  Physics,  which  we  may  refer  to 
as  lAplace'a  Operator. 

This  operator  is  itself  essentially  scalar.  When  it  acts  on  a 
Bcalat  function  tiie  result  is  scalar,  when  it  acts  on  a  vector  function 
the  result  is  a  vector. 

If,  with  any  point  P  as  centre,  we  draw  a  small  sphere  whoee 
radius  is  r,  then  if  q^  is  the  value  of  q  at  the  centre,  and  q  the 
mean  valae  of  q  for  all  points  within  the  sphere, 
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so  tihat  the  valne  at  the  centre  ezceecU  or  I&IIb  short  of  the  meso 
value  according  aaV^q  ie  positive  or  n^ative. 

I  propose  therefore  to  call  V  g  the  ooiKentratio»  of  ;  at  the 
point  P,  becaose  it  indicates  the  excess  of  the  valoe  of  q  at  that 
point  over  its  mean  value  in  the  neig:hboarhood  of  the  point. 

If  ^  is  a  scalar  fiinctioD,  the  method  of  finding'  its  mean  valne  is 
well  known.  If  it  is  a  vector  function,  we  must  find  iia  mean 
value  by  the  rules  for  integrating'  vector  functions.  The  result 
of  course  is  a  vector. 
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PART    I. 

ELECTEOSTATICS. 


CHAPTER    L 


DB3CE1PTI0N    OF    PHENOMENA. 


Eleetrificatiott  hy  Friciion. 

27.]  ExPEKnfENT  I*.  Let  a  piece  of  glage  and  a  piece  of  resia, 
neitlier  of  which  exhibits  any  elecbrical  properties,  be  rubbed  to- 
gether aod  left  with  the  nibbed  snrbcee  in  contact.  They  will 
still  exhibit  no  electrical  properties.  Let  them  be  separated.  They 
will  now  attract  each  other. 

If  a  second  piece  of  glass  be  rubbed  with  a  second  piece  of 
lesin,  and  if  the  pieces  be  then  separated  and  suspended  in  the 
neighbourhood  of  the  former  pieces  of  glass  and  resin,  it  may  be 
observed — 

(1)  That  the  two  pieces  of  glass  repel  each  other. 

(2)  That  each  piece  of  glass  attracts  each  piece  of  resin. 

(3)  That  the  two  pieces  of  resin  repel  each  other. 

These  phenomena  of  attraction  and  repulsion  are  called  Elec- 
trical phenomena,  and  the  bodies  which  exhibit  them  are  said  to 
be  eiecirified,  or  to  be  charged  with  electricity. 

Bodies  may  be  electrified  in  many  other  ways,  as  well  u  by 
friction. 

The  electrical  properties  of  the  two  pieces  of  glass  are  similar 
to  each  other  bat  opposite  to  those  of  the  two  pieces  of  resin; 
Uie  glass  attracts  wlu^  the  resin  repels  and  repels  what  the  resin 
attracts. 
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If  a  body  electrified  in  any  manner  whatever  behaves  as  the 
glass  does,  that  is,  if  it  repels  the  glass  uid  attracts  the  resin,  the 
body  is  said  to  be  viireotttly  electrified,  and  if  it  attracts  the  glass 
and  repels  the  resin  it  is  said  to  be  resitunuly  electrified.  All 
electrified  bodies  are  found  to  be  either  vitreously  or  resinously 
electrified. 

It  is  the  established  practice  of  men  of  science  to  call  the  vitreous 
electrification  poaitive,  and  the  resinous  eleottification  negative. 
The  exactly  opposite  properties  of  the  two  kinds  of  electrification 
justify  us  in  indicating  them  by  opposite  signs,  but  the  applica- 
tion of  the  positive  sign  to  one  rather  than  to  the  other  kind  must 
be  considered  as  a  matter  of  arbitrary  convention,  just  as  it  is  a 
matter  of  convention  in  mathematical  diagrams  to  reckon  positive 
distances  towards  the  right  hand. 

No  force,  either  of  attraction  or  of  repnlsion,  can  be  observed 
between  an  electrified  body  and  a  body  not  electrified.  When,  in 
any  case,  bodies  not  previously  electrified  are  observed  to  be  acted 
on  by  an  electrified  body,  it  is  because  they  have  become  electrified 
by  induction. 

Electrification  by  Induction. 
38,]  ExPBStUEMT  n*.     Let  a  hollow  vessel  of  metal  be  hong 
ap  by  white  silk  threads,  and  let  a  similar  thread 
be  attached  to  the  lid  of  the  vessel  so  that  the  vessel 
may  be  opened  or  closed  without  touching  it. 

Let  the  pieces  of  glass  and  resin  be  similarly  sus- 
pended and  electrified  as  before. 

Let  the  vessel  be  originally  anelectrified,  then  if 
an  electrified  piece  of  glass  is  hung  up  within  it  by 
its  thread  withont  touching  the  vessel,  and  the  lid 
cloeedj  the  outside  of  the  vessel  will  be  found  to 
be  vitreously  electrified,  and  it  may  be  shewn  that 
the  electrification  outside  of  the  vessel  is  exactly  the 
Z^g.  4.  same  in  whatever  part  of  the  interior  space  the  glass 

is  suspended. 
If  the  glass  is  now  taken  out  of  the  vessel  without  touching  it, 
the  electrification  of  the  glass  will  he  the  same  as  before  it  was 
pat  in,  and  that  of  the  vessel  will  have  disappeared. 

This  electrification  of  the  vessel,  which  depends  on  the  glass 
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beiD^  within  it,  and  which  Tsnishes  when  the  g-laes  is  removed,  is 
called  electrification  by  iBdaction. 

Similar  effects  would  be  produced  if  the  glass  were  enspended 
near  the  vessel  on  the  outside,  but  in  that  case  we  should  find 
an  electrification,  vitreous  ia  one  part  of  the  outside  of  the  veaaA 
and  resinous  in  another.  When  the  glass  is  inside  the  vessel 
the  whole  of  the  outside  is  vitreousty  and  the  whole  of  the  inside 
KgiDoiiBly  elect^fied. 

EUetrijKoiion  iy  ConducUoa, 

39.]  ExPBRTHENT  IlL  Let  the  metal  vessel  be  electrified  by 
induction,  as  in  the  last  experiment,  let  a  second  metallic  body 
be  suspended  by  white  silk  threads  near  it,  and  let  a  metal  wire, 
similarly  suspended,  be  brought  bo  as  to  touch  simultaneously  the 
electrified  vessel  and  the  second  body. 

The  second  body  will  now  be  found  to  be  vitreously  electrified, 
and  the  vitreous  electrification  of  the  vessel  will  have  diminished. 

The  electrical  condition  has  been  transferred  from  the  vessel  to 
the  second  body  by  means  of  the  wire.  The  wire  is  called  a  eon- 
ductor  of  electricity,  and  the  second  body  is  said  to  be  electrified 
&jf  conduction. 

Cottduclort  and  Inmtatora. 

ExpBSiHENT  rV.  If  a  glass  rod,  a  stick  of  resin  or  gutta-percha, 
or  a  white  silk  thread,  had  been  used  instead  of  the  metal  wire,  no 
transfer  of  electricity  would  have  taken  place.  Hence  these  latt«r 
sobstaocea  are  called  Non-conduotors  of  electricity.  Non-conduc- 
tors are  used  in  electrical  experiments  to  support  electrified  bodies 
without  carrying  off  their  electricity.  They  are  then  called  In- 
sulators. 

IhK  metals  are  good  conductors ;  air,  glass,  reains,  gutta-percha, 
Ttilcanite,  paraffin,  &c.  are  good  insulators;  but,  as  we  shall  see 
afterwards,  all  substances  resist  the  passage  of  electricity,  and  all 
■nbstances  allow  it  to  pass,  though  in  exceedingly  different  degrees. 
This  subject  will  be  considered  when  we  come  to  treat  of  the 
motion  of  electricity.  For  the  present  we  shall  consider  only  two 
elaraco  of  bodies,  good  conductors,  and  good  insulators. 

In  Experiment  II  an  electrified  body  produced  electrification  in 
the  metal  vessel  while  separated  from  it  by  air,  a  non-conducting 
medium.  Such  a  medium,  considered  as  transmitting  these  electrical 
effects  withont  conduction,  has  been  called  by  Faraday  «  Dielectric 
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medium,  and  the  action  whicb  takes  place  throngh  it  is  called 
Induction. 

In  Experimeot  III  the  electrified  vessel  produced  electrification 
in  the  second  metallic  body  throngh  the  medium  of  the  wire.  Let 
as  suppose  the  wire  removed,  and  the  electrified  piece  of  glass  taken 
out  of  the  vessel  without  touching  it,  and  removed  to  a  sufiicient 
dist-ance.  The  second  body  will  still  exhibit  vitreous  electrifica- 
tion,  but  the  vessel,  when  the  glass  is  removed,  will  have  resinous 
electrification.  If  we  now  bring  the  wire  into  contact  with  both 
bodies,  conduction  will  take  place  along  the  wire,  and  all  electri- 
fication will  disappear  from  both  bodies,  shewing  that  the  elec- 
trification of  the  two  bodies  was  equal  and  opposite. 

30.]  ExPERiUENT  y.  In  Experiment  II  it  was  shewn  that  if 
a  piece  of  glass,  electri6ed  by  rubbing  it  with  resin,  ia  hung  up  in 
an  insulated  metal  vessel,  the  electrification  observed  outside  does 
not  depend  on  the  position  of  the  glass.  If  we  now  introduce  the 
piece  of  resin  with  which  the  glass  was  rubbed  into  the  same  vessel, 
without  touching  it  or  the  vcescI,  it  will  be  fonnd  that  there  is 
no  electrification  outside  the  vessel.  From  this  we  conclude  that 
the  electrification  of  the  resin  is  exactly  equal  and  opposite  to  that 
of  the  glass.  By  putting  in  any  number  of  bodies,  electrified  in 
any  way,  it  may  be  shewn  that  the  electrification  of  the  outside  of 
the  vessel  is  that  due  to  the  algebraic  sum  of  all  the  electrifica- 
tions, those  being  reckoned  negative  which  are  resinous.  We  have 
thus  a  practical  method  of  adding  the  electrical  efi<;cts  of  several 
bodies  without  altering  the  electrification  of  each, 

31.]  ExFSBiHKNT  VI.  Let  a  second  insulated  metallic  vessel,  £, 
be  provided,  and  let  the  electrified  piece  of  glass  be  put  into  the 
first  vessel  A,  and  the  electrified  piece  of  resin  into  the  second  vessel 
S.  Let  the  two  vessels  be  then  put  in  communication  by  the  metal 
wire,  as  in  Experiment  til.  All  signs  of  electrification  will  dis- 
appear. 

Next,  let  the  wire  be  removed,  and  let  the  pieces  of  glass  and  of 
resin  be  taken  out  of  the  ve^els  without  touching  them.  It  will 
he  found  that  A  is  electrified  resinously  and  £  vitreously. 

If  now  the  glass  and  the  vessel  A  be  introduced  together  into  a 
larger  insulated  veBsel  C,  it  will  be  found  that  there  is  no  elec- 
trification outside  C.  This  shews  that  the  electrification  of  A  is 
exactly  equal  and  opposite  to  that  of  the  piece  of  glass,  and  that 
o!£  may  be  shewn  in  the  same  way  to  be  equal  and  opposite  to  that 
of  the  piece  of  resin. 
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We  have  thus  obtained  a  method  of  charging  a  vessel  with  a 
qnantity  of  electricity  exactly  equal  and  opposite  to  that  of  an 
electrified  body  without  altering  the  electrification  of  the  latter, 
and  we  may  in  this  way  charge  any  number  of  vessels  with  exactly 
eqnal  qnantitiee  of  electricity  of  either  kind,  which  we  may  take 
for  provieiona]  nnits. 

32.]  Experiment  YII.  Let  the  vessel  £,  chained  with  a  quan- 
tity of  positive  electricity,  which  we  shall  call,  for  the  present, 
nnity,  be  introduced  into  the  larger  insulated  vessel  C  without 
tonching  it.  It  will  produce  a  positive  electrification  on  the  out- 
side of  C  Now  let  S  be  made  to  touch  the  inside  of  C.  No  change 
of  the  external  electrification  will  be  observed.  If  B  is  now  taken 
ont  of  C  without  touching  it,  and  removed  to  a  sufficient  distance, 
it  will  be  found  that  B  is  completely  discharged,  and  that  C  has 
become  charged  with  a  unit  of  positive  electricity. 

We  have  thus  a  method  of  transferring  the  charge  of  B  to  C. 

Let  £  be  now  recharged  with  a  unit  of  electricity,  introduced 
into  C  already  charged,  made  to  tonch  the  inside  of  C,  and  re- 
moved. It  will  be  found  that  B  is  again  completely  discharged, 
so  that  the  charge  of  Cie  doubled. 

If  this  process  is  repeated,  it  will  be  found  that  however  highly 
C  is  previously  charged,  and  in  whatever  way  B  is  charged,  when 
£  18  first  entirely  enclosed  in  C,  then  made  to  touch  C,  and  finally 
removed  without  touching  C,  the  charge  of  £  is  completely  trans- 
ferred to  C,  and  £  is  entirely  free  from  electrification. 

This  experiment  indicates  a  method  of  charging  a  body  with 
any  number  of  units  of  electricity.  We  shall  find,  when  we  come 
to  the  mathematical  theory  of  electricity,  that  the  result  of  this 
experiment  affords  an  accurate  test  of  the  truth  of  the  theory. 

83.]  Before  we  proceed  to  the  investigation  of  the  law  of 
electrical  force,  let  us  enumerate  the  &ct8  we  have  already  estab- 
lished. 

By  placing  any  electrified  system  inside  an  insulated  hollow  con- 
ducting vessel,  and  examining  the  resnltant  effect  on  the  outside 
of  the  vessel,  we  ascertain  the  character  of  the  total  electrification 
of  the  system  placed  inside,  without  any  communication  of  elec- 
tricity between  the  different  bodies  of  the  system. 

The  electrification  of  the  outside  of  the  vessel  may  be  tested 
with  great  delicacy  by  putting  it  in  communication  with  an  elec- 
troscope. 

We  may  suppose  the  electroscope  to  consist  of  a  strip  of  gold 
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leaf  hangvog  between  two  bodies  charged,  one  positively,  and  the 
other  negatively.  If  the  gold  leaf  becomes  electrified  it  will  incline 
towards  the  body  whose  electrification  is  opposite  to  its  own.  By 
increasing  the  electrification  of  the  two  bodies  and  the  delicacy  of 
the  snspension,  an  exceedingly  small  electrification  of  the  gold  leaf 
may  be  detected. 

When  we  come  to  describe  electrometers  and  mnltiplJers  we 
^all  find  that  there  are  still  more  delicate  methods  of  detecting 
electrification  and  of  testing  the  accnracy  of  oar  theories,  bnt  at 
present  we  shall  suppose  tlie  testing  to  be  made  by  conaecting  the 
hollow  vessel  with  a  gold  leaf  electroscope. 

This  method  was  used  by  Faraday  in  his  very  admirable  de- 
monstration of  the  laws  of  electrical  phenomena  *. 

S4.]  I.  The  total  electrification  of  a  body,  or  system  of  bodies, 
remains  always  the  same,  except  in  so  far  as  it  receives  electrifi- 
cation from  or  gives  electrification  to  other  bodies. 

In  all  electrical  experimrats  the  electrification  of  bodies  is  found 
to  change,  bnt  it  is  always  found  that  this  change  is  dne  to  want 
of  perfect  insulation,  and  that  as  the  means  of  insulation  are  im- 
proved, the  loss  of  electrification  becomes  less.  We  may  therefore 
aasert  that  the  electrification  of  a  body  placed  in  a  perfectly  in- 
snlating  mediam  would  remain  perfectly  constant. 

II.  When  one  body  electrifies  another  by  conduction,  the  total 
electrification  of  the  two  bodies  remains  the  same,  that  is,  the  one 
loses  as  much  positive  or  gains  as  much  negative  electrification  as 
the  other  gains  of  positive  or  loses  of  negative  electrification. 

For  if  the  two  bodies  are  enclosed  in  the  hollow  vessel,  no  change 
of  the  total  electrification  is  observed. 

III.  When  electrification  is  produced  by  friction,  or  by  any 
other  known  method,  equal  quantities  of  positive  and  negative  elec- 
trification are  produced. 

For  the  electrification  of  the  whole  system  may  he  tested  in 
the  hollow  vessel,  or  the  process  of  electrification  may  be  carried 
on  within  the  vessel  itself,  and  however  intense  the  electrification  of 
the  parts  of  the  system  may  be,  the  electrification  of  the  whole, 
as  indicated  by  the  gold  leaf  electroscope,  is  invariably  zero. 

The  electrification  of  a  body  is  therefore  a  phj-stcal  quantity 
capable  of  measurement,  and  two  or  more  electrifications  can  be 
combined  experimentally  with  a  result  of  the  same  kind  as  when 

•  'Od  Static  Electrical  Inductive  Action,'  Phil.  Mag.,  1843,  or  Exji.  Ba.,  voL  ii. 
p.  348. 
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two  quantities  are  added  algebraically.  We  therefore  are  entitled 
to  use  language  fitted  to  deal  with  electrification  as  a  quantity  as 
well  as  a  quality,  and  to  apeak  of  any  electrified  body  as  '  charged 
with  a  certain  qnantity  of  positive  or  negative  electricity.' 

35.]  While  admitting  electricity,  as  we  have  now  done,  to  the 
rank  of  a  physical  quantity,  we  muet  not  too  hastily  assume  that 
it  is,  or  is  not,  a  substance,  or  that  it  is,  or  is  not,  a  form  of 
energy,  or  that  it  belongs  to  any  known  category  of  physical 
quantities.  All  that  we  have  hitherto  proved  is  that  it  cannot 
be  created  or  annihilated,  so  that  if  the  total  quantity  of  elec- 
tricity within  a  closed  surface  is  increased  or  diminished,  the  in- 
crease or  (limination  must  have  passed  in  or  out  through  the  closed 
surface. 

This  is  true  of  matter,  and  is  expressed  by  the  equation  known  as 
the  Equation  of  Continuity  in  Hydrodynamics. 

It  is  not  true  of  heat,  for  heat  may  be  increased  or  diminished 
within  a  closed  surface,  without  passing  in  or  out  through  the 
surface,  by  the  transformation  of  some  other  form  of  energy  into 
heat,  or  of  heat  into  some  other  form  of  energy. 

It  is  not  true  even  of  energy  in  general  if  we  admit  the  imme- 
diate action  of  bodies  at  a  distance.  For  a  body  outside  the  closed 
surface  may  make  an  exchange  of  energy  with  a  body  within 
the  surface.  But  if  all  apparent  action  at  a  distance  is  the 
result  of  the  action  between  the  parts  of  an  intervening  medium, 
it  is  conceivable  that  in  all  cases  of  the  increase  or  diminution 
of  the  energy  within  a  dosed  sur&ce  we  may  be  able,  when  the 
nature  of  this  action  of  the  parts  of  the  medium  is  clearly  ooder- 
stood,  to  trace  the  passage  of  the  energy  in  or  out  throngh  that 
lariace. 

There  is,  however,  another  reason  which  warrants  us  in  asserting 
that  electricity,  as  a  physical  quantity,  synonymous  with  the  total 
electrification  of  a  body,  is  not,  like  heat,  a  form  of  energy.  An 
electrified  system  has  a  certiun  amount  of  energy,  and  this  energy 
can  be  calculated  by  multiplying  the  quantity  of  electricity  iu 
each  of  its  parts  by  another  physical  quantity,  called  the  Potential 
of  that  part,  and  taking  half  the  sum  of  the  products.  The  quan- 
tities 'Electricity'  and  'Potential,'  when  multiplied  together, 
produce  the  quantity  'Energy.'  It  is  impossible,  therefore,  that 
electricity  and  energy  should  be  quantities  of  the  same  category,  for 
electricity  is  only  one  of  the  factors  of  energy,  the  other  factor 
being  '  Potential.' 
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Energy,  which  is  the  product  of  these  factors,  may  also  be  con- 
sidered as  the  product  of  several  other  pairs  of  factors,  such  as 
A  Force  x  A  distance  through  which  the  force  is  to  act. 

A  Mass  X  Gravitation  acting  through  a  certain  height. 

A  Mass  X  Half  the  square  of  its  velocity, 

A  PresBure  x  A  volume  of  fluid  introduced  into  a  vessel  at 

that  pressure. 
A  Chemical  Affinity  x  A  chemical  change,  measured  hy  the  number 

of  electro-chemical  equivalents  which  enter 

into  combination. 
If  we  ever  should  obtain  distinct  mechanical  ideas  of  the  nature  of 
electric  potential,  we  may  combine  these  with  the  idea  of  energy 
to  determine  the  physical  category  in  which  'Electricity'  is  to  he 
placed. 

36.],  In  mo&t  theories  on  the  subject.  Electricity  is  treated  as 
a  substance,  but  inasmuch  as  there  are  two  kinds  of  electrification 
which,  being  combined,  annul  each  other,  and  since  we  cannot 
conceive  of  two  sabstances  annulling  each  other,  a  distinction  has 
been  drawn  between  Free  Electricity  and  Combined  Electricity. 

Tie&ty  of  Two  Fluids. 

In  what  is  called  the  Theory  of  Two  Fluids,  all  bodies,  in  their 
unelectrified  state,  are  supposed  to  be  charged  with  equal  quan- 
tities of  positive  and  negative  electricity.  These  quantities  are 
supposed  to  be  so  great  that  no  process  of  electrification  has  ever 
yet  deprived  a  body  of  all  the  electricity  of  either  kind.  The  pro- 
cess of  electrification,  according  to  this  theory,  consists  in  taking 
a  certain  quantity  P  of  positive  electricity  from  the  body  A  and 
communicating  it  to  B,  or  in  taking  a  quantity  N  of  negative 
electricity  from  B  and  communicating  it  to  A,  or  in  some  com- 
bination of  these  processes. 

The  result  will  be  that  A  will  have  P+JV  unit*  of  negative 
electricity  over  and  above  its  remaining  positive  electricity,  which 
is  supposed  to  be  in  a  state  of  combination  with  an  equal  quantity 
of  negative  electricity.  This  quantity  P-^N  is  called  the  Free  elec- 
tricity, the  rest  is  called  the  Combined,  Latent,  or  Fixed  electricity. 

In  most  expositions  of  this  theory  the  two  electricities  are  called 
'  Fluids,'  because  they  are  capable  of  being  transferred  from  one 
body  to  another,  and  are,  within  conducting  bodies,  extremely 
mobile.     The   other  properties   of  fluids,   such  as  their  inertia, 
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weight,  and  elasticity,  are  not  attributed  to  them  by  tbose  who 
have  used  the  theory  for  merely  mathematical  purposes  j  but  the 
use  of  tbe  word  Fluid  has  been  apt  to  mislead  the  vulgar,  including 
many  men  of  science  wbo  are  not  natural  pbiloaophere,  and  who 
have  seized  on  the  word  Fluid  as  the  only  term  in  the  statement 
of  the  theoiy  which  seemed  intelligible  to  them. 

We  shall  see  that  the  mathematical  treatment  of  the  subject  bos 
been  greatly  developed  by  writers  who  express  themselves  in  terms 
of  the  'Two  Fluids'  theory.  Their  results,  however,  have  been 
deduced  entirely  from  data  which  can  be  proved  by  experiment, 
and  which  must  therefore  be  true,  whether  we  adopt  the  theory  of 
two  fluids  or  not.  The  experimental  verification  of  the  mathe- 
matical results  therefore  is  no  evidence  for  or  against  the  peculiar 
doctrines  of  this  theory. 

The  introduction  of  two  fluids  permits  us  to  consider  the  negative 
electrification  of  A  and  the  positive  electrification  of  .B  as  the  effect 
of  aitj  one  of  three  different  processes  which  would  lead  to  the  same 
result.  We  have  already  supposed  it  produced  by  the  transfer  of 
P  units  of  positive  electricity  from  A  to  £,  together  with  the 
transfer  of  N  units  of  negative  electricity  from  S  to  A.  But  if 
jP  +  JV  units  of  poBitive  electricity  had  been  transferred  from  A 
to  S,  or  if  i'-]-^  units  of  negative  electricity  hod  been  transferred 
from  £  to  A,  the  resulting  '  free  electricity '  on  A  and  on  B  would 
have  been  the  same  as  before,  but  the  quantity  of  '  combined 
electricity '  in  A  would  have  been  less  in  the  second  case  and  greater 
in  the  third  than  it  was  in  the  first. 

tt  would  appear  therefore,  according  to  this  theory,  that  it  is 
possible  to  alter  not  only  the  amount  of  free  electricity  in  a  body, 
but  the  amount  of  combined  electricity.  But  no  phenomena  have 
ever  been  observed  in  electrified  bodies  which  can  be  traced  to  the 
varying  amount  of  their  combined  electricities.  Hence  either  the 
combined  electricities  have  no  observable  properties,  or  the  amount 
of  the  combined  electricities  is  incapable  of  variation.  The  first 
of  these  alternatives  presents  no  difficulty  to  the  mere  mathema- 
tician, who  attributes  no  properties  to  the  fluids  except  those  of 
attraction  and  repulsion,  for  he  conceives  the  two  fluids  simply  to 
annul  one  another,  like  +  e  and  —e,  and  their  combination  to  be  a 
true  mathematical  zero.  But  to  tbose  who  cannot  use  tbe  word 
Fluid  without  thinking  of  a  substance  it  is  difficult  to  conceive  how 
tbe  combination  of  the  two  fluids  can  have  no  properties  at  all,  so 
that  the  addition  of  more  or  less  of  the  combination  to  a  body  shall 
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not  ID  aaj  way  affect  it,  either  by  increasing  its  maea  or  its  weight, 
or  altering  some  of  its  other  properties.  Hence  it  has  been  supposed 
by  some,  that  in  every  process  of  electrification  exactly  equal  quan- 
tities of  the  two  fluids  are  transferred  in  opposite  directions,  so 
that  the  total  quantity  of  the  two  fluids  in  any  body  taken  to* 
gether  remains  always  the  same.  By  this  new  law  they  '  contrive 
to  save  appearances,'  forgetting  that  there  would  have  been  no  need 
of  the  law  except  to  reconcile  the  '  two  fluids '  theory  with  lacts, 
and  to  prevent  it  from  predicting  non-ezietent  phenomena. 

J^ory  of  One  Fluid. 

37.]  In  the  theory  of  One  Fluid  everything  is  the  same  as  in 
the  tJieory  of  Two  Fluids  except  that,  instead  of  supposing  the  two 
substaucea  equal  and  opposite  in  all  respects,  one  of  them,  gene- 
rally the  negative  one,  has  been  endowed  with  the  properties  and 
name  of  Ordinary  Matter,  while  the  other  retains  the  name  of  The 
Electric  Fluid.  The  particles  of  the  fluid  are  supposed  to  repel 
one  another  according  to  the  law  of  the  inverse  square  of  the 
distance,  and  to  attract  those  of  matter  according  to  the  same 
law.  Those  of  matter  are  supposed  to  repel  each  other  and  attract 
those  of  I'lectrieity. 

If  the  quantity  of  the  electric  fluid  in  a  body  is  such  that  a 
particle  of  the  electric  fluid  outside  the  body  is  as  much  repelled 
by  the  electric  fluid  in  the  body  as  it  is  attracted  by  the  matter 
of  the  body,  the  body  is  said  to  be  Saturated.  If  the  quantity  of 
fluid  in  the  body  is  greater  than  that  required  for  saturation,  the 
excess  is  called  the  Kedundant  fluid,  and  the  body  is  said  to  be 
Overcharged.  If  it  is  less,  the  body  is  said  to  be  Underchai^ed, 
and  the  quantity  of  fluid  which  would  be  required  to  saturate  it 
is  sometimes  culled  the  Deficient  fluid.  The  number  of  units  of 
electricity  required  to  saturate  one  gramme  of  ordinary  matter 
must  be  very  great,  because  a  gramme  of  gold  may  be  beaten  out 
to  an  area  of  a  square  metre,  and  when  in  this  form  may  have  a 
negative  charge  of  at  least  60,000  units  of  electricity.  In  order  to 
saturate  the  gold  leaf,  this  quantity  of  electric  fluid  must  be 
communicated  to  it,  so  that  the  whole  quantity  requii'ed  to  saturate 
it  must  be  greater  than  this.  The  attraction  between  the  matter 
and  the  fluid  in  two  saturated  bodies  is  supposed  to  be  a  very  little 
greater  than  the  repulsion  between  the  two  portions  of  matter  and 
that  between  the  two  portions  of  fluid.  This  residual  force  is  sup- 
posed to  account  for  the  attraction  of  gravitation. 
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This  theory  does  no^  like  the  Two-Fluid  theoiy,  explain  too 
much.  It  requires  aa,  however,  to  suppose  the  mass  of  the  electric 
fluid  so  BvaeW  that  no  attainable  positive  or  negative  electrification 
has  yet  perceptibly  increased  or  diminished  either  the  mass  or  the 
weight  of  a  body,  and  it  has  not  yet  been  able  to  assign  sufficient 
reasons  why  the  vitreous  rather  tlian  the  resinous  electrification 
should  be  supposed  due  to  an  excess  of  electricity. 

One  objection  has  sometimes  been  urged  against  this  theory  by 
men  who  ought  to  have  reasoned  better.  It  has  been  said  that 
the  doctrine  that  the  particles  of  matter  ancombined  with  elec- 
tricity repel  one  another,  is  in  direct  antagonism  with  the  well- 
established  fact  that  every  particle  of  matter  aliraclt  every  other 
particle  throughout  the  universe.  If  the  theory  of  One  Fluid  were 
true  we  should  have  the  heavenly  bodies  repelling  one  another. 

But  it  is  manifest  that  the  heavenly  bodies,  according  to  this 
theory,  if  they  consisted  of  matter  uncombined  with  electricity, 
would  be  in  the  highest  state  of  negative  electrification,  and  would 
repel  each  other.  We  have  no  reason  to  believe  that  they  are  in 
BDch  a  highly  electrified  state,  or  could  be  maiubuned  in  that 
state.  The  earth  and  all  the  bodies  whose  attraction  has  been 
observed  are  rather  in  an  unelectrified  state,  that  is,  they  contain 
the  normal  charge  of  electricity,  and  the  only  action  between  them 
is  the  residual  force  lately  mentioned.  The  artificial  manuer,  how- 
ever, in  which  this  residual  force  is  introduced  is  a  much  more 
valid  objection  to  the  theory. 

In  the  present  treatise  I  propose,  at  different  stages  of  the  in- 
vestigation, to  test  the  different  theories  in  the  light  of  additional 
classes  of  phenomena.  For  my  own  part,  I  look  for  additional 
light  on  tfae  nature  of  electricity  from  a  study  of  what  takes  place 
in  the  space  intervening  between  the  electrified  bodies.  Such  is  the 
essential  character  of  the  mode  of  investigation  pursued  by  Faraday 
in  bis  Erperimenial  Retearcha,  and  as  we  go  on  I  intend  to  exhibit 
the  results,  as  developed  by  Faraday,  W.  Thomson,  &c.,  in  a  con- 
nected and  mathematical  form,  so  that  we  may  perceive  what 
phenomena  are  explained  equally  well  by  all  the  theories,  and  what 
phenomena  indicate  the  peculiar  difficulties  of  each  theory. 

MeaKirement  of  the  Foree  between  Electrtfed  Bod'tei. 

88.]   Forces  may  be  measured  in  various  ways.     For  instance, 

one  of  the  bodies  may  be  suspended  from  one  arm  of  a  delicate 

balance,  and  weights  suspended  from  the  other  arm,  till  the  body, 
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when  anelectrified,  ia  in  equilibrium.  The  other  body  may  tbeu 
be  plactd  nt  &  known  distance  beneath  the  first,  so  that  the 
attraction  or  repulsion  of  the  bodies  when  electrified  may  increase 
or  diminish  the  apparent  weight  of  the  first.  The  weight  which 
must  be  added  to  or  taken  from  the  other  arm,  when  expressed 
in  dynamical  measure,  will  measure  the  force  between  the  bodies. 
This  arrangement  was  used  by  Sir  W.  Snow  Harris,  and  is  that 
adopted  in  Sir  W.  Thomson's  absolute  electrometers.    See  Art.  2 1 7. 

It  is  Bometimf^B  more  convenient  to  use  a  torsion-balance,  in 
which  a  horizontal  arm  is  suspended  by  a  fine  wire  or  fibre,  so  as 
to  be  capable  of  vibrating  about  the  vertical  wire  as  an  axis,  and 
the  body  is  attached  to  one  end  of  the  arm  and  acted  on  by  the 
force  in  the  tangential  direction,  so  as  to  turn  the  arm  round  the 
vertical  axis,  and  so  twist  the  suspension  wire  through  a  certain 
angle.  The  torsional  rigidity  of  the  wire  is  found  by  observing 
the  time  of  oscillation  of  the  arm,  the  moment  of  inertia  of  the 
arm  being  otherwise  known,  and  from  the  angle  of  torsion  and 
the  torsional  rigidity  the  force  of  attraction  or  repulsion  can  be 
deduced.  The  torsion-balance  was  devisL-d  by  Michell  for  the  de- 
termination of  the  force  of  gravitation  between  small  bodies,  and 
was  used  by  Cavendish  for  this  purpose.  Coulomb,  working  in- 
dependently of  these  philosophers,  reinvented  it,  thoroughly  studied 
its  action,  and  successfully  applied  it  to  discover  the  laws  of  electric 
and  magnetic  forces ;  and  the  torsion-balauce  has  ever  since  been 
used  in  all  researches  whore  small  forces  have  to  be  measured.  See 
Art.  215. 

39.]  Let  us  suppose  that  by  either  of  these  methods  we  can 
measure  the  force  between  two  electrified  bodies.  Wg  shall  suppose 
the  dimensions  of  the  bodies  small  compared  with  the  distance 
between  them,  so  that  the  result  may  not  be  much  altered  by 
any  inequality  of  distribution  of  the  electrification  on  either  body, 
and  we  shall  suppose  that  both  bodies  are  so  suspended  in  air  as 
to  be  at  a  considerable  distance  from  other  bodies  on  which  they 
might  induce  electrification. 

It  is  then  found  that  if  the  bodies  are  placed  at  a  fixed  distance 
and  charged  respectively  with  e  and  /  of  our  provisional  units  of 
electricity,  they  will  repel  each  other  with  a  force  proportional 
to  the  product  of  €  and  /.  If  either  e  or  e'  is  negative,  that  is, 
if  one  of  the  charges  is  vitreous  and  the  other  resinous,  the  force 
will  be  attractive,  but  if  both  e  and  /  are  negative  the  force  is  again 
repulsive. 
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We  may  SQppoBe  the  first  body,  A,  charged  with  m  unite  of 
vitreous  and  n  units  of  resinoos  electricity,  which  may  he  con- 
ceived iiepar&tely  placed  within  the  body,  as  in  Eicperiment  Y. 

Let  the  second  body,  B,  be  charged  with  ta  units  of  positive 
and  ft'  units  of  negative  electricity. 

Then  each  of  the  m  positive  units  in  A  will  repel  each  of  the  m' 
positive  units  in  B  with  a  certain  force,  Eay_;^  making  a  total  effect 
equal  to  fit  m'^. 

Since  the  effect  of  negative  electricity  is  exactly  equal  and 
opposite  to  that  of  positive  electricity,  each  of  the  m  positive  units 
in  A  will  attract  each  of  the  n'  negative  units  in  £  with  the  eame 
force^  making  a  total  effect  equal  to  mn'_f. 

Similarly  the  n  negative  units  in  A  will  attract  the  m'  positive 
units  in  S  with  a  force  «m'_^  and  will  repel  the  n'  negative  units 
in  B  with  a  force  n  n'J"- 

The  total  repnlsiou  will  therefore  be  (mm'+  nn')/;  aud  the  total 
attraction  will  be  {mn'  +  m'»)yi 

The  resultant  repulsion  will  be 

{mm'+nn'-mn'-nm')/    or     {m-n){m'-n')/. 

Now  m— n=«  is  the  algebraical  value  of  the  charge  on  A,  and 
m'~  n'=  /  is  that  of  the  charge  on  B,  so  that  the  resultant  re- 
pulsion may  be  written  ee'/,  the  quantities  e  and  ^  being  always 
understood  to  be  taken  with  their  proper  signs. 

Variatiott  of  the  Force  wtlh  the  DUlance. 
40.]  Having  established  the  law  of  force  at  a  fixed  distance, 
we  may  measure  the  force  between  bodies  charged  ia  a  constant 
manner  and  placed  at  different  distances.  It  is  found  by  direct 
meaeurement  that  the  force,  whether  of  attraction  or  repulsion, 
varies  inversely  as  the  square  of  the  distance,  so  that  if/ is  the 
repulsion  between  two  units  at  unit  distance,  the  repulsion  at  dis- 
tance r  will  be  /r-',  and  the  general  expression  for  the  repulsion 
between  e  units  and  /  units  at  distance  r  will  be 
/e/r-K 

Definition  of  the  Electrottatk  Unit  of  Electrie'Ug. 

41.]   We  have  hitherto  used  a  wholly  arbitrary  standard  for  our 

unit  of  electricity,  namely,  the  electrification  of  a  certain  piece  of 

plasB  as  it  happened  to  be  electrified  at  the  commencement  of  our 

experiments.     We  are  now  able  to   select  a  unit  on  a  definite 
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principle,  and  in  order  that  this  unit  may  belong  to  a  general 
system  we  define  it  bo  that y^  may  be  unity,  or  in  other  words — 

TAe  electrostatic  unit  of  eleclricUg  It  that  quantity  of  positive  elec- 
tricity which,  when,  flacei  at  unit  of  distance  from  an  equal  quantify, 
repels  it  Kith  unit  of  force. 

This  unit  is  called  the  Electrostatic  unit  to  distinguish  it  from 
the  Electromagnetic  unit,  to  be  afterwards  defined. 

We  may  now  write  the  general  law  of  electrical  action  in  the 
simple  form  /■=:  e/T~^  ■    or 

The  repulsion  belioeen  two  small  bodies  charged  respectively  with  e  and 
/  uniU  of  electricity  is  numerically  equal  to  the  product  of  the  charges 
divided  by  the  square  of  the  distance. 

Dimensioas  of  the  Electrostatic  Unit  of  Quantify. 

42.]  If  [Q]  is  the  concrete  electrostatic  unit  of  quantity  itself, 
and  e,  /  the  numerical  values  of  particular  quantities;  if  [if]  ia 
the  unit  of  length,  and  r  the  numerical  value  of  the  distance  ;  and 
if  [F]  is  the  unit  of  force,  and  F  the  numerical  value  of  the  force, 
then  the  equation  becomes 

F[F]^e/r-^lQ^-\[L-^]i 
whence  [Q]  =  [LFi] 

=  [LiT-^Mi]. 

This  unit  is  called  the  Electrostatic  Unit  of  electricity.  Other 
units  may  be  employed  for  practical  purposee,  and  in  other  depart- 
ments of  electrical  science,  but  in  the  equations  of  electrostatics 
quantities  of  electricity  are  uuderatood  to  be  estimated  in  electro- 
static units,  just  as  in  physical  astronomy  we  employ  a  unit  of 
mass  which  is  founded  on  the  phenomena  of  gravitation,  and  whicK 
differs  from  the  units  of  mass  in  common  use. 

Proo/  0/  the  Law  of  Electrical  Force. 

43.]  The  experiments  of  Coulomb  with  the  torsion-balance  may 
be  considered  to  have  established  the  law  of  force  with  a  certain 
approximation  to  accuracy.  Experiments  of  this  kind,  however, 
are  rendered  difficult,  and  in  some  degree  uncertain,  by  several 
disturbing  causes,  which  must  be  carePully  traced  and  corrected  for. 

In  the  first  place,  the  two  electrified  bodies  must  be  of  sensible 
dimensions  relative  to  the  distance  between  them,  in  order  to  be 
capable  of  carrying  charges  sufficient  to  produce  measurable  forces. 
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The  action  of  each  body  will  then  prodnce  an  effect  on  the  dis- 
tribntion  of  electricity  on  the  other,  so  that  the  chai^  cannot  be 
conaideipd  as  evenly  distributed  over  the  surface,  or  collected  at 
the  centre  of  gravity ;  but  its  effect  mnst  be  calculated  by  an 
intricate  inTestigatioii.  Thisj  however,  haa  been  done  as  regards 
two  spheres  by  Poisson  in  an  extremely  able  manner,  and  the 
inveetigation  has  been  greatly  simplified  by  Sir  W.  Thomson  in 
his  Tkeory  of  Electrical  Images.     See  Arte,  1 72-1 76. 

Another  diiEculty  arises  from  the  action  of  the  electricity 
induced  on  the  sides  of  the  case  containing  Uie  inetnunent.  By 
making  the  inner  surface  of  the  instroment  of  metal,  this  effect 
can  be  rendered  definite  and  measurable. 

An  independent  difficulty  arises  from  the  imperfect  insulation 
of  the  bodies,  on  account  of  which  the  charge  continually  de- 
creases. Coulomb  investigated  the  law  of  dissipation,  and  made 
corrections  for  it  in  his  esperiments. 

The  methods  of  insulating  charged  conductors,  and  of  measuring 
electrical  effects,  have  been  greatly  improved  since  the  time  of 
Coulomb,  particularly  by  Sir  W.  Thomson ;  but  the  perfect  ac- 
curacy of  Coulomb's  law  of  force  is  established,  not  by  any  direct 
flxperiments  and  measurements  (which  may  be  need  as  illustrations 
of  the  law),  but  by  a  mathematical  consideration  of  the  pheno- 
menon described  as  Experiment  VII,  namely,  that  an  electrified 
eondactor  B,  if  made  to  touch  the  inside  of  a  hollow  closed  con- 
ductor C  and  then  withdrawn  without  touching  (7,  is  perfectly  dis- 
ehaiged,  in  whatever  manner  the  outside  of  C  may  be  electrified. 
By  means  of  delicate  electroscopes  it  is  easy  to  shew  that  no 
electrici^  remains  on  B  afler  the  opeiatioD,  and  by  the  mathe- 
matical tlieoty  given  at  Art.  7<,  this  can  only  be  the  case  if  the 
force  varies  inversely  as  the  square  of  the  distance,  for  if  the  law 
were  of  any  different  form  B  would  be  electrified. 

ne  EUetrie  Held. 

44,]  The  Electric  Field  is  the  portion  of  space  in  the  neigh- 
bourhood of  electrified  bodies,  considered  with  reference  to  electric 
pbenomena.  It  may  be  occupied  by  air  or  other  bodies,  or  it  may 
be  a  so-called  vacuum,  from  which  we  have  withdrawn  every  sub- 
stance which  we  can  act  upon  with  the  means  at  our  disposal. 

If  an  electrified  body  be  placed  at  any  part  of  the  electric  field 
it  will,  in  general,  produce  a  sensible  disturbance  in  the  electri- 
fication of  the  other  bodies. 
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But  if  tbe  body  is  very  small,  and  its  charge  also  very  small, 
the  electrificatioQ  of  the  other  bodies  will  not  be  seDsilily  disturbed, 
and  we  may  consider  the  position  of  the  body  as  determined  by 
its  centre  of  mass.  The  force  acting  on  the  body  will  then  be 
proportional  to  its  charge,  and  will  be  reversed  when  the  charge 
is  reversed. 

Let  e  be  the  charge  of  the  body,  and  F  the  force  acting  on  the 
body  in  a  certain  direction,  then  when  e  is  very  small  F  is  propor- 
tional to  e,  or  J"  =  s,e, 

where  A  depends  on  the  distribution  of  electricity  on  the  other 
bodies  in  the  field.  If  the  charge  e  could  be  made  equal  to 
unity  without  disturbing  the  electrification  of  other  bodies  we 
should  have  F=R. 

We  shall  call  E  the  Resultant  Electromotive  Intensity  at  the 
given  point  of  the  field.  "When  we  wish  to  express  the  fact  that 
this  quantity  is  a  vector  we  shall  denote  it  by  the  German  letter  @. 

Electromotive  Force  and  Potential. 

45.]  If  the  small  body  carrying  the  small  charge  e  be  moved 
from  one  given  point.  A,  to  another  B,  along  a  given  path,  it 
will  experience  at  each  point  of  its  course  a  force  Se,  where  R 
varies  from  point  to  point  of  the  course.  Let  the  whole  work 
done  on  the  body  by  the  electrical  force  be  Fe,  then  E  is  called 
the  Total  Electromotive  Force  along  the  path  A  B.  If  the  path 
forms  a  complete  circuit,  and  if  the  total  electromotive  force  round 
the  circuit  does  not  vanish,  the  electricity  cannot  be  in  equi- 
librium but  a  current  will  be  produced.  Hence  in  Electrostatics 
the  electromotive  force  round  any  closed  circuit  must  be  zero,  so 
that  if  A  and  B  are  two  points  on  the  circuit,  the  electromotive 
force  from  J  to  £  is  the  same  along  either  of  the  two  paths  into 
which  the  circuit  is  broken,  and  since  either  of  these  can  be  altered 
independently  of  the  other,  the  electromotive  force  from  ^  to  £  is 
the  same  for  all  paths  from  A  to  £. 

If  B  is  taken  as  a  point  of  reference  for  all  other  points,  then 
the  electromotive  force  from  ^  to  £  is  called  the  Potential  of  A. 
It  depends  only  on  the  position  of  A.  In  mathematical  investi- 
gations, B  is  generally  taken  at  an  infinite  distance  from  the 
electrified  bodies. 

A  body  charged  positively  tends  to  move  from  places  of  greater 
positive  potential   to  places  of  smaller   positive,  or  of  negative. 
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potential,  and  a  body  charged  negatively  tends  to  move  in  the 
opposite  direction. 

In  a  conductor  the  electrification  is  free  to  move  relatively  to 
the  conductor.  If  therefore  two  parts  of  a  conductor  have  different 
potentials,  positive  electricity  will  move  from  the  paiii  having 
jpvater  potential  to  the  part  having  less  potential  as  long  as  that 
difference  continues.  A  conductor  therefore  cannot  be  in  electrical 
equilibriom  iinlees  every  point  in  it  has  the  same  potential.  This 
potential  is  called  tlie  Potential  <rf  the  Conductor. 

Equipoiential  Surfaces. 

46.]  If  a  surface  described  or  supposed  to  be  described  in  the 
electric  lield  is  such  that  the  electric  potential  is  the  same  at  every 
point  of  the  surface  it  is  called  an  Equipotentinl  surface. 

An  electrified  particle  constraiDed  to  rest  upon  such  a  surface 
will  have  no  tendency  to  move  from  one  part  of  the  surface  to 
another,  because  the  potential  is  the  same  at  every  point.  An 
equipot«ntial  surface  is  therefore  a  surface  of  equilibrium  or  a  level 
surface. 

The  resultant  force  at  any  point  of  the  surface  is  in  the  direction 
of  the  normal  to  the  surface,  and  the  magnitude  of  the  force  is  such 
that  the  work  done  on  an  electrical  unit  in  passing  from  the  surface 
rto  the  surface  V  is  V~r. 

No  two  eqnipotenttal  surfaces  having  different  potentials  can 
meet  one  another,  because  the  same  point  cannot  have  more  than 
one  potential,  but  one  equipotential  surface  may  meet  itself,  and 
this  takes  place  at  all  points  and  along  all  lines  of  equilibrium. 

The  surface  of  a  conductor  in  electrical  equilibrium  is  necessarily 
an  equipotential  surface.  If  tJie  electrification  of  the  conductor  is 
positive  over  the  whole  surface,  then  the  potential  will  diminish  as 
we  move  away  from  the  surface  on  every  side,  and  the  conductor 
will  be  surrounded  by  a  series  of  enrfaces  of  lower  potential. 

But  if  (owing  to  the  action  of  external  electrified  bodies)  some 
regions  of  the  conductor  are  charged  positively  and  others  ne- 
gatively, the  complete  equipotential  surface  will  consist  of  the 
surface  of  the  conductor  itself  together  with  a  syetem  of  other 
surfaces,  meeting  the  surface  of  the  conductor  in  the  lines  which 
divide  the  positive  from  the  negative  regions.  These  lines  will 
be  lines  of  equilibrium,  and  an  electrified  particle  placed  on  one 
of  these  lines  will  experience  no  force  in  any  direction. 

When  the  surface  of  a  conductor  is  charged  positively  in  some 
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parts  and  negatively  in  others,  there  most  be  some  other  electrified 
body  in  the  field  besides  itself.  For  if  we  allow  a  positirely 
electrified  particle,  starting  from  a  positively  charged  part  of  the 
flDriace,  to  move  always  in  the  direction  of  the  resultant  foroo 
npon  it,  the  potential  at  the  point  will  continnally  diminish  till 
the  point  reaches  cither  a  negatively  charged  surface  at  a  potential 
less  than  that  of  the  first  conductor,  or  moves  off  to  an  infinite 
distance.  Since  the  potential  at  an  infinite  distance  is  zero,  the 
latter  case  can  only  occar  when  the  potential  of  the  conductor  ia 
positive. 

In  the  same  way  a  negatively  electrified  particle,  moving  off 
from  a  negatively  charged  part  of  the  surface,  must  either  reach 
a  positively  charged  surface,  or  pass  off  to  infinity,  and  the  latter 
case  can  only  happen  when  the  potential  of  the  conductor  is 
negative. 

Therefore,  if  both  positive  and  negative  charge  exist  on 
a  conductor,  there  must  l>e  some  other  body  in  the  field  whose 
potential  has  the  same  sign  as  that  of  the  conductor  hut  a  greater 
numerical  value,  and  if  a  conductor  of  any  form  is  alone  in  the 
field  the  charge  of  every  part  is  of  the  same  sign  as  the  potential 
of  the  conductor, 

The  interior  surface  of  a  hollow  condncting  vessel  containing 
no  charged  bodies  is  entirely  free  from  charge.  For  if  any  part  of 
the  surface  were  charged  positively,  a  positively  electrified  particle 
moving  in  the  direction  of  the  force  upon  it,  must  reach  a  neg&- 
tavely  charged  surface  at  a  lower  potential.  But  the  whole  in- 
terior surface  haa  the  same  potential.  Hence  it  can  have  no 
charge, 

A  oondnctor  placed  inside  the  vessel  and  communicating  with 
it,  may  he  considered  as  bounded  by  the  interior  surface.  Hence 
such  a  conductor  has  no  charge. 

Lixea  of  Force. 
47.]  The  line  described  by  a  point  moving  always  in  the  direc- 
tion of  the  resnltant  intensity  is  called  a  Line  of  force.  It  cuts  the 
equipotential  surfaces  at  right  angles.  The  properties  of  lines  of 
force  will  be  more  fully  explained  afterwards,  because  Faraday  has 
expressed  many  of  the  laws  of  electrical  action  in  terms  of  his 
conception  of  lines  of  force  drawn  in  the  electric  field,  and  in- 
dicating both  the  direction  and  the  intensity  at  every  point. 
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Electric  Tension. 

48,]  Since  the  surface  of  a  cosductor  is  an  equipotential  surface, 
the  resultant  force  is  normal  to  the  surface,  and  it  will  be  shewn 
in  Art.  78  that  it  is  proportional  to  the  superficial  density  of  the 
electrification.  Hence  the  electricity  on  any  email  area  of  the 
surface  will  be  acted  on  by  a  force  tending  from  the  conductor 
and  proportional  to  the  product  of  the  resultant  force  and  the 
density,  that  is,  proportional  to  the  square  of  the  resultant  force. 

This  force,  which  acts  outwards  as  a  tension  on  every  part  of 
the  conductor,  will  he  called  electric  Tension.  It  is  measured  like 
ordinary  mechanical  tension,  by  the  force  exerted  on  unit  of  area. 

The  word  Tension  has  been  used  by  electricians  iu  several  vague 
senses,  and  it  has  been  attempted  to  adopt  it  in  mathematical 
language  as  a  synonym  for  Potential ;  bnt  on  examining  the  cases 
in  which  the  word  has  been  nsed,  I  think  it  will  be  more  con- 
sistent with  usage  and  with  mechanical  analogy  to  understand  by 
teusiou  a  pulling  force  of  so  many  ponnds  weight  per  square  inch 
exerted  on  the  surface  of  a  conductor  or  elsewhere.  We  shall  find 
that  the  conception  of  Faraday,  that  this  electric  tension  exists  not 
only  at  the  electrified  enrface  bnt  all  along  the  lines  of  force,  leads 
to  a  theory  of  electric  action  as  a  phenomenon  of  stress  in  a 
medium. 

Electromotive  Force. 

49.]  When  two  conductors  at  difierent  potentials  are  connected 
by  a  thin  conducting  wire,  the  tendency  of  electricity  to  flow 
along  the  wire  is  measured  by  the  difference  of  the  potentials  of 
the  two  bodies.  The  difference  of  potentials  between  two  con- 
ductors or  two  points  is  therefore  called  the  Electromotive  force 
between  them. 

Electromotive  force  cannot  in  all  cases  be  expressed  in  the 
form  of  a  difference  of  potentials.  These  cases,  however,  are  not 
treated  of  in  Electrostatics.  We  shall  consider  them  when  we 
oome  to  heterogeneous  circuits,  chemical  actions,  motions  of  mag- 
nets, inequalities  of  temperature,  &c. 

Capacity  of  a  Conductor. 

50.]  If  one  conductor  is  insulated  while  all  the  snrrounding  con- 
dactors  are  kept  at  the  zero  potential  by  being  put  in  commu- 
uicatiou  with  the  earth,  and  if  t^e  conductor,  when  charged  with 
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a  qaantity  E  of  electricity,  hae  a  potential  V,  the  ratio  of  £  to  F 
is  called  the  Capacity  of  the  conductor.  If  the  condactor  is  com- 
pletely enclosed  within  a  conducting  veaeel  without  touching  it, 
then  the  charge  on  the  inner  conductor  will  be  equal  and  op- 
posite to  the  chai^  on  the  inner  snr&ce  of  the  outer  condactor, 
and  will  he  equal  to  the  capacity  of  the  inner  conductor  multiplied 
by  the  difference  of  the  potentials  of  the  two  conductors. 

Electric  Aceumulatort. 
A  system  coneiating  of  two  condactore  whose  opposed  sarfaces 
are  separated  from  each  other  by  a  thin  stratum  of  an  insulating 
medium  is  called  an  electric  Accumulator.  The  two  conductors  are 
called  the  Electrodes  and  the  insulating  medium  is  called  the 
Dielectric.  The  capacity  of  the  accumulator  is  directly  propor- 
tional to  the  area  of  the  opposed  surfaces  and  inversely  proportional 
to  the  thickness  of  the  stratum  between  them.  A  Leyden  jar  is  an 
accumulator  in  which  glass  is  the  insulating  medium.  Accumu- 
lators are  sometimes  called  Condensers,  but  I  prefer  to  restrict 
the  term  'condenser '  to  an  instrument  which  is  used  not  to  hold 
electricity  but  to  increase  its  superficial  density. 

TBOPERTIES   OP   BODIES   IN    BSLATtOH  TO   STATICAL   BLECTSICITT. 

BetUtance  to  the  Ptataye  of  Electricity/  throv^h  a  Body. 

51.]  When  a  charge  of  electricity  is  communicated  to  any  part 
of  a  mass  of  metal  the  electricity  is  rapidly  transferred  from  places 
of  high  to  places  of  low  potential  till  the  potential  of  the  whole 
mass  becomes  the  same.  In  the  case  of  pieces  of  metal  used  id 
ordinary  experiments  this  process  is  completed  in  a  time  too  short 
to  he  obserred,  but  in  the  case  of  very  long  and  thin  wires,  such 
as  those  used  in  telegraphs,  the  potential  does  not  become  oniform 
till  ^%er  a  sensible  time,  on  account  of  the  resistance  of  the  wire 
to  the  passage  of  electricity  through  it. 

The  resistance  to  the  passage  of  electricity  is  exceedingly  dif- 
ferent in  difierent  substances,  as  may  he  seen  from  the  tables  at 
Arts.  363,  366,  and  369,  which  will  be  explained  in  treating  of 
Electric  Currents. 

All  the  metals  are  good  conductors,  though  the  resistance  of  lead 
is  12  times  that  of  copper  or  silver,  that  of  iron  6  times,  and  that 
of  mercury  60  times  that  of  copper.  The  resistance  of  all  metals 
increases  as  their  temperature  rises. 
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Many  liquids  conduct  eleqtrieity  by  electrolysis.  This  mode  of 
conduction  will  be  considered  in  Part  II.  For  the  present,  we  may 
regard  all  liquids  containing  water  and  all  damp  bodies  as  con- 
ductors, far  inferior  to  tlie  metals,  but  incapable  of  insulating  a 
charge  of  electricity  for  a  sufficient  time  to  be  observed.  The  re- 
sistance of  electrolytes  diminishes  as  the  temperature  rises. 

On  tbe  other  hand,  the  gases  at  the  atmoepheiio  pressure,  whether 
dry  or  moist,  are  iasnlatorB  so  nearly  perfect  when  the  electric  tension 
is  small  that  we  have  as  yet  obtained  no  evidence  of  electricity 
passing  through  tbem  by  ordinary  conduction.  The  gradual  loss  of 
charge  by  electri6ed  bodies  may  in  every  case  be  traced  to  imperfect 
insulation  in  the  supports,  the  electricity  either  passing  through  the 
substance  of  the  support  or  creeping  over  its  surface.  Hence,  when 
two  charged  bodies  are  hung  up  near  each  other,  they  will  preserve 
their  charges  longer  if  they  are  electrified  in  opposite  ways,  than  if 
they  are  electrified  in  the  same  way.  For  though  the  electromotive 
force  tending  to  make  the  electricity  pass  through  the  air  between 
them  is  much  greater  when  they  are  oppositely  electrified,  no  per- 
ceptible lose  occurs  in  this  way.  The  actual  loss  takes  place  through 
the  supports,  and  the  electromotive  force  through  the  supports  ia 
greatest  when  the  bodies  are  electrified  in  tbe  same  way.  The  resolt 
appears  anomalous  only  when  we  expect  the  loss  to  occur  by  the 
passage  of  electricity  through  the  air  between  the  bodies.  The 
passage  of  electricity  through  gases  takes  place,  in  general,  by  dis- 
ruptive discharge,  and  does  not  begin  till  the  electromotive  force 
baa  reached  a  certain  value.  The  value  of  the  electromotive  force 
which  can  exist  in  a  dielectric  without  a  discbarge  taking  place 
is  called  the  Electric  Strength  of  the  dielectric.  The  electric 
strength  of  air  diminishes  as  the  pressure  is  reduced  from  the  atmo- 
■pheric  pressure  to  that  of  about  three  millimetres  of  mercury. 
When  the  pressure  is  still  further  reduced,  the  electric  strength 
lapidly  increases;  and  when  the  exhaustion  is  carried  to  the  highest  . 
d^ree  hitherto  attained,  the  electromotive  force  required  to  produce 
a  spark  of  a  quarter  of  an  inch  is  greater  than  that  which  will  give 
a  spark  of  eight  inches  in  air  at  the  ordinary  pressure. 

A  vacuum,  that  is  to  say,  that  which  remaina  in  a  vessel  after 
we  have  removed  everything  which  we  can  remove  from  it,  is  there- 
fore an  insulator  of  very  great  electric  strength. 

The  electric  strength  of  hydrogen  is  much  less  than  that  of  air. 

Certain  kinds  of  glass  when  cold  are  marvellously  perfect  in- 
■olatorB,  and  Sir  W.  Thomson  has  preserved  chai^^  of  electricity 
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for  years  in  bulbs  hermetically  sealed.  The  same  g'lass,  however, 
becomes  a  conductor  at  a  temperature  below  that  of  boiling  water. 

Gutta-percha,  caoutchouc,  vulcanite,  paraffin,  and  resins  are  good 
insulators,  the  resistance  of  gutta-percha  at  75°  F.  being  about 
6x10**  times  that  of  copper. 

Ice,  crystals,  and  solidified  electrolytes,  are  also  insulators. 

Certain  liquids,  such  as  naphtha,  turpentine,  and  some  oils,  are 
insulators,  but  inferior  to  the  best  solid  insulators. 

DIlilLBCTKICS. 
Specific  Indiiclite  Capacity. 

52.]  All  bodies  whose  insulating  power  is  such  that  when  tliey 
are  placed  between  two  conductors  at  different  potentials  the  elec- 
tromotive force  acting  on  them  does  not  immediately  distribute 
their  electricity  so  as  to  reduce  the  potential  to  a  constant  value,  are 
called  by  Faraday  Dielectrics. 

It  appears  from  the  hitherto  unpublished  researches  of  Cavendish 
that  he  had,  before  1773,  measured  the  capacity  of  plates  of  glass, 
rosin,  beeswax,  and  shellac,  and  bad  determined  the  ratio  in  which 
their  capacity  exceeded  that  of  plates  of  air  of  the  same  dimensions. 

Faraday,  to  whom  these  researches  were  unknown,  discovered 
that  the  capacity  of  an  accumulator  depends  on  the  nature  of  the 
insulating  medium  between  the  twa  conductors,  as  well  as  on  the 
dimensions  and  relative  position  of  the  condnctora  themselves. 
By  substituting  other  insulating  media  for  air  as  the  dielectric  of 
the  accumulator,  without  altering  it  in  any  other  respect,  he  found 
that  when  air  and  other  gaaes  were  employed  as  the  insulating 
medium  tiie  capacity  of  the  accumulator  remained  sensibly  the 
same,  but  that  when  shellac,  sulphur,  glass,  &».  were  substituted 
for  air,  the  capacity  was  increased  in  a  ratio  which  was  different 
for  each  substance. 

By  a  more  delicate  method  of  measurement  Boltzmann  succeeded 
in  observing  the  variation  of  the  inductive  capacity  of  gases  at 
different  pressures. 

This  property  of  dielectrics,  which  Faraday  called  Specific  In- 
ductive Capacity,  is  also  called  the  Dielectric  Constant  of  the  sub- 
stance. It  is  defined  as  the  ratio  of  the  capacity  of  an  accumulator 
when  its  dielectric  is  the  g^ven  substance,  to  its  capacity  wbea  the 
dielectric  is  a  vacuum. 

If  the  dielectric  is  not  a  good  insulator,  it  ia  difficult  to  measure 
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its  inductive  cftpaoii^,  because  the  accnmulator  will  not  hold  a 
charge  for  a  sufficient  time  to  allow  it  to  be  measured;  but  it  is 
certain  that  inductive  capacity  is  a  property  not  confined  to  good 
insulators,  and  it  ie  probable  that  it  exiets  in  all  bodies. 

Abiorpiion  of  Ulecirieily. 

63.]  It  ia  found  that  when  an  accumulator  is  formed  of  certain 
dielectrics,  the  following  phenomena  occur. 

When  the  accumulator  has  been  for  some  time  electrified  and  is 
then  suddenly  discharged  and  again  insulated,  it  becomes  recharged 
in  the  same  sense  as  at  firsts  but  to  a  smaller  degree,  so  that  it  may 
be  diecharged  again  several  times  in  succession,  these  discharges 
always  diminishing.  This  phenomenon  is  called  that  of  the  B«' 
si  dual  Discharge. 

The  instantaneous  discharge  appears  always  to  be  proportional 
to  the  difference  of  potentials  at  the  instant  of  discharge,  and  the 
ratio  of  these  quantities  is  the  true  capacity  of  the  accumulator; 
but  if  the  contact  of  the  discharger  is  prolonged  so  as  to  include 
Bome  of  the  residual  discharge,  the  apparent  capacity  of  the  accu- 
mulator, calculated  from  snch  a  discharge,  will  be  too  great. 

The  accumulator  if  charged  and  left  insulated  appears  to  lose  itfl 
charge  by  conduction,  but  it  is  found  that  the  proportionate  rate 
of  loss  is  much  greater  at  first  than  it  is  afterwards,  so  that  the 
measure  of  conductivity,  if  deduced  from  what  takes  place  at  first, 
would  be  too  great.  Thus,  when  the  insnlation  of  a  submarine 
cable  is  tested,  the  insulation  appears  to  improve  as  the  electrifi- 
cation continues. 

Thermal  phenomena  of  a  hind  at  first  sight  analogous  take  place 
in  the  case  of  the  conduction  of  heat  when  the  opposite  sides  of  a 
body  are  kept  at  different  temperatures.  In  the  case  of  heat  we 
know  that  they  depend  on  the  heat  taken  in  and  given  out  by  the 
body  itself.  Hence,  in  the  case  of  the  electrical  phenomena,  it 
has  been  supposed  that  electricity  is  absorbed  and  emitted  by  the 
parts  of  the  body.  We  shall  see,  however,  in  Art.  329.  that  the 
phenomena  can  be  explained  without  the  hypothesis  of  absorp- 
tion of  electricity,  by  supposing  the  dielectric  in  some  degree 
heterogeneous. 

That  the  phenomenon  called  Electric  Absorption  is  not  an 
actual  absorption  of  electricity  by  the  substance  may  be  shewn  by 
charging  the  substance  in  any  manner  with  electricity  while  it  is 
■urrounded  by  a  closed  metallic  insulated  vessel.     If,  when   the 
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Bubst&nce  is  charged  aad  insalsted,  the  veesel  be  instantaneooBly 
discharged  aad  then  left  insulated,  no  charge  is  ever  commnDicated 
to  the  vessel  by  the  gradual  dissipation  of  the  electrification  of  the 
charged  sabstance  within  it. 

54.]  This  fact  is  expressed  by  the  statement  of  Earaday  that 
it  is  impossible  to  charge  matter  with  an  absolute  and  iodependeat 
charge  of  one  kind  of  electricity  *. 

Id  fact  it  appears  from  the  resnlt  of  every  experiment  which 
has  been  tried  that  in  whatever  way  electrical  actions  may  take 
place  among  a  system  of  bodies  surrounded  by  a  metallic  vessel,  the 
charge  on  the  outside  of  that  vessel  is  not  altered. 

Kow  if  any  portion  of  electricity  could  be  forced  into  a  body 
so  as  to  be  absorbed  in  it,  or  to  become  latent,  or  in  any  way 
to  exist  in  it,  without  being-  connected  with  an  equal  portion  of 
the  oppoeite  electricity  by  lines  of  induction,  or  if,  after  having 
being  absorbed,  it  could  gradually  emerge  and  return  to  its  ordi- 
nary mode  of  action,  we  should  find  some  change  of  electrification 
in  the  surrounding  vessel. 

As  this  is  never  found  to  be  the  case,  Faraday  concluded  that 
it  is  impossible  io  communicate  an  absolute  charge  to  matter,  and 
that  DO  portion  of  matter  can  by  any  change  of  state  evolve  or 
reader  latent  one  kind  of  electricity  or  the  other.  He  therefore 
regarded  induction  as  '  the  essential  function  both  in  the  firat 
development  and  the  consequent  phenomeua  of  electricity.'  His 
'induction'  is  (1298)  a  polarized  state  of  the  particles  of  the 
dielectric,  each  particle  being  positive  on  one  side  and  negative 
on  the  other,  the  positive  and  the  negative  electrification  of  each 
particle  being  always  exactly  equal. 

Disruptive  BUcharge^. 

55.]  If  the  electromotive  intensity  at  any  point  of  a  dielectric 
is  gradually  increased,  a  limit  is  at  length  reached  at  which  there 
is  a  sudden  electrical  discharge  through  the  dielectric,  generally 
accompanied  with  light  and  sound,  and  with  a  temporary  or  per- 
maoent  rupture  of  the  dielectric. 

The  intensity  of  the  electromotive  force  when  this  takes  place 
is  a  measure  of  what  we  may  call  the  electric  strength  of  the  di- 
electric. It  depends  on  the  nature  of  the  dielectric,  and  is  greater 
in  dense  air  than  in  rare  air,  and  greater  in  glass  than  in  air,  but 

'Od  tbe  Absolute  Ctwrge  of  AUtter,'  and  (12<1). 
wriee  lii.  and  xiii. 
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in  every  case,  if  the  electromotive  force  be  made  great  enough, 
the  dielectric  gives  way  and  its  insulating  power  is  destroyed,  so 
that  a  cnrrent  of  electricity  t^es  place  through  it.  It  is  for  this 
reason  that  distribations  of  electricity  for  which  the  electromotive 
intensity  becomes  anywhere  infinite  cannot  exist. 

The  Electric  Glow. 

Thus,  when  a  conductor  having  a  sharp  point  is  electrified,  the 
theory,  based  on  the  hypothesie  that  it  retains  its  charge,  leads 
to  the  conclusion  that  as  we  approach  the  point  the  superficial 
density  of  the  electricity  iucreasee  without  limit,  so  that  at  the 
point  itself  the  aacface-deiiBity,  and  therefore  the  resultant  electrical 
force,  would  be  infinite.  If  the  air,  or  other  surrounding  dielectric, 
had  an  invincible  insulating  power,  this  result  would  actually  occur ; 
but  the  &ct  is,  that  as  soon  as  the  resultant  force  in  the  neigh- 
bourhood of  the  point  hae  reached  a  certain  limit,  the  insulating 
power  of  the  air  gives  vmy,  so  that  the  air  close  to  the  point 
becomes  a  conductor.  At  a  certain  distance  &om  the  point  the 
resultant  force  is  not  sufficient  to  break  through  the  insulation 
of  the  air,  so  that  the  electric  current  is  checked,  and  the  electricity 
accumulates  in  the  air  round  the  point. 

The  point  is  thus  Burronnded  by  particles  of  air  charged  with 
electricity  of  the  same  kind  with  its  own.  The  efTect  of  this  charged 
air  round  the  point  is  to  relieve  the  air  at  the  point  itself  from 
part  of  the  enormous  electromotive  force  which  it  would  have  ex- 
perienced if  the  conductor  alone  had  been  electrified.  In  fact  the 
surface  of  the  electrified  body  is  no  longer  pointed,  because  the 
point  is  enveloped  by  a  rounded  mass  of  charged  air,  the  surface 
of  which,  rather  than  that  of  the  solid  conductor,  may  be  regarded 
as  the  outer  electrified  sur&ce. 

If  this  portion  of  charged  air  could  be  kept  still,  the  electrified 
body  would  retain  its  charge,  if  not  on  itself  at  least  in  its 
neighbourhood,  but  the  charged  particles  of  air  being  iree  to  move 
nnder  the  action  of  electrical  force,  tend  to  move  away  from  the 
electrified  body  because  it  is  charged  with  the  same  kind  of  elec- 
tricity. The  charged  particles  of  air  therefore  tend  to  move  off 
in  the  direction  of  the  lines  of  force  and  to  approach  those  sur- 
roanding  bodies  which  are  oppositely  electrified.  When  they  are 
gone,  other  uncharged  particles  take  their  place  round  the  pointy 
and  since  these  cannot  shield  those  next  the  point  itself  from  the 
excessive  electric  teasion,  a  new  discharge  takes  place,  after  which 
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the  newly  charged  particles  move  off,  and  so  on  aa  long  as  the  body 
TemainB  electrified. 

In  this  way  the  following  phenomena  are  produced : — At  and 
close  to  the  point  there  is  a  steady  glow,  arising  from  the  eon- 
Btant  discharges  which  are  taking  place  between  the  point  and  the 
air  very  near  it. 

The  charged  particles  of  air  tend  to  move  off  in  the  same  general 
direction,  and  thas  produce  a  current  of  air  from  the  point,  con- 
sisting of  the  charged  particles,  and  probably  of  others  carried  along 
by  them.  By  artificially  aiding  this  current  we  may  increase  the 
glow,  and  by  checking  the  formation  of  the  current  we  may  pre- 
vent the  continuance  of  the  glow  *. 

The  electric  wind  in  the  neighbourhood  of  the  point  is  sometimes 
very  rapid,  but  it  soon  loses  its  velocity,  and  the  air  with  its  charged 
particles  is  carried  about  with  the  general  motions  of  the  atmo- 
sphere, and  constitutes  an  invisible  electric  cloud.  When  the 
charged  particles  come  near  to  any  conducting  surface,  such  as  a 
wall,  they  induce  on  that  surface  a  charge  opposite  to  their  own, 
and  are  then  attracted  towards  the  wall,  but  since  the  electro- 
motive force  is  small  they  may  remun  for  a  long  time  near  the 
wall  without  being  drawn  up  to  the  surface  and  discharged.  They 
thus  fonn  an  electrified  atmosphere  clinging  to  conductors,  the 
presence  of  which  may  sometimes  be  detected  by  the  electrometer. 
The  electrical  forces,  however,  acting  between  Urge  masses  of 
charged  air  and  other  bodies  are  exceedingly  feeble  compared  with 
the  ordinary  forces  which  produce  winds,  and  which  depend  on 
inequalities  of  density  due  to  differences  of  temperature,  so  that  it  is 
very  improbable  that  any  observable  part  of  the  motion  of  ordinary 
thunder  clouds  arises  from  electrical  causes. 

The  passage  of  electricity  from  one  place  to  another  by  the 
motion  of  charged  particles  is  called  Electrical  Convection  or  Con- 
vective  Discharge . 

The  electrical  glow  is  therefore  produced  by  the  constant  passage 
of  electricity  through  a  small  portion  of  air  in  which  the  tension 
is  very  high,  so  as  to  charge  the  surrounding  particles  of  air  which 
are  continually  swept  off  by  the  electric  wind,  which  is  an  essential 
part  of  the  phenomenon. 

The  glow  is  more  easily  formed  in  rare  air  than  in  dense  air, 
and  more  easily  when  the  point  is  positive  than  when  it  is  negative. 
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This  and  many  other  differences  between  positive  and  negative  elec- 
trification must  be  studied  bj  those  who  desire  to  discover  aome- 
tiiing  about  the  nature  of  electricity.  TTiey  have  not,  however, 
been  satisfactorily  brought  to  bear  upon  any  existing  theory. 

Tkt  Eleciric  Brush, 
56.]  The  electric  brush  is  a  phenomenon  which  may  be  pro- 
duced by  electrifying  a  blunt  point  or  small  ball  eo  as  to  produce 
an  electric  field' in  which  the  tension  diminishes  as  the  distance 
increases,  but  in  a  less  rapid  manner  than  when  a  sharp  point  is 
need.  It  consists  of  a  successiou  of  discharges,  ramifying  as  they 
diverge  from  the  ball  into  the  air,  and  terminating  either  by 
charging  portions  of  air  or  by  reaching  some  other  conductor.  It 
is  accompanied  by  a  sound,  the  pitch  of  which  depends  on  the 
interval  between  the  successive  discharges,  and  there  is  no  current 
of  air  as  in  the  case  of  the  glow. 

The  Meetric  Spark 

57.]  When  the  tension  in  the  space  between  two  conductors  is 
considerable  all  the  way  between  them,  as  in  the  case  of  two  balls 
whose  distance  is  not  great  compared  with  their  radii,  the  discharge, 
when  it  occurs,  usually  takes  the  form  of  a  spark,  by  which  nearly 
the  whole  electrification  is  discharged  at  once. 

In  this  case,  when  any  part  of  the  dielectric  has  given  way, 
the  parts  on  either  side  of  it  in  the  direction  of  the  electric  force 
are  put  into  a  state  of  greater  tension  so  that  they  also  give  way, 
and  BO  the  discharge  proceeds  right  through  the  dielectric,  just  as 
when  a  little  rent  is  made  in  the  edge  of  a  piece  of  paper  a  tension 
applied  to  the  paper  in  the  direction  of  the  edge  causes  the  paper  to 
be  torn  through,  beginning  at  the  rent,  but  diverging  occasionally 
where  there  are  weak  places  in  the  paper.  The  electric  spark  in 
the  same  way  begins  at  the  point  where  the  electric  tension  first 
overcomes  the  insulation  of  the  dielectric,  and  proceeds  from  that 
point,  in  an  apparently  irregular  path,  so  as  to  take  in  other  weak 
points,  such  as  particles  of  dust  floating  in  air. 

All  these  phenomena  differ  conuderably  in  different  gases,  and  in 
the  same  gas  at  diS'erent  densities.  Some  of  the  forms  of  electrical 
discharge  through  rare  gases  are  exceedingly  remarkable.  In  some 
cases  there  is  a  regular  alternation  of  luminous  and  dark  strata,  so 
that  if  the  electricity,  for  example,  is  passing  along  a  tube  contain- 
ing a  very  small  quantity  of  gas,  a  number  of  luminous  disks  will 
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be  seen  arrsoged  transrersely  at  nearly  equal  mtervalB  along  the 
axis  of  the  bibe  and  separated  by  dark  strata.  If  the  stren^h  of 
the  cnnent  be  increased  a  new  disk  will  start  into  existence,  and 
it  and  the  old  disks  will  arrange  themselTeB  in  closer  order.  In 
a  tube  described  by  Mr.  Gassiot*  the  light  of  each  of  the  disks 
is  blnish  on  the  negative  and  reddish  on  the  positive  side,  and 
bright  red  in  the  central  stratam. 

These,  and  many  other  phenomena  of  electrical  discharge,  are 
exceedingly  important,  and  when  they  are  better  understood  they 
will  probably  throw  great  light  on  the  nature  of  electricity  as  well 
as  on  the  nature  of  gases  and  of  the  medium  pervading  space.  At 
present,  however,  they  must  be  considered  as  outside  the  domain  of 
the  mathematical  theory  of  electricity. 

Mlectric  Pienomena  of  Tourmaliiu. 

58.]  Certain  crystals  of  tourmaline,  and  of  other  minerals,  possess 
what  may  be  called  Electric  Polarity.  Suppose  a  crystal  of  tour- 
maline to  be  at  a  uniform  temperature,  and  apparently  free  from 
electrification  on  its  surface.  Let  its  temperature  be  now  raised, 
the  crystal  remaining  insulated.  One  end  will  be  found  positively 
and  the  other  end  negatively  electrified.  Let  the  surface  be  de- 
prived of  this  apparent  electrificatioa  by  means  of  a  fiame  or  other- 
wise, then  if  the  crystal  be  made  still  hotter,  electrification  of  the 
same  kind  as  before  will  appear,  but  if  the  crystal  be  cooled  the 
end  which  was  positive  when  the  crystal  was  heated  will  become 
negative. 

These  electrifications  are  observed  at  the  extremities  of  the  crys- 
tallographic  axis.  Some  crystals  are  terminated  by  a  six-sided 
pyramid  at  one  end  and  by  a  three-sided  pyramid  at  the  other. 
In  these  the  end  having  the  six-sided  pyramid  becomes  positive 
when  the  crystal  is  heated. 

Sir  W.  Thomson  supposes  every  portion  of  these  and  other  hemi- 
hedral  crystals  to  have  a  definite  electric  polarity,  the  intensity 
of  which  depends  on  the  temperature.  When  the  surface  is  passed 
through  a  flame,  every  part  of  the  surface  becomes  electrified  to 
such  an  extent  as  to  exactly  neutralize,  for  all  external  points, 
the  effect  of  the  internal  polarity.  The  crystal  then  has  no  ex- 
ternal electrical  action,  nor  any  tendency  to  change  its  mode  of 
electrification.     But  if  it  be  heated  or  cooled  the  interior  polariza- 
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tion  of  eacb  particle  of  the  crystal  is  altered,  and  can  no  longer 
be  balanced  by  the  superficial  electrification,  so  that  there  is  a 
resultant  external  action. 

Plan  of  Mm  'Ereaike. 

59.]  In  the  following  treatise  I  propose  first  to  explain  the 
ordinary  theory  of  electrical  action,  which  considers  it  as  depending 
only  on  the  electrified  bodies  and  on  their  relative  position,  with- 
out taking  account  of  any  phenomena  which  may  take  place  in  the 
intervening  media.  In  this  way  we  shall  establish  the  law  of  the 
inverse  square,  the  theory  of  the  potential,  and  the  equations  of 
Laplace  and  Poisson.  We  shall  next  consider  the  charges  and 
potentials  of  a  system  of  electrified  conductors  as  connected  by 
a  system  of  equations,  the  coefficients  of  which  may  be  supposed 
to  be  determined  by  experiment  in  those  cases  in  which  our  present 
mathematical  methods  are  not  applicable,  and  from  these  we  shall 
determine  the  mechanical  forces  acting  between  the  different  elec- 
trified bodies. 

We  shall  then  investigate  certain  general  theorems  by  which 
Green,  Gauss,  and  Thomsoa  have  indicated  the  conditions  of  so- 
lation  of  probleins  in  the  distribution  of  electricity.  One  result 
of  these  theorems  is,  that  if  Puiason's  equation  is  satisfied  by  any 
function,  and  if  at  the  surface  of  every  conductor  the  function 
has  the  value  of  the  potential  of  that  conductor,  then  the  func- 
tion expresses  the  actual  potential  of  the  system  at  every  point. 
We  also  deduce  a  method  of  finding  problems  capable  of  exact 
solntioD. 

In  Thomson's  theorem,  the  total  energy  of  the  system  is  ex- 
pressed in  the  form  of  the  integral  of  a  certain  quantity  extended 
over  the  whole  space  between  the  electrified  bodies,  and  also  in 
the  form  of  an  integral  extended  over  the  electrified  surfaces 
only.  The  equality  of  these  two  expressions  may  be  thus  inter- 
preted physically.  We  may  conceive  the  physical  relation  between 
the  electrified  bodies,  either  as  the  result  of  the  state  of  the 
intervening  medium,  or  as  the  result  of  a  direct  action  between 
the  electrified  bodies  at  a  distance.  If  we  adopt  the  latter  con- 
ception, we  may  determine  the  law  of  the  action,  but  we  can  go 
no  farther  in  speculating  on  its  cause.  If,  on  the  other  hand, 
we  adopt  the  conception  of  action  through  a  medium,  we  are 
led  to  enquire  into  the  nature  of  that  action  in  each  part  of  the 
medium, 
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It  appears  from  the  theorem,  that  if  we  are  to  look  for  the  seat 
of  the  electric  energy  in  the  diflferent  parte  of  the  dielectric  me- 
dium, the  amount  of  energy  in  any  small  part  must  depend  on 
the  square  of  the  resultant  electromotiTe  inteuBity  at  that  place 
multiplied  by  a.  coefficient  called  the  specific  inductive  capacity  of 
the  medium. 

It  is  better,  however,  in  considering  the  theory  of  dielectrics 
&om  the  most  general  point  of  view,  to  distinguish  between  the 
electromotive  intensity  at  any  point  and  the  electric  polarization  of 
the  medium  at  that  point,  since  these  directed  quantities,  though 
related  to  one  another,  are  not,  in  some  solid  substances,  in  the 
same  direction.  The  most  general  expression  for  the  electric 
energy  of  the  medium  per  unit  of  volume  is  half  the  product  of 
the  electromotive  intensity  and  the  electric  polarization  multiplied 
by  the  cosine  of  the  angle  between  their  directions.  In  all  fluid 
dielectrics  the  electromotive  iatensity  and  the  electric  polarization 
are  in  the  same  direction  and  in  a  constant  ratio. 

If  we  calculate  on  this  hypothesis  the  total  energy  residing 
in  the  medium,  we  shall  find  it  equal  to  the  energy  due  to  the 
electrification  of  the  conductors  on  the  hypothesiB  of  direct  action 
at  a  distance.  Hence  the  two  hypotheses  are  mathematically 
equivalent. 

If  we  now  proceed  to  investigate  the  mechanical  state  of  the 
medium  on  the  hypothesis  that  the  mechanical  action  observed 
between  electrified  bodies  is  exerted  through  and  by  means  of  the 
medium,  as  in  the  familiar  instances  of  the  action  of  one  body 
on  another  by  means  of  the  tension  of  a  rope  ot  the  pressure  of 
a  rod,  we  find  that  the  medium  must  be  in  a  state  of  mechanical 
stress. 

The  nature  of  this  stress  is,  as  Faraday  pointed  out*,  a  tension 
along  the  lines  of  force  combined  with  an  equal  pressure  in  all 
directions  at  right  angles  to  these  lines.  The  magnitude  of  these 
stresses  is  proportional  to  the  energy  of  the  electrification  per  unit 
of  volume,  or,  in  other  words,  to  the  square  of  the  resultant  electro- 
motive intensity  multiplied  by  the  specific  inductive  capacity  of  the 
medium. 

This  distribution  of  stress  is  the  only  one  consistent  with  the 

observed  mechanical  action  on  the  electrified  bodies,  and  also  with 

the  observed  equilibrium  of  the  fluid  dielectric  which  surrounds 

them.     I  have  therefore  thought  it  a  warrantable  step  in  scientific 

*  Elcp.  Ret.,  teivm  xi.  1297. 
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procedure  to  assume  the  actaal  existence  of  this  state  of  stress,  and 
to  follow  the  assumption  into  its  consequences.  Finding  the  phrase 
eleetrie  tention  used  in  several  vague  senses,  I  have  attempted  to 
confine  it  to  what  I  conceive  to  have  been  in  the  mind  of  some 
of  those  who  have  used  it,  namely,  the  state  of  stress  in  the 
dielectric  medium  which  canees  motion  of  the  electrified  bodies, 
and  leads,  when  continually  augmented,  to  disruptive  discharge. 
Electric  teneion,  in  this  sense,  is  a  tension  of  exactly  the  same 
kind,  and  measured  in  the  same  way,  as  the  tension  of  a  rope, 
and  the  dielectric  medium,  which  can  support  a  certain  tension 
and  no  more,  may  be  said  to  have  a  certain  strength  in  exactly 
the  same  sense  as  the  rope  is  s^d  to  have  a  certain  strength. 
Iliue,  for  example,  ThomsoD  has  found  that  air  at  the  ordinary 
pressure  and  temperature  can  support  an  electric  tension  of  9600 
grains  weight  per  square  foot  before  a  spark  passes. 

60.]  From  the  hypothesis  that  electric  action  is  not  a  direct 
action  between  bodies  at  a  distance,  but  is  exerted  by  means  of 
the  medium  between  the  bodies,  we  have  deduced  that  this  medium 
must  be  in  a  state  of  stress.  We  have  also  ascertained  the  cha- 
racter of  the  stress,  and  compared  it  with  the  stresses  which  may 
occur  in  solid  bodies.  Along  the  lines  of  force  there  is  tension, 
and  perpendicular  to  them  there  is  pressure,  t]ie  numerical  mag- 
nitude of  these  forces  being  equal,  and  each  proportional  to  the 
square  of  the  resultant  intensity  at  the  point.  Having  established 
these  results,  we  ore  prepared  to  take  another  step,  and  to  form 
an  idea  of  the  nature  of  the  electric  polarization  of  the  dielectric 
medium. 

An  elementary  portion  of  a  body  may  be  said  to  be  polarized 
'Vhen  it  acquires  equal  and  opposite  properties  on  two  opposite 
sides.  The  idea  of  internal  polarity  may  be  studied  to  the  greatest 
advantage  as  exemplified  in  permanent  magnets,  and  it  will  be 
expliuned  at  greater  length  when  we  come  to  treat  of  magnetism. 

The  electric  polarization  of  an  elementary  portion  of  a  dielectric 
is  a  forced  etate  into  which  the  medium  is  thrown  by  the  action 
of  electromotive  force,  and  which  disappears  when  that  force  is 
removed.  We  may  conceive  it  to  consist  in  what  we  may  call 
an  electrical  displacement,  produced  by  the  electromotive  intensity. 
When  the  electromotive  force  acts  on  a  conducting  medium  it 
produces  a  current  through  it,  bat  if  the  medium  is  a  non-con- 
ductor or  dielectric,  the  current  cannot  flow  through  the  medium, 
bat  the  electricity  is  displaced  within  the  medium  in  the  direction 
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of  the  electromotive  intensity,  the  extent  of  this  displacement 
depending  on  the  magnitude  of  the  electromotive  intensity,  so  th&t 
if  the  electromotive  intensity  increases  or  diminishes,  the  electric 
dispUcement  increases  and  diminishes  in  the  same  ratio. 

The  amount  of  the  displacement  is  measured  by  the  qoantity 
of  electricity  which  crosses  unit  of  area,  while  the  displacement 
increases  from  zero  to  its  actual  amount.  This,  therefore,  ie  the 
measure  of  the  electric  polarization. 

The  analogy  between  the  action  of  electromotive  force  in  pro- 
dncing  electric  displacement  and  of  ordinary  mechanical  force  in 
producing  the  displacement  of  an  elastic  body  is  so  obvious  that 
I  have  ventured  to  call  the  ratio  of  the  electromotive  intensity  to 
the  corresponding  electric  displacement  the  coefficient  of  electric 
elatlicify  of  the  medium.  This  coefficient  is  difierent  in  difierent 
media,  and  varies  inversely  as  the  specific  inductive  capacity  of  each 
medium. 

The  variations  of  electric  displacement  evidently  constitute  electric 
currents.  These  currents,  however,  can  only  exist  during  the 
variation  of  the  displacement,  and  therefore,  since  the  displace- 
ment cannot  exceed  a  certmn  value  without  causing  disruptive 
discharge,  they  cannot  be  continued  indefinitely  in  the  same  direc- 
tion, like  the  currents  through  conductors. 

In  tourmaline,  and  other  pyro-electric  crystals,  it  ia  probable  that 
a  state  of  electric  polarization  exists,  which  depends  upon  tem- 
perature, and  does  not  require  an  external  electromotive  force  to 
produce  it.  If  the  interior  of  a  body  were  in  a  state  of  permanent 
electric  polarization,  the  outside  would  gradually  become  charged 
in  such  a  manner  as  to  neutralize  the  action  of  the  internal 
polarization  for  all  points  outside  the  body.  This  external  super- 
ficial charge  could  not  be  detected  by  any  of  the  ordinary  testa, 
and  could  not  be  removed  by  any  of  the  ordinary  methods  for 
discharging  superficial  electrification.  The  internal  polarization  of 
the  substance  would  therefore  never  be  discovered  unless  by  some 
means,  such  as  change  of  temperature,  the  amount  of  the  internal 
polarization  could  be  increased  or  diminished.  The  external  elec- 
trification would  then  be  no  longer  capable  of  neutralizing  the 
external  effect  of  the  internal  polarization,  and  an  apparent  elec- 
trification would  be  observed,  as  in  the  case  of  tourmaline. 

If  a  charge  e  is  uniformly  distributed  over  the  surface  of  a  sphere, 
the  resultant  force  at  any  point  of  the  medium  surrounding  the 
sphere  is  numerically  equal  to  the  charge  e  divided  by  the  square  of 
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the  distance  from  the  ceotre  of  the  sphere.  This  resultant  force, 
according  to  our  theory,  is  accompanied  by  a  displacement  of  elec- 
tricity in  a  direction  outwards  from  the  sphere. 

If  we  now  draw  a  concentric  spherical  surface  of  radius  r,  the 
whole  displacement,  E,  through  this  sur&ce  will  be  proportional  to 
the  tesoltant  force  multiplied  by  the  area  of  the  spherical  surface. 
But  the  resultant  force  is  directly  as  the  charge  e  and  iuTersely  as 
the  square  of  the  radius,  while  the  area  of  the  sur&ce  is  directly 
aa  the  square  of  the  radius. 

Hence  the  whole  displacement,  E,  is  proportional  to  the  charge  e, 
and  is  independent  of  the  radius. 

To  determine  the  ratio  between  the  charge  e,  and  the  quantity 
of  electricity,  E,  displaced  outwards  through  any  one  of  the 
spherical  surfaces,  let  us  consider  the  work  done  upon  the  medium 
in  the  region  between  two  concentric  spherical  suriaces,  while  the 
dispUcement  is  increased  from  E  to  E-^  IE.  If  V^  and  T,  denote 
the  potentials  at  the  inner  and  the  outer  of  these  surfaces  respect- 
ively, the  electromotive  force  by  which  the  additional  displacement 
ifl  produced  is  V^—  V^,  so  that  the  work  spent  in  augmenting  the 
displacement  is  (^i—  V^hE. 

If  we  now  make  the  inner  surface  coincide  with  that  of  the 
electrified  sphere,  and  make  the  radius  of  the  other  infinite,  ^^ 
hecomee  V,  the  potential  of  the  sphere,  and  V^  becomes  zero,  so 
tiiat  the  whole  work  done  in  the  surrounding  medium  is  VhE. 

But  by  the  ordinary  theory,  the  work  done  in  augmenting  the 
charge  is  The,  and  if  this  is  spent,  as  we  suppose,  in  augmenting 
the  displacement,  hE  =  he,  and  since  E  and  e  vanish  together, 
E=  e,  or — 

I%e  duplacement  outwardt  througk  any  spherical  aujface  eoncentric 
vUk  the  sphere  U  equal  to  the  charge  on  the  ^here. 

To  fix  our  ideas  of  electric  displacement,  let  us  consider  an  accu- 
mulator formed  of  two  conducting  plates  A  and  B,  separated  by  a 
stratum  of  a  dielectric  C.  Let  ff^  he  a  conducting  wire  joining 
A  and  B,  and  let  us  suppose  that  by  the  action  of  an  electromotive 
force  a  quantity  Q  of  positive  electricity  is  transferred  along  the 
wire  from  B  to  A,  The  positive  electrification  of  A  and  the 
negative  electrification  of  B  will  prodnce  a  certain  electromotive 
force  acting  from  A  towards  B  in  the  dielectric  stratum,  and  this 
will  produce  an  electric  displacement  from  A  towards  B  within  the 
dielectric.  The  amount  of  this  displacement,  as  measured  by  the 
quantity  of  electrioi^  forced  across  an  imaginary  section  of  the 
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dielectric  dividing  it  into  two  strata,  will  be,  according  to  our 
theory,  exactly  Q.     See  Arts.  76,  76,  111. 

It  appears,  therefore,  that  at  the  same  time  tliat  a  quantity 
Q  of  electricity  is  being  transferred  along  the  wire  by  the  electro- 
motive force  from  B  towards  ^,  so  as  to  cross  every  section  of 
the  wire,  the  same  quantity  of  electricity  crosses  every  section 
of  the  dielectric  from  A  towards  £  by  reason  of  the  electric  dis- 
placement. 

The  displacements  of  electricity  during  the  discharge  of  the  accu- 
mulator will  be  the  reverse  of  these.  In  the  wire  the  discharge 
will  be  Q  from  A  to  £,  and  in  the  dielectric  the  displacement  will 
subside,  and  a  quantity  of  electricity  Q  will  cross  every  section 
from  S  towards  A. 

Every  case  of  charge  or  discharge  may  therefore  be  considered 
as  a  motion  in  a  closed  circuit,  such  that  at  every  section  of 
the  circuit  the  same  quantity  of  electricity  crosses  in  the  same 
time,  and  this  is  the  case,  not  only  in  the  voltaic  circuit  where 
it  has  always  been  recognised,  but  in  those  cases  in  which  elec- 
tricity has  been  generally  supposed  to  be  accumulated  in  certain 
places, 

61.]  We  are  thus  led  to  a  very  remarkable  consequence  of  the 
theory  which  we  are  examining,  namely,  that  the  motions  of  elec- 
tricity are  like  those  of  an  incompreuible  fluid,  so  that  the  total 
quantity  within  an  imaginary  fixed  closed  surface  remains  always 
the  same.  This  result  appears  at  first  sight  in  direct  contradiction 
to  the  fact  that  we  can  charge  a  conductor  and  then  introduce 
it  into  the  closed  space,  and  so  alter  the  quantity  of  electricity 
within  that  space.  But  we  must  remember  that  the  ordinary 
theory  takes  no  account  of  the  electric  displacement  in  the  sub- 
stance of  dielectrics  which  we  have  been  investigating,  but  confines 
its  attention  to  the  electrification  at  the  bounding  surfaces  of  the 
conductors  and  dielectrics.  In  the  case  of  the  charged  conductor 
let  us  suppose  the  charge  to  be  positive,  then  if  the  surrounding 
dielectric  extends  on  all  sides  beyond  the  closed  surface  there  will 
be  electric  polarization,  accompanied  witb  displacement  from  within 
outwards  all  over  the  closed  surface,  and  the  surface-integral  of  the 
displacement  taken  over  the  Bor&ce  will  be  equal  to  the  charge  on 
the  conductor  within. 

Thus  when  the  charged  conductor  is  introduced  into  the  closed 
space  there  is  immediately  a  displacement  of  a  quantity  of  elec- 
tricity equal  to  the  charge  through  the  surface  from  witiiin  out- 
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wards,  and  the  wUole  quaotity  within  the  sur&ce  remains  the 
same. 

The  theory  of  electric  polarization  will  be  discussed  at  greater 
length  in  Chapter  V,  and  a  mechanical  illustration  of  it  will  be 
given  in  Art.  334,  but  its  importance  cannot  be  fully  understood 
till  we  arrive  at  the  stndy  of  electromagnetic  phenomena. 

62.]  The  peculiar  features  of  the  theory  are  :— 

That  the  energy  of  electrification  resides  in  the  dielectric  medium, 
whether  that  medium  be  solid,  liquid,  or  gaseous,  dense  or  rare, 
or  even  what  is  called  a  vacunm,  provided  it  be  still  capable  of 
transmitting  electrical  action. 

That  the  energy  in  any  part  of  the  medium  is  stored  up  in 
the  form  of  a  state  of  constraint  called  electric  polarization,  the 
amount  of  which  depends  on  the  resultant  electromotive  intensity 
at  the  place. 

That  electromotive  force  acting  on  a  dielectric  produces  what 
we  have  called  electric  displacement,  the  relation  between  the  in- 
tensity and  the  displacement  being  in  the  most  general  case  of  a 
kind  to  be  afterwards  investigated  ia  treating  of  conduction,  but  in 
the  most  import^t  cases  the  displacement  is  in  the  same  direc.- 
taon  as  the  force,  and  is  numerically  equal  to  the  intensity  mul- 
tiplied by  -T-^i  where  K  is  the  specific  inductive  capacity  of  the 

dielectric. 

That  the  enei^  per  unit  of  volume  of  tiie  dielectric  arising  from 
the  electric  polarization  ia  half  the  product  of  the  electromotive 
intensity  and  the  electric  displacement,  mnltiplied,  if  necessary,  by 
the  cosine  of  the  angle  between  their  directions. 

That  in  fluid  dielectrics  the  electric  polarization  is  accompanied 
by  a  tension  in  the  direction  of  the  lines  of  indnction,  combined 
with  an  equal  pressure  in  all  directions  at  right  angles  to  the 
lines  of  indnction,  the  tension  or  pressure  per  unit  of  area  being 
numerically  equal  to  the  euergy  per  unit  of  volume  at  the  same 
place. 

That  the  surface  of  any  elementary  portion  into  which  we  may 
conceive  the  volume  of  the  dielectric  divided  must  be  oonoeived 
to  be  charged  so  that  the  surface-density  at  any  poiot  of  the 
•orface  is  equal  in  magnitude  to  the  displacement  through  that 
point  di  the  surface  reeioned  inmtrd*.  If  the  displacement  is  in 
the  positive  direction,  the  snrfiice  of  the  element  will  be  charged 
negatively  on  the  positive  side  of  the  element,  and  positively  on 
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the  negatire  side.  These  superficial  charges  will  in  general  destroy 
one  another  when  consecutiTe  elements  are  considered,  except 
where  the  dielectric  has  an  internal  chai^,  or  at  the  eur&ce  of 
the  dielectric. 

That  whatever  electricity  may  be,  and  whatever  we  may  under- 
stand by  the  movement  of  electricity,  the  phenomenon  which  we 
have  called  electric  diaplacement  is  a  movement  of  electricity  in  the 
same  sense  as  the  transference  of  a  definite  quantity  of  electricity 
through  a  wire  is  a  movement  of  electricity,  the  only  difference 
being  that  is  the  dielectric  there  is  a  force  which  we  have  called 
electric  elasticity  which  acts  against  the  electric  displacement,  and 
forces  the  electricity  back  when  the  electromotive  force  iB  removed; 
whereas  in  the  conducting  wire  the  electric  elasticity  is  continually 
giving  way,  so  that  a  current  of  true  conduction  is  set  up,  and 
the  resistance  depends,  not  on  the  total  quantity  of  electricity  dis- 
placed  &om  its  position  of  equilibrium,  but  on  the  quantity  which 
crosses  a  section  of  the  condactor  in  a  given  time. 

That  in  every  case  the  motion  of  electricity  is  subject  to  the 
same  condition  as  that  of  an  incompressible  fluid,  namely,  that 
at  every  instant  as  much  must  flow  out  of  any  given  closed  surface 
as  flows  into  it. 

It  follows  from  this  that  every  electric  current  must  form  a 
closed  circuit.  The  importance  of  this  result  will  be  seen  when  we 
investigate  the  laws  of  electro-magnetism. 

Since,  as  we  have  seen,  the  theory  of  direct  action  at  a  distance 
is  mathematically  identical  with  that  of  action  by  means  of  a 
medium,  the  actual  phenomena  may  be  expluned  by  the  one 
theory  as  well  as  by  the  other,  provided  suitable  hypotheses  be 
introduced  when  any  difficulty  occurs.  Thus,  Mossotti  has  deduced 
the  mathematical  theory  of  dielectrics  irom  the  ordinary  theory 
of  attraction  merely  by  giving  an  electric  instead  of  a  magnetic 
interpretation  to  the  symbols  in  the  investigation  by  which  Poisson 
hae  deduced  the  theory  of  magnetic  induction  from  the  theoiy  of 
magnetic  fluids.  He  assumes  the  existence  within  the  dielectric  of 
small  conducting  elem^its,  capable  of  having  their  oppodte  surfaces 
oppositely  electrified  by  induction,  but  not  capable  of  losing  or 
gaining  electricity  on  the  whole,  owing  to  their  being  insulated 
from  each  other  by  a  non-conducting  medium.  This  theory  of 
dielectrics  is  consistent  with  the  laws  of  electricity,  and  may  be 
actually  true.  If  it  is  true,  the  epecific  inductive  capacity  of 
a  dielectric  may  be  greater,  but  cannot  be  less,  than   that  of  a 
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Tacamn,  No  instance  has  yet  been  foimd  of  a  dielectric  having 
an  inductive  capacity  less  than  that  of  a  vacuum,  but  if  Guch  should 
be  discovered,  Mossotti's  physical  theory  must  be  abandoned, 
although  his  formulae  would  all  remain  exact,  and  would  only 
require  os  to  alter  the  sigo  of  a  coefficieolr. 

In  many  parte  of  phydoal  science,  equations  of  the  same  form 
are  found  applicable  to  phenomena  which  are  certainly  of  quite 
different  natures,  as,  for  instance,  electric  induction  through  di- 
electncB,  conduction  through  conductors,  and  magnetic  induction. 
In  all  these  cases  the  relation  between  the  force  and  the  effect 
produced  is  expressed  by  a  set  of  equations  of  the  same  kind, 
BO  that  when  a  problem  in  one  of  these  sabjecta  is  solved,  the 
problem  and  its  solution  may  be  translated  into  the  language 
of  the  ot^er  subjects  and  the  results  in  their  new  form  will  still 
be  true. 
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ELBMBNTABT  MATHEMATICAL  THBOET  OF   STATICAL 
SLBCTBICITT, 


Definition  (^  Mlectricily  at  a  Mathematical  Quantity. 

63.]  We  have  seen  that  the  propertiea  of  charged  bodies  are 
anch  that  the  charge  of  one  bod^  maj'  be  equal  to  that  of  an- 
other, or  to  the  Bum  of  the  chargee  of  two  bodies,  and  that  when 
two  bodies  are  equally  and  oppoaitely  charged  they  have  no  elec- 
trical effect  on  external  bodies  when  placed  together  within  a  closed 
insulated  conducting  vesael.  We  may  express  all  these  results  in 
a  concise  and  coDsietent  manner  by  describing  an  electrified  body  as 
charged  with  a  certain  qvantHy  of  electricity,  which  we  may  denote 
by  e.  When  the  charge  ie  poeitive,  that  is,  according  to  the  usual 
convention,  vitreous,  e  will  be  a  positive  quantity,  When  the 
charge  is  negative  or  resinous,  e  will  be  negative,  and  the  quantity 
—e  may  be  interpreted  either  ae  a  negative  quantity  of  vitreous 
electricity  or  ae  a  positive  quantity  of  resinoos  electricity. 

The  effect  of  adding  t<^ther  two  equal  and  opposite  chaises  of 
electricity,  +e  and  —e,  is  to  produce  a  state  of  no  charge  expressed 
by  zero.  We  may  therefore  regard  a  body  not  charged  as  virtually 
charged  with  equal  and  opposite  charges  of  Indefinite  magnitude, 
and  a  charged  body  as  virtually  charged  with  unequal  quantities  of 
positive  and  negative  electricity,  the  algebraic  sum  of  these  charges 
constituting  the  observed  electrification.  It  is  manifest,  however, 
that  this  way  of  regarding  an  electrified  body  is  entirely  artificial, 
and  may  be  compared  to  the  conception  of  the  velocity  of  a  body  as 
compounded  of  two  or  more  different  velocltiee,  no  one  of  which 
is  the  actual  velocity  of  the  body. 

ON  BLECTKIC  DUNSITT. 

IHttriiutioit  in  Three  Bimennont. 

64.]   Definition.    The  electric  volume-density  at  a  given  point 

in  space  la  the  limiting  ratio  of  the  quantity  of  electricity  within 
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a  sphere  whose  centre  is  the  ^ven  point  to  the  Tolame  of  the 
sphere,  when  its  radiaa  is  diminished  Trithont  limit. 

We  shall  denote  this  ratio  by  the  symbol  p,  which  may  be  posi- 
tive or  negative. 

Sitiriiution  over  a  Surface. 

It  is  a  result  alike  of  theory  and  of  experiment,  that,  in  certain 
casefl,  the  charge  of  a  body  is  entirely  on  the  surface.  The  density 
at  a  point  on  the  surface,  if  deiined  according  to  tie  method  g^ven 
above,  would  be  infinite.  We  therefore  adopt  a  different  method 
for  the  measurement  of  surface-density. 

Definition.  The  electric  density  at  a  given  point  on  a  surface  is 
the  limiting  ratio  of  the  quantity  of  electricity  within  a  sphere 
whose  centre  is  the  ^ven  point  to  the  area  of  the  surface  contained 
within  the  sphere,  when  its  radius  is  diminished  without  limit. 

We  shall  denote  the  surface-density  by  the  symbol  v. 

Those  writers  who  supposed  electricity  to  be  a  material  fluid 
or  a  collection  of  particles,  were  obliged  in  this  case  to  suppose 
the  electricity  distributed  on  the  surface  in  the  form  of  a  stratum 
of  a  certain  thickness  6,  its  density  being  pg,  or  that  value  of  /> 
which  would  result  from  the  particles  having  the  closest  contact 
of  which  they  are  capable.     It  is  manifest  that  on  this  theory 

When  V  is  negative,  according  to  this  theory,  a  certain  stratum 
of  thickness  6  is  left  entirely  devoid  of  positive  electricity,  and 
filled  entirely  with  negative  electricity,  or,  on  the  theory  of  one 
fluid,  with  matter. 

There  is,  however,  no  experimental  evidence  either  of  the  elec- 
tric stratum  having  any  thickness,  or  of  electricity  being  a  fluid 
or  a  collection  of  particles.  We  therefore  prefer  to  do  without  the 
symbol  for  the  thickness  of  the  stratum,  and  to  use  a  special  symbol 
for  sor&ce-deDsity. 

Distribution  on  a  Line. 
It  is  sometimes  convenient  to  suppose  electricity  distributed 
on  a  line,  that  is,  a  long  narrow  body  of  which  we  neglect  the 
thickness.  In  this  case  we  may  define  the  line-density  at  any  point 
to  be  the  limiting  ratio  of  the  charge  on  an  element  of  the 
line  to  the  length  of  that  element  when  the  element  is  diminished 
without  limit. 
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If  A  denotes  the  line-density,  then  the  whole  qnsntity  of  elec- 
tricity on  a  cnrre  18  6=  /Arf*,  where  da  is  the  element  of  the  curve. 
Similarly,  if  tr  is  the  anrfitce-deDsity,  the  whole  quantity  of  elec- 
tricity on  the  Bur&ce  is  /*  f 

where  dS  is  the  element  of  enrface. 

If  p  is  the  volume-density  at  any  point  of  space,  then  the  whole 
electricity  within  a  certain  volume  is 

e  =  1 1 1  pdadyde, 

where  dxdgdxa  the  element  of  volume.  The  limits  of  integration 
in  each  case  are  those  of  the  curve,  the  snrface,  or  the  portion  of 
space  considered. 

It  is  manifest  that  e,  \,  <t  and  p  are  quantities  differing'  in  kind, 
each  being  one  dimension  in  space  lower  than  the  preceding,  so  that 
if  /  he  a  line,  the  quantities  e,  IK,  P  tr,  and  P  p  will  be  all  of  the 
same  hind,  and  if  [Z]  be  the  unit  of  length,  and  [X],  [a],  [p]  the 
unita  of  the  different  kinds  of  density,  [e],  [iA],  [i'(^],  and  [i'p] 
will  each  denote  one  unit  of  electricity. 

Seftrtition  of  the  Unit  of  Ulectricitt/. 

66.]  Let  A  and  B  be  two  points  the  distance  between  which 
is  the  unit  of  length.  Let  two  bodies,  whose  dimensions  are  small 
compared  with  the  distance  AB,  be  charged  with  equal  quantities 
of  positive  electricity  and  placed  at  A  and  B  respectively,  and 
let  the  charges  be  such  that  the  force  with  which  they  repel  each 
other  is  the  unit  of  force,  measured  as  in  Art.  6.  Then  the  charge 
of  either  body  is  said  to  be  the  unit  of  electricity. 

If  the  charge  of  the  body  at  B  were  a  unit  of  negative  electricity, 
then,  since  the  action  between  the  bodies  would  be  reversed,  we 
should  have  an  attraction  equal  to  the  unit  of  force.  If  the  charge 
of  A  were  also  negative,  and  equal  to  nnity,  the  force  would  be 
repulsive,  and  equal  to  unity. 

Since  the  action  between  any  two  portions  of  electricity  is  not 
affected  by  the  presence  of  other  portions,  the  repulsion  between 
e  units  of  electricity  at  A  and  ^  units  at  B  is  ^,  the  distance 
AB  being  unity.     See  Art.  39. 

Law  of  Force  between  Charged  Bodiei. 
66.]  Coulomb  shewed  by  experiment  tliat  the  force  between 
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charged  bodies  whoee  dimensioiiB  are  small  compared  with  the 
distance  between  them,  varies  inrersely  as  the  square  of  the  dis- 
tance. Hence  the  repulsion  between  two  such  bodies  charged  with 
quantities  e  and  /  and  placed  at  a  distance  r  is 

We  shall  prove  in  Art.  74  that  this  law  is  the  only  one  con- 
sistent with  the  observed  &et  that  a  conductor,  placed  in  the  inside 
of  a  closed  hollow  oondoctor  and  in  contact  with  it,  is  deprived  of 
all  electrical  charge.  Onr  conviction  of  the  accnraoy  of  the  law 
of  the  inverse  square  of  the  distance  may  be  considered  to  rest 
on  experiments  of  this  kind,  rather  than  on  the  direct  measure- 
ments of  Coulomb. 

.  Betultant  Force  between  Tvx)  Bodiet. 
67.]  In  order  to  calculate  the  resultant  force  between  two  bodies 
we  might  divide  each  of  them  into  its  elements  of  volume,  and 
consider  the  repulsion  between  the  electricity  in  each  of  the  elements 
of  the  first  body  and  the  electricity  in  each  of  the  elements  of  the 
second  body.  We  should  thus  get  a  system  of  forces  equal  in 
number  to  the  product  of  the  numbers  of  the  elements  into  which 
we  have  divided  each  body,  and  we  should  have  to  combine  the 
effects  of  these  forces  by  the  rules  of  Statics.  Thus,  to  find  the 
component  in  the  direction  of  x  we  should  have  to  find  the  value 
of  the  sextuple  integral 

pp'{is—af)  dxdgdz  dafd^d/ 
'  {(.-«')"  +  (^-/)'  +  («-/)'}i' 
where  «,  y,  ^  are  the  coordinates  of  a  point  in  the  first  body  at 
which  the  electrical  density  is  p,  and  x',  y,  z,  and  p'  are  the 
corresponding  quantities  for  the  second  body,  and  the  integration 
is  extended  first  over  the  one  body  and  then  over  the  other, 

Sesaltant  Jntennly  at  a  Point. 
68.]  In  order  to  simplify  the  mathematical  process,  it  is  con- 
venient to  oonmder  the  action  of  an  electrified  body,  not  on  another 
body  of  any  form,  but  on  an  indefinitely  small  body,  charged  with 
an  indefinitely  small  amount  of  electricity,  and  placed  at  any  point 
of  the  space  to  which  the  electrical  action  extciLds.  By  making 
the  chai^  of  this  body  indefinitely  small  we  render  insensible  its 
disturbing  action  on  tlie  charge  of  the  first  body, 
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Let  e  be  the  charge  of  the  Bm&ll  body,  and  let  the  force  acting 
oil  it  when  placed  at  the  point  (x,;,  2)  be  Re,  and  let  the  direction- 
cosinee  of  the  force  be  l^  m,  n,  then  we  m&y  call  R  the  resultant 
electrical  Inteneity  at  the  point  (»,  g,  z). 

If  X,  Y,  Z  denot«  the  componenta  of  R,  then 

X=Rl,         r=Sm,        Z=Rn. 

In  Bpeaking  of  the  resultant  electrical  intensity  at  a  point,  we 
do  not  necessarily  imply  that  any  force  is  actually  exerted  there, 
but  only  that  if  an  electrified  body  were  placed  there  it  would  be 
acted  on  by  a  force  Re,  where  e  is  the  charge  of  the  body  *. 

J)efini(ion.  The  Resultant  electric  Intensity  at  any  point  is  the 
force  which  would  be  exerted  on  a  small  body  charged  with  the 
unit  of  positive  electricity,  if  it  were  placed  there  without  disturbing 
the  actual  distribution  of  electricity. 

This  force  not  only  tends  to  more  a  body  charged  with 
electricity,  but  to  move  the  electricity  within  the  body,  so  that 
the  positive  electricity  tends  to  move  in  the  direction  of  R 
and  the  negative  electricity  in  the  opposite  direction.  Hence 
the  quantity  R  is  also  called  the  Electromotive  Intensity  at  the  point 
(»,  y, «). 

When  we  wish  to  express  the  fact  that  the  resultant  intensity  is 
a  vector,  we  shall  denote  it  by  the  German  letter  @.  If  the  body 
is  a  dielectric,  then,  according  to  the  theory  adopted  in  this 
treatise,  the  electricity  is  displaced  within  it,  so  that  the  quantity 
of  electricily  which  is  forced  in  the  direction  of  @  across  unit  of 
area  fixed  perpendicular  to  @  is 

Z)  =  ~K(S;   . 

where  'S)  is  the  displacement,  @  the  resultant  intensity,  and  K  the 
specific  inductive  capacity  of  the  dielectric. 

If  the  body  is  a  conductor,  the  state  of  constraint  is  continually 
giving  way,  so  that  a  current  of  conduction  is  produced  and  main- 
tained as  long  as  iS  acts  on  the  medium, 

Line-Integral  0/ Electric  Inietutly,  or  Electromotive  Force  along 

an  Arc  of  a  Ourve. 

69,]  The  Electromotive  force  along  a  given  arc  AP  of  a  curve  is 

numerically  measured  by  the  work  which  would  be  done  by  the 

*  The  Eleetno  uid  UiigDetic  Intensity  oorraspond,  in  electricity  sod  nuig- 
netism,  to  Oie  intensity  of  gravity,  commonly  denoted  by  g,  in  the  theory  of  heavy 
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electric  force  on  a  unit  of  positive  electricity  carried  along  the  curve 
from  A,  the  beginning,  to  P,  the  end  of  the  arc. 

If  s  is  the  length  of  the  arc,  measured  from  A,  and  if  the  re- 
saltant  intensity  B  at  any  point  of  the  cnrve  makes  an  angle  c  with 
the  tangent  drawn  in  the  positive  direction,  then  the  work  done 
on  unit  of  electricity  in  moving  along  the  element  of  the  curve 
d«m\lhe  RcoBtds, 

and  the  total  electromotive  force  E  will  be 


-ly 


COSClfo, 


the  integration  being  extended  from  the  beginning  to  the  end 
of  the  arc. 

If  we  make  use  of  the  components  of  the  intensity,  the  expres- 
non  becomes 


H'i'r.- '%<)'•■ 


11  X,Y,  and  Z  are  such  that  Xd3)+  Tdy+Zdz  is  the  complete 
diSbrential  of  —  V,  a  function  of  ir,  y,  z,  then 

E=j^{Xdx+Tdy^.Zdz)=-pdr^  Va~Vp\ 

where  the  integration  is  performed  in  any  way  from  the  point  A 
to  the  point  P,  whether  along  the  given  curve  or  along  any  other 
line  between  A  and  P. 

In  this  case  Vkb.  scalar  function  of  the  position  of  a  point  in 
space,  that  is,  when  we  know  the  coordinates  of  the  point,  the  value 
of  r  is  determinate,  and  this  value  is  independent  of  the  position 
and  direction  of  the  axes  of  reference.     See  Art.  16. 

On  Funetiont  of  Hie  PotUum  of  a  Point. 
In  what  follows,  when  we  describe  a  quantity  as  a  function  of 
the  position  of  a  point,  we  mean  that  for  every  position  of  the  point 
the  function  has  a  determinate  value.  We  do  not  imply  that  this 
value  can  always  be  expressed  by  the  same  formula  for  all  points  of 
space,  for  it  may  be  expressed  by  one  formula  on  one  side  of  a 
given  surface  and  by  another  formula  on  the  other  side. 

On  Potential  FutkUom. 
70.]   The  quantity  Xda!+ Ydy  +  Zdz   is   an  exact  differential 
whenever  the  force  arises  from  attractions  or  repulsions  whose  in- 
tensity is  a  function  of  the  distances  from  any  namber  of  points. 
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For  if  r-i  be  the  distance  of  one  of  the  points  &om  tiie  point  (x,  y,  z), 
and  if  B^  be  the  repulsion,  then 

fj  '■dx 

with  similar  expreaeions  for  7^  and  Z^,  bo  that 

Xj^dx-^  Y^dy  +  Z^dz  =  S^dr^; 
and  since  ^  is  a  function  of  r,  only,  Bi  dr^  is  an  exact  difierential 
of  some  function  of  r, ,  say  —  F^ . 

Similarly  for  any  other  force  R^,  acting  from  a  centre  at  dis- 
t*nce  rj,  Xj<h+  Y^dy  +  Z^dx  =  B^dr,  =  -dF^. 

But  X=Xi+2^4Jtc.  and  Jand^are  compounded  in  the  same 
way,  therefore 

J<&+  Ydy+Zdz  =  -dfi-dFt  +  &o.  =  ~dV. 
The  integral  of  this  quantity,  under  the  condition  that  it  vamahea 
at  an  infinite  distance,  is  called  the  Potential  Function. 

The  use  of  this  function  in  the  theory  of  attractions  was  intro- 
duced by  Laplace  in  the  calculation  of  the  attraction  of  the  earth. 
Green,  in  his  essay  '  On  the  Application  of  Mathematical  Analysis 
to  Eleotncity/  gave  it  the  name  of  the  Potential  Function,  Qaoss, 
working  independently  of  Oreen,  also  used  the  word  Potential. 
Claosius  and  others  have  applied  the  term  Potential  to  the  work 
which  would  be  done  if  two  bodies  or  systems  were  removed  to 
an  infinite  distance  from  one  another.  We  shall  follow  the  use  of 
the  word  in  recent  English  works,  and  avoid  ambiguity  by  adopting 
the  following  definition  due  to  Sir  W.  Thomson. 

definition  of  Potential.  The  Potential  at  a  Point  is  the  work 
which  would  be  done  on  a  unit  of  positive  electricity  by  the  elec- 
tric forces  if  it  were  placed  at  that  point  without  distnrbing  the 
electric  distribution,  and  carried  iiom  that  point  to  an  infinite 
distance ;  or,  what  comes  to  the  same  thing,  the  work  which 
must  be  done  by  an  external  agent  in  order  to  bring  the  unit 
of  positive  electricity  from  an  infinite  distance  {or  from  any  place 
where  the  potential  is  zero)  to  the  given  point. 

71.]  Expreinont /or  the  Besultant  Intensity  and  itt  compotunts  tx 

tervu  of  the  Potential, 
Since  the  total  electromotive  force  along  any  arc  AB  is 
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if  we  pat  di  for  the  arc  AB  we  shall  have  for  the  force  reBolved 
in  the  direction  of  di, 

*"" Tk- 

whence,  by  assaming  dt  parallel  to  each  of  the  axes  in  sacceasion, 
we  get 

X=-— ,  7  =  -  —  ,  Z=-—: 

dm  di/  dz' 

,     \W\'    dri'    dFi'ii 
■*  =  ?&[  +^l  +&I  J  • 

We  shall  denote  the  intensity  itself,  whoee  magnitude,  or  tensor, 
is  B  and  whose  compooents  are  X,  T,  Z,  by  the  German  letter  @,  as 
io  Arts.  17  and  68. 

Tie  Potential  at  all  Points  loitAi*  a  Conductor  it  the  tame. 
72.]  A  conductor  is  a  body  which  allows  the  electrici^  within 
it  to  more  from  one  part  of  the  body  to  any  other  when  acted  on 
l^  electromotive  force.  When  the  electricity  is  in  equilibrium 
there  can  he  no  electromotive  force  acting  within  the  conductor. 
Hence  i£  =  0  throughout  the  whole  space  occupied  by  the  con- 
ductor.    From  this  it  follows  that 

—  =  0        —  =  0        —  =  0- 
da        *        dg         *        dz  ' 

and  therefore  for  every  point  of  the  conductor 

r=  C, 

where  f7  is  a  constant  quantity. 

Since  the  potential  at  all  points  within  the  substance  of  the 
condnctoT  is  0,  the  quantity  C  is  called  the  Potential  of  the  con- 
dactor.  C  may  be  defined  as  the  work  which  must  be  done  by 
'  external  agency  in  order  to  bring  a  unit  of  electricity  from  an 
infinite  distance  to  the  conductor,  the  distribution  of  electricity 
being  supposed  not  to  be  disturbed  by  the  presence  of  the  unit. 

It  will  be  shewn  at  Art.  246  that  in  general  when  two  bodies 
of  different  kinds  are  in  contact,  an  electromotiTe  force  acts  &om 
one  to  the  other  through  the  surface  of  contact,  so  that  when  they 
are  in  equilibrium  the  potential  of  the  latter  is  higher  tban  that 
of  the  former.  For  the  present,  therefore,  we  shall  suppose  all  oar 
conducton  made  of  the  same  metal,  and  at  the  eame  temperature. 

If  the  potentials  of  the  conductors  A  and  B  \)e  Va  and  Vg  re- 
spectively, then  the  electromotive  force  along  a  wire  joining  A  and 
iJ  will  be  Vji  —  Va 
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in  tlie  direction  AS,  that  is,  positive  electricity  will  tend  to  pass 
from  the  conductor  of  hig-lier  potential  to  the  other. 

Potential,  in  electrical  science,  has  the  same  relation  to  Elec- 
tricity that  Pressure,  in  Hydrostatics,  has  to  Fluid,  or  that  Tem- 
perature, in  Thermodynamics,  has  to  Heat.  Electricity,  Fluids, 
and  Heat  all  tend  to  pass  from  one  place  to  another,  if  the  Poten- 
tial, Pressure,  or  Temperature  is  greater  in  the  first  place  than  in 
the  second.  A  fluid  is  certainly  a  substance,  heat  is  as  certainly 
not  a  substance,  so  that  though  we  may  find  assistance  from  ana- 
logies of  this  kind  in  forming  clear  ideas  of  formal  relations  of 
electrical  quantities,  we  must  be  careful  not  to  let  the  one  or  the 
other  analogy  suggest  to  us  that  electricity  is  either  a  substance 
like  water,  or  a  state  of  agitation  like  heat. 

Potential  due  to  any  Electrical  Syttem. 
73.]  Let  there  be  a  single  electrified  point  charged  with  a  quantity 
e  of  electricity,  and  let  /■  be  the  distance  of  the  point  3!',^,  /  from 
it,  then  /•">  /■"    -  a 

Let  there  be  any  number  of  electrified  points  whose  coordinates 
are  ("^1,^1,  ^i),  {x^,  y„  z^,  &c.  and  their  charges  Cj,  e^,  &c.,  and 
let  their  distances  from  the  point  (a^,y,  /)  be  r,,  r^,  &c,  then  the 
potential  of  the  system  at  (of,  jf,  /)  will  be 

r=j(£). 

Let  the  electric  density  at  any  point  [x,  g,  z)  within  an  elec- 
trified body  be  p,  then  the  potential  due  to  the  body  is 

r  =  jjjtdadydz; 

where  r  =  {{x~aff-^{s-ff-\-{z~^f]\ 

the  integration  being  extended  throughout  the  body. 

0»  ike  Proof  of  tie  Law  of  the  Inverse  Square. 
74  u.]  The  fact  that  the  force  between  electrified  bodies  is  inversely 
as  the  square  of  the  distance  may  be  considered  to  be  established  by 
Coulomb's  direct  experimente  with  the  torsion-balance.  The  resalts, 
however,  which  we  derive  from  such  ezperiinents  must  be  regarded 
as  affected  by  an  error  depending  on  the  probable  error  of  each 
experiment,   and  unless  the  skill  of  the  operator  be  very  greatj 
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the  probable  error  of  an  experiment  with  the  toreion-balance  is 
considerable. 

A  for  more  accurate  verification  of  the  law  of  force  may  be 
deduced  from  an  experiment  similar  to  that  described  at  Art  32 
(Exp.  VII). 

Cavendish,  in  his  hitherto  unpublished  work  on  electricity,  makes 
the  evidence  of  the  law  of  force  depend  on  an  experiment  of  this 
kind. 

Be  fixed  a  globe  on  an  insulating  support,  and  fastened  two 
hemispheres  by  glass  rods  to  two  wooden  frames  hinged  to  an  axis 
BO  that  the  hemispheres,  when  the  frames  were  brought  together, 
formed  an  insulated  spherical  shell  concentric  with  the  globe. 

The  globe  could  then  be  made  to  communicate  with  the  hemispheres 
by  means  of  a  short  wire,  to  which  a  silk  string  was  &atened  so 
that  the  wire  could  be  removed  without  discharging  the  apparatas. 

The  globe  being  in  communication  with  the  hemiepheree,  he 
charged  the  hemispheres  by  means  of  a  Leyden  jar^  the  potential 
of  which  bad  been  previously  measured  by  an  electrometer,  and 
immediately  drew  out  the  communicating  wire  by  means  of  the 
silk  string,  removed  and  disohaiged  the  hemispheres,  and  tested 
the  electrical  condition  of  the  globe  by  means  of  a  pith  ball  electro- 
meter. 

No  indication  of  any  charge  of  the  globe  could  be  detected  by 
the  pith  ball  electrometer,  which  at  that  time  (1773)  was  considered 
tiie  most  delicate  electroscope. 

Care&dish  next  communicated  to  the  globe  a  known  fraction  of 
the  charge  formerly  communicated  to  the  hemispheres,  and  tested 
the  globe  again  with  his  electrometer. 

He  thus  found  that  the  chai^  of  the  globe  in  the  original 
experiment  must  have  been  less  than  ^  of  the  charge  of  the  whole 
apparatus,  for  if  it  had  been  greater  it  would  have  been  detected  by 
the  electrometer. 

He  then  calculated  the  ratio  of  the  charge  of  the  globe  to  that  of 
the  hemispheres  on  the  hypothesis  that  the  repulsion  is  inversely  as 
a  power  of  the  distance  differing  sli^tly  from  2,  and  found  that  if 
tiiis  difference  was  -^  there  would  have  been  a  charge  on  the  globe 
equal  to  -^  of  that  of  the  whole  apparatus,  and  therefore  capable  of 
being  detected  by  the  electrometer, 

74>i.]  The  experiment  has  recently  been  repeated  at  the  Cavendish 
Laboratory  in  a  somewhat  different  manner. 

The  hemispheres  were  fixed  on  an  insnlating  stand^  and  the  globe 
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fixed  in  ite  proper  position  witluD  them  by  means  of  an  ebonite 
ring.  By  this  arrangement  the  insulating  support  of  the  globe 
was  never  exposed  to  the  action  of  any  sensible  electric  force,  and 
therefore  never  became  cbargedj  so  that  the  disturbing  effect  of 
electricity  creeping  along  the  sur&ce  of  the  insulators  was  entirely 
removed. 

Instead  of  removing  the  hemispheres  before  testing  the  potential 
of  the  globe,  they  were  left  in  their  position,  bat  discharged  to 
earth.  The  effect  of  a  given  charge  of  the  globe  on  the  electro- 
meter was  not  so  great  as  if  the  hemispheres  had  been  removed, 
but  this  disadvantage  was  more  than  compensated  by  the  perfect 
security  afforded  by  the  conducting  vessel  against  all  external 
electric  disturbances. 

The  short  wire  which  made  the  connexion  between  the  shell  and 
the  globe  was  fastened  to  a  small  metal  disk  which  acted  as  a  lid  to 
a  small  hole  in  the  shell,  bo  that  when  the  wire  and  the  lid  were 
liiled  up  by  a  silk  string,  the  electrode  of  the  electrometer  could  be 
made  to  dip  into  the  hole  and  rest  on  the  globe  within. 

The  electrometer  was  Thomson's  Quadrant  Electrometer  described 
in  Art.  219.  The  case  of  the  electrometer  and  one  of  the  electrodes 
were  always  connected  to  earth,  and  the  testing  electrode  was  con- 
nected to  earth  till  the  electricity  of  the  shell  had  been  discharged. 

To  estimate  the  original  charge  of  the  shell,  a  small  brass  ball 
was  placed  on  an  insulating  support  at  a  considerable  distanoe  from 
the  shell. 

The  operations  were  conducted  as  follows : — 

The  shell  was  charged  by  communication  with  a  L^den  jar. 

The  small  ball  was  connected  to  earth  so  as  to  give  it  a  negative 
charge  by  induction,  and  was  then  left  insulated. 

The  communicatiog  wire  between  the  globe  and  the  shell  was 
removed  by  a  silk  string. 

The  shell  was  then  discharged,  and  kept  connected  to  earth. 

The  testing  electrode  was  disconnected  from  earthj  and  made 
to  touch  the  globe,  passing  through  the  hole  in  the  shell. 

Not  the  slightest  effect  on  the  electrometer  could  be  observed. 

To  test  the  sensitiveaess  of  the  apparatus  the  shell  was  discon- 
nected from  earth  and  the  small  ball  was  discharged  to  earth.  The 
electrometer  then  showed  a  positive  deflection,  D. 

The  negative  charge  of  the  brass  ball  was  about  ^  of  the  ori- 
ginal charge  of  the  shell,  and  the  positive  charge  induced  by  th« 
ball  when  the  shell  was  put  to  earth  was  about  \  of  that  of  the  ball. 
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Hence  when  the  ball  was  pat  to  earth  the  potential  of  the  shell,  as 
indicated  by  the  electrometer,  was  about  il^  of  its  original  potential. 

Bat  if  the  repulsion  had  been  as  r^-',  the  potential  of  the  globe 
woold  have  been  — 0-1478  q  of  that  of  the  shell  by  equation  22,  p.  81. 

Hence  if  +  iJ  be  the  greatest,  deflexion  of  the  electrometer  which 
could  escape  observation,  and  I)  the  deflexion  observed  in  the  second 
part  of  the  experiment,  g  cannot  exceed 

-  72  2) 
Now  even  in  a  rough  experiment  D  was  more  than  300i^,  ao  that 
g  canoot  exceed  1 

-  21600' 

Theory  of  the  Bxpmmmi. 

74  c]  To  find  the  potential  at  any  point  due  to  a  uniform  spherical 
shell,  the  repulsion  between  two  nnita  of  matter  being  any  given 
function  of  the  distance. 

Let  0  (r)  be  the  repulsion  between  two  unite  at  distance  r,  and 
let^(r)  be  such  that 

^'(=/'M)  =  '/'*('•)'"•  (■) 

Let  the  radius  of  the  shell  be  a,  and  its  surface  density  <r,  then,  if 
a  denotes  the  whole  mass  of  the  shell, 

o  =  iva'<r.  (2) 

Let  b  denote  the  distance  of  the  given  point  from  the  centre 
of  the  shell,  and  let  r  denote  its  distance  from  any  given  point 
of  the  shell. 

If  we  refer  the  point  on  the  shell  to  spherical  coordinates,  the 
pole  being  the  centre  of  the  shell,  and  the  axis  the  line  drawn 
to  the  given  point,  then 

f»  =  fl»  +  i«-2<iacosft  (3) 

Tlie  mass  of  the  element  of  the  shell  is 

<Ta'ta.Ji6dtf)d0,  (4) 

and  the  potential  due  to  this  element  at  the  given  point  is 

aa'siae-^^dedtj,;  (5) 

»Dd  this  has  to  be  integrated  with  respect  to  ^  from  ^  =  0  to 
^  =  2ir,  which  gives 

2v(ra*mne'^d$,  (6) 

which  baa  to  be  integrated  from  0  =  0  to  9  =  ir.  . 

DigiLizedbyGoOJ^lc 


80  BLBOTBOBTATICS.  [74  C. 

Differentiating  (3)  we  find 

rdr  =  a6mnfid9.  (7) 

Substituting  the  -value  of  dO  in  (6)  we  obtain 

2,„|/-{r)*,  (8) 

the  integral  of  which  is 

'"=2"'f  {/('.)-/('.)}.  (9) 

when  fj  is  the  greatest  value  of  r,  which  is  always  a+6,  and  rj 
is  the  least  value  of  r,  which  is  6^a  Vhen  the  given  point  is  out- 
side the  shell  and  a—b  when  it  is  within  the  shell. 

If  we  write  a  for  the  whole  charge  of  the  shell,  and  F  for  its 
potential  at  the  given  point,  then  for  a  point  outside  the  shell 

For  a  point  on  the  shell  itself 

f^^/M.  (11) 

and  for  a  point  inside  the  shell 

We  have  next  to  determine  the  potentials  of  two  concentric 
spherical  shells,  the  radii  of  the  out«r  and  inner  shells  being  a  and  6, 
and  their  chaiges  a  and  ^, 

Calling  the  potential  of  the  outer  shell  A,  and  that  of  the  inner 
B,  we  have  by  what  precedes 

■<  =  ^.A^'H  h,  !/(»+*)-/(—»».  (") 

^  =  2^/(")  + 5^  (/(»+«)-/(— »)}■  (») 

In  the  first  part  of  the  experiment  the  shells  communicate  by  the 
short  wire  and  are  both  raised  to  the  same  potential,  say  7. 

By  putting  A  =  £  =7,  and  staving  the  equations  (13)  and  (14) 
Jor  ft  we  find  the  charge  of  the  inner  shell 


„^„„  w^)-»[/(.+i)-/(-i)]        ,,„ 

^  -  ^'^  V(2«)/(2»)-[/(<'  +  i)-/(— *)]'  '     ' 

lispheres  forming  the 
I  we  may  suppose  in> 
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outer  shell  ven  removed  to  a  distance  which  we  may  suppose  in> 
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finite,  snd  Recharged.    The  potential  of  the  inner  shell  (or  globe) 
woald  Hiea  become 

A  =  ^/(2J).  (16) 

In  the  form  of  the  experiment  as  repeated  at  the  CavendiBh 
laboratory  the  onter  shell  was  left  in  its  place,  but  connected  to 
earth,  80  that  A  =  0.  In  this  case  we  find  for  the  potential  of  the 
inner  shell  in  terma  of  F 

74i.}  Let  OS  now  asaame,  with  Cavendish,  that  the  law  of  force 
is  some  inverse  power  of  the  distance,  not  differing  moch  from  the 
invene  square,  and  let  ns  pat 

*(r)  =  r*-»S  (18) 

**«"  /('■)  =  Y^^*'-  m 

If  we  suppose  ;  to  be  small,  we  may  expand  this  by  the  ex- 
ponential theorem  in  the  form 

/(r)  =  ^rjl  +  }logr+jL{,logf)'  +  8K.ji     (20) 

and  if  we  n^leet  terms  inrolving  ^,  equations  {16)  and  (1 7}  be- 

from  which  we  may  determine  g  in  terms  of  the  reenlte  of  the 
experiment. 

740.]  Laplace  gave  the  first  demonstration  that  no  function  of 
the  distance  except  the  inverse  square  satisfies  the  condition  that  a 
uniform  spherical  shell  exerts  no  force  on  a  particle  within  it  *. 

If  wfl  suppose  that  /3  in  equation  (16)  is  always  zero,  we  may 
apply  the  method  of  Laplace  to  determine  the  form  of/(r).  We 
have  by  (16), 

8/(2a)-a/(a4  «)+«/(«-*)  =  0. 
DiSerentiating  twice  with  retpeot  to  d,  and  dividing  by  a,  we  find 

/"(«+«)=/"(— J). 

If  this  equation  is  generally  true 

/"  (r)  =  Co,  a  constant. 

•  ITm.  C«L,  L  8. 

TOL.I.  e  DigiLizedbyGoOglc 


82  BLBCTBOSTATICS.  [75. 

Hence,  /-(r)  =  C.r  +  di 

*(')  =  $■ 

We  may  observe,  however,  tbat  thongli  the  assamptioii  of 
Caveadisb,  that  the  force  varieB  as  some  power  of  the  distance,  may 
appear  less  general  than  that  of  Laplace,  who  supposes  it  to  he  any 
function  of  the  distance,  it  is  the  only  one  consistent  with  the  &et 
that  similar  figures  can  be  electrified  so  as  to  have  similar  electrical 
properties. 

For  if  the  force  were  any  function  of  the  distance  except  a  power 
of  the  distance,  the  ratio  of  the  force  at  two  different  distaneea 
would  not  he  a  fanction  of  the  ratio  of  the  distancee,  but  would 
depend  on  the  absolute  value  of  the  distances,  and  would  therefore 
involve  the  ratios  of  these  distances  to  an  absolutely  fixed  length. 

Indeed  Cavendish  himself  points  out  that  on  his  own  hypothesis 
as  to  the  constitution  of  the  electric  fluid,  it  is  impossible  for  the 
distribution  of  electricity  to  be  accurately  similar  in  two  conductors 
geometrically  similar,  unless  the  charges  are  proportional  to  the 
volumes.  For  he  supposes  the  particles  of  the  electric  fluid  to  be 
closely  pressed  together  near  the  surface  of  the  body,  and  this  is 
equivalent  to  supposing  that  the  law  of  repulsion  is  no  longer  the 
inverse  square,  but  that  as  soon  as  the  particles  come  into  contact, 
their  repulsion  begins  to  increase  at  a  much  greater  rate  with  any 
further  diminution  of  their  distance. 

Surface- Integral  of  Electric  IndvetuM,  and  Electric  J>i*plaeemaU 
through  a  fur/hce, 

75.]  Ijet  B  be  the  resultant  intensity  at  any  point  of  &e  snr&ce, 
and  c  the  angle  which  S  makes  with  the  normal  drawn  towards 
the  positive  ride  of  the  surface,  then  Boost  in  the  component  of 
the  intensity  normal  to  the  surface,  and  if  (25  is  the  element  of  the 
surface,  the  electric  displacement  through  dS  will  be,  by  Art.  68, 

^KBcoBfdS, 

mnce  we  do  not  at  present  consider  any  dielectric  except  lur,  £"=  I. 

We  may,  however,  avoid  introducing  at  this  stage  the  flieory  of 

electric  displacement,  by  calling  B  cos  t  dS  the  Induction  through 

the  element  dS.    This  quantity  is  well  known  in  mathematical 
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physice,  bat  the  name  of  indncttoa  is  borrowed  &om  Faraday. 
The  BtiT&ce-iutegral  of  indiictioD  is 


//■ 


SoostdS, 


and  it  appears  hj  Art.  21,  that  if  X,T,  Z  are  the  componente  oiR, 
and  if  these  quantities  are  oontinnoiia  within  a  region  bounded  hj  a 
closed  sar&ce  S,  the  induction  reckoned  from  within  outwards  is 

the  integration  being  extended  through  the  whole  space  wilJun  the 
enrfaee. 

IndMtion  through  a  Cloged  Swrface  dtte  to  a  Single  Cenire  <^  Force. 

76.]  Let  a  quantity  e  of  electricity  be  supposed  to  be  placed  at  a 
point  0,  and  let  r  be  the  distance  of  any  point  P  from  0,  the  force 
at  that  point  is  S  =  er~'  in  the  direction  OP. 

Let  a  line  be  drawn  from  0  in  any  direction  to  an  infinite  dis- 
tance. If  0  is  without  the  closed  surface  this  line  will  either  not 
out  the  surface  at  all,  or  it  will  issue  from  the  surface  as  many 
times  as  it  enters.  If  0  is  within  the  sarface  the  line  must  first 
issue  from  the  snr&ce,  and  thea  it  may  enter  and  issue  any  number 
of  times  alternately,  ending  by  issuing  from  it. 

Let  c  be  the  angle  between  OP  and  the  normal  to  the  snr&ce 
drawn  outwards  where  OP  cuts  it,  then  where  the  line  issues  from 
the  surface,  cos  c  will  be  positive  and  where  it  enters,  cos  e  will 
be  negative. 

Now  let  a  sphere  be  described  with  centre  0  and  radius  nnit7, 
and  let  the  line  OP  describe  a  conical  sor&ce  of  small  angular 
aperture  about  0  as  vertex. 

This  cone  will  cat  off  a  small  element  dw  from  the  surface  of  the 
sphere,  and  small  elements  dS^,  dS^,  Sec.  &om  the  closed  sur&ce  at 
the  differoit  places  where  the  line  OP  intersects  it. 

lien,  since  any  one  of  these  elements  dS  intersects  the  cone  at  a 
distance  r  from  the  vertex  and  at  an  obliquity  t, 

dS  =  f*  eeo  t  du ; 
and,  since  S  =  er~',  we  shall  have 

BcoatdS  =  ±edia; 
the  positive  sign  being  taken  when  r  iBBnes  from  the  snr&ce,  and 
tiie  negative  where  it  enters  it. 

If  l^e  point  0  is  without  the  closed  eur&oe,  the  positive  valaea 

0»  DigiLizedbyGoOJ^lc 


84  ELKCTBOOTATICa.  [77. 

are  eqaal  in  number  to  the  negative  ones,  bo  that  for  any  direction 
of  r,  SScoBedS=  0, 

and  therefore  I  i SoostdS  =  0, 

the  integration  being'  extended  over  the  whole  closed  enr&ce. 

If  the  point  0  is  within  the  closed  surface  the  radins  vector  OP 
first  isenes  from  the  closed  surface,  giving-  a  pontive  value  of  e  dia, 
and  then  has  an  equal  number  of  entranoes  and  iesnes,  ao  that  in 
thiflcase  2  S  oosf  d8  =  edtt. 

Extending  the  integration  over  the  whole  closed  sur&ce,  we  shall 
include  the  whole  of  the  spherical  surfaoe>  the  area  of  which  is  4ir, 
BO  that  rr  rr 

jj  S<!osfdS=  eJJ  da  =  ive. 

Hence  we  conclude  that  the  total  induction  outwards  through  a 
closed  surface  due  to  a  centre  of  force  e  placed  at  a  point  0  ia 
zero  when  0  is  without  the  surface,  and  i-ne  when  0  is  within 
the  snr&ce. 

Since  in  air  the  displacement  is  equal  to  the  induction  divided 
by  iiT,  the  displacement  through  a  closed  surface,  reckoned  out- 
wards, is  equal  to  the  electricity  within  the  surface. 

Corollafy.  It  also  follows  that  if  the  surface  is  not  closed  but 
is  hounded  by  a  given  closed  curve,  the  total  induction  through 
it  is  Q)0,  where  ca  ie  the  eolid  angle  subtended  by  the  closed  curve 
at  0.  I^is  quantity,  therefore,  depeuds  only  on  the  dosed  curve, 
and  the  form  of  the  sur&ce  of  which  it  is  the  boundary  may  be 
changed  in  any  way,  provided  it  does  not  pass  &om  one  side  to  the 
other  of  the  centre  of  force. 

On  tie  Equations  ofZaplace  and  Poition. 
77.]  Since  the  value  of  the  total  induction  of  a  single  centre 
of  force  through  a  closed  surface  depends  only  on  whether  the 
centre  is  within  the  surface  or  not,  and  does  not  depend  on  its 
position  in  any  other  way,  if  there  are  a  number  of  such  centres 
e,,  «j,  &c.  within  the  surface,  and  e,',  e^,  &c.  without  the  Bur&ces 
we  shall  have  f  /* 

jjBeoBcd8=  4ite; 

where  e  denotes  the  algebraical  snm  of  the  quantities  of  electricity 
at  all  the  centres  of  force  within  the  closed  surface,  that  is,  the 
total  electricity  within  the  surface,  resinoua  electricity  being  reck- 
oned negative. 
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If  the  electricity  is  bo  distributed  within  the  sur&os  that  the 
density  is  nowhere  infinite,  we  shall  have  by  Art.  64, 

ive  =  iv 1 1 1 pdxdfde, 
and  by  Art.  75, 

If  we  take  as  the  closed  surface  that  of  the  element  of  Tolume 
<£r  dj  dz,  we  shall  have,  by  equating  these  expressions, 
dX      dT      dZ 
5^  +  ^  +  ^  =  *'''  = 
ftnd  if  a  potential  V  exists,  we  find  by  Art.  71, 
d'F      d'F      i'r 

■3^ +  -^  +  -3?- +""  =  "• 

This  equation,  in  the  case  in  which  the  density  is  zerd;  is  called 
I^place's  Equation.    In  its  more  general  form  it  was  first  given  by 
FoisaoD.    It  enables  ns,  when  we  know  the  potential  at  every  point, 
to  determine  the  distribution  of  electricity. 
We  shall  denote,  as  in  Art.  26,  the  quantity 
d'F     d'F     d*F ,        ^^ 

and  we  may  express  Poisson's  equation  in  words  by  saying  that 
the  electric  density  moltipUed  by  4ir  is  the  concentration  of  the 
potential.  Where  there  is  no  electrification,  the  potential  has  no 
concentration,  and  this  is  the  interpretation  of  Laplace's  equation. 

By  Art.  72,  F  is  oonstant  within  a  conductor.  Hence  within  a 
oondoctor  the  volume-density  is  zero,  and  the  whole  charge  must 
be  on  the  snr&ce. 

If  we  suppose  that  in  the  superficial  and  linear  distributions  of 
electricity  the  volume^density  p  remains  finite,  and  that  the  elec- 
tricity exists  in  the  form  of  a  thin  stratum  or  a  narrow  fibre,  tlien, 
by  increasing  p  and  diminishing  the  depth  of  the  stratum  or  the 
section  of  the  fibre,  we  may  approach  the  limit  of  true  superficial 
or  linear  distribution,  and  the  equation  being  true  throughout  the 
process  will  remain  true  at  the  limit,  if  interpreted  in  accordance 
with  the  actual  circumstanoee. 

Farialion  of  the  Potential  at  a  Charged  Surface. 

78o.]   The  potential  function,  F,  must  be  physically  continuous 

in  the  sense  defined  in  Art.  7,  except  at  the  bounding  suriace  of 
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two  different  media,  in  which  case,  as  we  ehall  see  in  Art.  246, 
there  may  be  a  diSerence  of  potential  between  the  anhstances, 
BO  tliat  when  the  electricity  is  in  eqailibriam,  the  potential  at 
a  point  in  one  substance  is  higher  than  the  potential  at  the 
contignous  point  in  the  other  substance  by  a  constant  quantity, 
C,  depending  on  the  natares  of  the  two  Bubstances  and  on  their 
temperatures. 

fiut  the  first  deriyatives  of  V  with  respect  to  x,  y,  or  z  may  be 
discontinuons,  and,  by  Art.  8,  the  points  at  which  this  discontinuity 
occurs  must  lie  in  a  sarfiwe,  the  equation  of  which  may  be  expressed 
in  the  form  if,  =  if,  (x,  y,  £)  =  0.  (l) 

This  surface  separates  the  region  in  which  if>  is  n^ative  from  the 
region  in  which  0  is  positire. 

Let  fi  denote  the  potential  at  any  given  point  in  the  negative 
region,  and  F^  that  at  any  given  point  in  the  positiye  region,  then 
at  any  point  in  the  surface  at  which  ^  =  0,  and  which  may  be 
said  to  belong  to  both  r^ons, 

h  +  0=Ji,  (2) 

where  C  is  the  constant  excess  of  potential,  if  any,  in  the  substance 
on  the  positive  side  of  the  surface. 

Let  /,  ffl,  a  be  the  direction-cosineB  of  the  normal  v^  drawn  from 
a  given  point  of  the  Burface  into  the  positive  r^on.     Those  of  the 
normal  v^  drawn  from  the  same  point  into  the  negative  region  will 
be  —l,  —m,  and  —n, 
'  The  rates  of  variation  of  F  along  the  normals  are 

d^ l^_^ih__    ^  ,3. 

dpi  "^         du  dy  dz  ^  ' 

dK  ,df.  df.  dJ. 

^=      ^^+«#+''^-  (^) 

Let  any  line  be  drawn  on  the  surtkce,  and  let  its  length,  measured 
&om  a  fixed  point  in  it,  be  1,  then  at  every  point  of  the  surface, 
and  thererore  at  every  point  of  this  line,  T^—  ^=  C.  Differentiating 
this  equation  with  respect  to  s,  we  get 

^dx  dx  i  ds'^'^dy  djf  hi'^'^dn  ds  )  di  ~  '  ^^ 
and  since  the  normal  is  perpendicular  to  this  line 
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Prom  (3),  (4),  (6),  (6)  we  find 

-S--di  =  '(d^*-d7)-  « 

dr,     dfj       ,dv^     ar,^  ,., 

l^--^  =  ''yd7,+di:r  **' 

dK     df,         ,dr,      dT,~  ,„, 

If  we  consider  the  variafcioQ  of  the  electromotive  intensity  at  a 
poiat  in  passing  through  the  surface,  that  component  of  the  in- 
tensity which  is  normal  to  the  sniiace  may  change  abruptly  at  the 
sor&ce,  but  the  other  two  components  parallel  to  the  tangent  plane 
remain  ooatinnooB  in  passing  through  the  surface. 

7SJ,]  To  determine  the  charge  of  the  surface,  let  us  consider  a 
closed  surface  which  is  partly  in  the  positive  region  and  partly  in 
tiie  negative  region,  and  which  therefore  encloBes  a  portion  of  the 
surface  of  discontinuity. 

The  surface  inte?ra],       r  [• 

^  JJBcoBtdS, 

extended  over  this  surface,  is  equal  to  iite,  where  e  is  the  quantity 
of  electrici^  within  the  closed  surface. 
Proceeding  as  in  Art.  21,  we  find 

+  ff{HI^-I,)  +  m(T,-T,)  +  «(Z,-Z,))d3.    (2) 

where  the  triple  int^ral  is  extended  throughout  the  dosed  anr&ce, 
and  the  double  int^ral  over  the  smr&ce  of  discontinuity. 

Substituting  for  (he  terms  of  this  equation  their  values  &om 
«.  (8).  (9). 

4„^ffj4.f,d.d3,d.-fJ{^  +  ^)dS.         (.1) 

But  by  the  definition  of  the  volume-density',  p,  and  the  sur&ce- 

'        iire=,ivj  I  jpdxdydz+iii iJadS.  (12) 

Hence,  comparing  the  last  terms  of  these  two  equations, 

This  equation  is  called  the  characteristic  equation  of  T  at  an  eleo* 
trified  sor&oe  of  which  the  sor&ce-density  is  v, 
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78<;.]  If  r  is  a  fiiDotioD  of  «,  g,  e  which,  throngliont  a  givea  cod- 
tinaous  region  of  space,  satiafiee  Laplace's  equation 

rf?  "*"  ^  "*"  da*  ~    ' 
and  if  tliroag'hoat  a  finite  portion  of  this  i^ion  ^ia  constant  and 
eqnsl  to  C,  then  F  most  be  constant  and  equal  to  C  throughout  the 
whole  region  in  which  Laplace's  equation  is  satisfied. 

If  F  is  not  equal  to  C  throughout  the  whole  region,  let  S  be  the 
surface  which  bounds  the  finite  portion  within  which  F  =  C. 

At  the  surface  5,  F=C. 

Let  v  be  a  normal  drawn  outwards  frotn  the  surface  8.  Since 
8  is  the  boundary  of  the  continuous  region  for  which  V=  C,  the 
value  of  Fas  we  travel  &om  the  surface  along  the  normal  begins 
dF  . 

tive  or  negative,  but  cannot  be  zero  except  for  normals  drawn  &om 
the  boundary^  line  between  a  positive  and  a  negative  area. 

But  if  1/  is  the  normal  drawn  inwards  from  the  snr&ce  8,  V'=  C 

and  -3-7  =  0. 

Hence,  at  every  point  of  the  snr&ce  except  certain  boundaiy  lines, 

dF     dF' , 

dv      a»  ^  ' 

is  a  finite  quantity,  positive  or  negative,  and  therefore  the  snr&ce 
8  has  a  continuous  distribution  of  electricity  over  all  parts  of  it 
except  certain  boundary  lines  which  separate  positively  &om  n^a- 
tively  chaiged  areas. 

Laplace's  equation  is  not  satisfied  at  the  snrfkce  8  except  at 
points  lying  on  certain  lines  on  the  snr&ce.  The  surface  S  there- 
fore, within  which  F=  C,  includes  the  whole  of  the  continnooa 
region  within  which  Laplace's  equation  is  satisfied. 

Force  Acting  ox  a  Ciarged  8urfaee. 
79.]   The  general  expr^sion  for  the  components  of  the  force 
acting  on  a  charged  body  parallel  to  the  three  axes  are  of  the  form 

A=jj\pXdxdydz,  (14) 

with  mmilar  expressions  for  B  and  C,  the  components  parallel  to  y 
and  z. 

But  at  a  charged  snrfiKe  p  is  infinite,  and  X  is  discontinuous,  so 
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that  we  caimot  calculate  the  force  directly  from  expreBBioos  of  this 
form. 

We  have  proved,  however,  that  the  discontinuity  affeete  only 
that  ecHDponent  of  the  intensify  which  is  normal  to  the  charged 
Buiiaoe,  the  other  two  components  beiog  oontiniious. 

Let  ns  therefore  acenme  the  axis  of  «  normal  to  the  surface  at 
the  given  point,  and  let  ns  also  aaanme,  at  least  in  the  first  part 
of  our  investigation,  that  X  ia  not  really  diBContinuons,  bat  that 
it  changes  oontinaoosly  from  X^  to  X^  while  x  changes  from  c, 
to  0,.  If  the  result  of  onr  ctUcolation  gives  a  definite  limiting 
volne  for  the  force  when  x^—m^  is  diminished  withont  limit,  we 
may  cofudder  it  correct  when  z^  =  «^ ,  and  the  charged  snriace  has 
no  thickness. 

^hstitating  for  p  its  valae  as  fband  in  Art,  77, 

Integrating  this  expression  with  reepect  to  x  from  e  =  «,  to  x  =  ;i^ 
it  becomes 

This  is  the  value  of  A  for  a  stratum  parallel  to  yz  of  which  the 
thickness  is  w^—Xi. 

Since  T  and  Z  are  oontinaons,  ^-  +  -=~  is  finite,  and  since  X 
'  ay       dz 

is  also  finite, 

where  Ob  the  greatest  value  of  (-j-  -H  -7-)Xbetween  k  =  »^  and 

Hence  when  m^—asi  is  diminished  withont  limit  this  term  must 
ultimately  vanish,  leaving 

wbere  X,  is  the  value  of  X  on  the  negative  and  X^  on  the  positive 
side  of  the  enr&ce. 

B»tbyArt.78,        I.-X,  =  -g-^  =  4,a,  (18) 

BO  that  we  may  write 

A=ffni,  +  X,),ifd,.  (19) 

Here  dj/dz  ia  the  dement  of  the  surface,  <r  is  the  sur&ce-density, 
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AQ^  H-^  +  -^i)  i^  the  arithmetical  mean  of  the  electromotiTfl  in- 
tensity on  the  two  sides  of  the  surface. 

Hence  an  element  of  a  charged  surface  is  acted  on  by  a  force, 
the  component  of  which  normal  to  the  surface  is  equal  to  the  char^ 
of  the  element  into  the  arithmetical  mean  of  the  normal  electro- 
motive intensities  on  the  two  sides  of  the  surface. 

Since  the  other  two  components  of  the  electromagnetic  intensity 
are  not  discontinuous,  there  can  be  no  ambiguity  in  estimating  the 
corresponding  components  of  the  force  acting  on  the  Bur&ee. 

We  may  now  suppose  the  direction  of  the  normal  to  the  surface  to  be 
in  aoydirection  with  respect  to  the  axes,  and  write  the  general  expres- 
sions for  the  components  of  the  force  on  the  element  of  sur&ce  dS, 

B=\(J^+Y;),rd8,\  (20) 

Charged  Surface  of  a  Conductor. 

80.]  We  have  already  shewn  (Art.  72)  that  throughont  the  sab- 
stance  of  a  conductor  in  electric  equilibrium  X  =  Z  =  ^  =  0^  and 
therefore  7  is  constant. 

„  dX      d7      dZ      ^  ^ 

^^"^  ^  +  ^  +  ^  =  *"'=°' 

and  therefore  />  must  be  zero  throughout  the  substance  of  the 
conductor,  or  there  can  be  no  electricity  in  the  interior  of  the  con- 
ductor. 

Hence  a  superficial  distribution  of  electricity  is  the  only  possible 
distribution  in  a  conductor  in  eqnilihriam. 

A  distribution  throughout  the  mass  of  a  body  can  exist  only 
when  the  body  is  a  non-conductor. 

Since  the  resultant  intensity  within  the  oondnotor  is  zero,  the 
resultant  intensity  just  outside  the  condnctor  most  be  in  the  direc- 
tion of  the  normal  and  equal  to  iirtr,  acting  outwards  from  the 
conductor. 

This  rebition  between  the  sarface-density  and  the  resultant  in- 
tensity close  to  the  surface  of  a  conductor  is  known  as  Coulomb's 
Law,  Coulomb  having  ascertained  by  experiment  that  the  intensity 
of  the  electric  force  near  a  given  point  of  the  sor&oe  of  a  condactor 
is  normal  to  the  Bur&ce  and  jtroporlional  to  the  snr&oe-density  at 
the  given  point.     The  numerical  relation 

was  established  by  Foisson, 
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The  force  acting  on  an  element,  dS,  of  the  charged  sorface  of 
a  condactor  is,  by  Art.  79>  (since  the  intensity  is  zero  on  the  inner 
side  of  the  sorface,) 

\R<rdS  =  2itrd>S  =  ■^R»dS. 

This  force  acts  outwards  from  the  condnctor,  whether  the  chai^ 
of  the  anrface  is  positive  or  negative. 

Its  value  in  dynes  per  square  centimetre  is 

i  R,r  =  2i!,r*  = -^  R*, 

acting  as  a  tension  outwards  &oni  the  snr&ce  of  the  conductor, 
81.]  If  we  now  suppose  an  elongated  body  t«  be  electrified,  we 

may,  by  diminishing  its  lateral  dimensions,  arrive  at  the  conception 

of  an  electrified  line. 

Let  dt  be  the  length  of  a  small  portion  of  the  elongated  body, 

and  let  c  be  its  circumference,  and  a-  the  enrface  density  of  the 

electricity  on  its  surface;    then,  if  X  is  the   charge  per  unit  of 

length,  A  =  ctr,  and  the  resultant  electrical  intensity  close  to  the 

snr&ce  will  be  X 

0 

If,  while  X  remains  finite,  e  be  diminished  indefinitely,  the  in- 
tensity at  the  surface  will  be  increased  indefinitely.  Now  in  every 
dielectric  there  is  a  limit  beyond  which  the  inteneity  cannot  be 
increased  without  a  disruptive  discbarge.  Hence  a  distribution  of 
electricity  in  which  a  finite  quantity  is  placed  on  a  finite  portion 
of  a  line  is  inconsistent  with  the  conditions  existing  in  nature. 

Even  if  an  insulator  could  be  found  such  that  no  discharge  could 
be  driven  through  it  by  an  infinite  force,  it  would  be  impossible 
to  chuge  a  linear  conductor  with  a  finite  quantity  of  electricity, 
for  an  infinite  electromotive  force  would  be  required  to  bring  the 
electricity  to  the  linear  conductor. 

In  the  same  way  it  mtty  be  shewn  that  a  point  charged  with 
a  finite  quantity  of  electricity  cannot  exist  in  natare.  It  is  con- 
venient, however,  in  certain  cases,  to  speak  of  electrified  lines  and 
points,  and  we  may  suppose  these  represented  by  electrified  wires, 
and  by  small  bodies  of  which  the  dimensions  are  negligible  com- 
pared with  the  principal  distances  concerned. 

Since  the  quantity  of  electricity  on  any  given  portion  of  a  wire 
at  a  given  potential  diminishes  indefinitely  when  the  diameter  of 
the  wire  is  indefinitely  diminished,  the  distribution  of  electricity  on 
bodiea  of  considerable  dimensions  will  not  be  sensibly  affected  by 
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the  iatrodnctioD  of  very  fine  metallic  wires  lato  tlie  field,  Buch  as 
are  used  to  form  electrical  connexionB  between  theee  bodies  and  tlie 
earth,  an  electrical  machine,  or  an  electrometer. 

On  Linea  of  Force. 

82.]  If  a  liae  he  drawn  whose  direction  at  every  point  of  its 
course  coincides  with  that  of  the  resultant  intensity  at  that  point, 
the  line  is  called  a  Line  of  Force. 

In  every  part  of  the  course  of  a  line  of  force,  it  ia  proceeding 
from  a  place  of  higher  potential  to  a  place  of  lower  potential. 

Hence  a  line  of  force  cannot  return  into  itself,  but  must  have  a 
beginning  and  an  end.  The  beginning  of  a  line  of  force  mnst  be 
in  a  positively  charged  surface,  and  the  end  of  a  line  of  force  mnst 
be  in  a  negatively  charged  surfiice. 

The  beginning  and  the  end  of  the  line  are  called  corresponding 
points  on  the  positive  and  negative  aur&ce  respectively. 

If  the  line  of  force  moves  so  that  its  beginning  traces  a  closed 
carve  on  the  positive  surface,  its  end  will  trace  a  corresponding 
closed  curve  on  the  negative  surface,  and  the  line  of  force  itself 
will  generate  a  tubular  surfiuM  caUed  a  tube  of  induction.  Such  a 
tube  is  called  a  Solenoid  *. 

Since  the  force  at  any  point  of  the  tubulsr  surface  is  in  the 
tangent  plane,  there  is  no  induction  across  the  surface.  Hence 
if  the  tube  does  not  contain  any  electrified  matter,  by  Art,  77 
the  total  induction  through  the  closed  surface  formed  by  the 
tubular  snr&ce  and  the  two  ends  is  zero,  and  the  values  of 

1 1  BooetdS  for  the  two  ends  must  be   equal  in  magnitude 

but  opposite  in  agn. 

If  these  snr&cea  are  the  surfaces  of  conductors 
«  =  0    wid    B  =  —iit<T, 

and  1 1  BcoB  ids  hecomea  —ivJItrdS,  or  the  charge  of  the  but- 
lace  multiplied  by  iv. 

Hence  the  positive  chaige  of  the  surface  enclosed  within  the 
dosed  curve  at  the  beginning  of  the  tube  is  nnmerically  equal  to 
the  negative  charge  enclosed  within  the  corresponding  closed  curve 
at  the  end  of  the  tube. 

*  From  ati^f,  %  tubs.    FaradBf  oMs  (3271)  tha  t«rm  '  SptiODdfloid '  in  the  nma 
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Several  important  resoltB  may  be  deduced  from  the  properties  of 
lines  of  force. 

The  interior  snr&ce  of  ft  closed  condnctiogr  reesel  it  entirely 
&ee  &om  charge,  and  the  potential  at  every  point  within  it  ia 
the  same  ai  that  of  the  condnctor,  provided  thwe  is  no  ingolated 
and  charged  hody  within  the  veBsel, 

For  since  a  line  of  force  must  begin  at  a  positively  charged 
aorface  and  end  at  a  negatively  eh&i^^  sarface,  and  nnce  no 
charged  body  is  within  the  vessel,  a  line  of  foroe,  if  it  exists 
witiiin  the  vessel,  mast  begin  and  end  on  the  interior  snr&ce  of 
the  vessel  itself. 

Bnt  the  potential  matt  be  higher  at  the  beginning  of  a  line 
of  force  than  at  the  end  of  the  tine,  whereas  we  have  proved  that 
the  potential  at  all  points  of  a  condnctor  is  the  same. 

Hence  no  line  of  force  can  exist  in  the  space  within  a  hollow 
vessel,  provided  no  charged  body  be  placed  inside  it. 

If  a  conductor  within  a  closed  hollow  vessel  is  placed  in  com- 
mnnication  with  the  vessel,  its  potential  becomes  the  same  as 
that  of  the  Teesel,  and  its  snr&ce  becomes  continuons  with  the 
inner  sur&ce  of  the  vessel.  The  condnctor  is  therefore  free  from 
charge. 

If  we  suppose  any  chained  eorfaoe  divided  into  elementary  por- 
tions snch  that  the  charge  of  each  element  is  onity,  and  if  solenoids 
having  these  elements  for  their  bases  are  drawn  through  the  field  of 
force,  then  the  snrface-integral  for  any  other  surface  will  be  re- 
presented by  the  number  of  solenoids  which  it  cuts.  It  is  in  this 
sense  that  Faraday  noes  his  oonception  of  lines  of  force  to  indicate 
not  only  the  direction  but  the  amount  of  the  force  at  any  place  in 
the  field. 

We  have  nsed  the  phrase  Lines  of  Force  because  it  has  been  used 
by  Faraday  and  others.  In  strictness,  however,  these  lines  should 
be  called  Lines  of  Electric  Induction. 

In  the  ordinary  cases  the  lines  of  induction  indicate  the  direction 
and  magnitude  of  the  resultant  electromotive  intensity  at  every 
point,  because  the  intensity  and  the  induction  are  in  the  same 
direction  and  in  a  constant  ratio.  There  are  other  cases,  how- 
ever, in  which  it  is  important  to  remember  that  these  lines  indi- 
oate  primarily  the  induction,  and  that  the  intensity  is  directly 
indicated  by  the  eqnipotential  surfaces,  being  normal  to  these 
rarfitoea  and  inversely  proportional  to  the  distanoes  of  consecutive 
toi&oes. 
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Ok  Specijic  Inductive  Capacity. 

8S11.]  In  tlie  preceding  investigation  of  Burface-intAgralB  we  have 
adopted  the  ordinary  conception  of  direct  action  at  a  distance,  and 
have  not  taken  into  consideration  any  eSectfl  depending  on  the 
nature  of  the  dielectric  medinm  in  nhich  the  forces  are  ohserved. 

But  Faraday  has  observed  that  the  quantity  of  electricity  in- 
duced by  a  given  electromotive  force  on  the  eorboe  of  a  oondoctor 
which  boands  a  dielectric  is  not  the  same  for  all  dielectrics.  The 
induced  electricity  is  greater  for  most  solid  and  liquid  dielectrics 
than  for  air  and  gases.  Hence  these  bodies  are  said  to  have  a 
greater  specific  inductive  capacity  than  air,  which  he  adopted  as 
the  standard  medtam. 

We  may  express  the  theory  of  Faraday  in  mathematical  language 
by  saying  that  in  a  dielectric  medium  the  induction  across  any 
surface  is  the  product  of  the  normal  electric  force  into  the  coefficient 
of  specific  inductive  capacity  of  that  medium.  If  we  denote  this 
coefficient  by  K,  then  in  every  part  of  the  investigation  of  sur- 
face-integrals we  must  multiply  X,  T,  and  ^  by  £,  so  that  the 
equation  of  Poisson  will  become 

d    ^dV      d    ^dF      d    ^dV 

At  the  surface  of  separation  of  two  media  whose  inductive  capa- 
cities are  £,  and  X,,  and  in  which  the  potentiaLs  are  ^  and  f^,  the 
characteristic  equation  may  be  written 

where  v^,  v^  are  the  normals  drawn  in  the  two  media,  and  a  is 
the  true  surhce-density  on  the  surface  of  separation ;  that  is  to 
say,  the  quantity  of  electricity  which  is  actually  on  the  surface 
in  the  form  of  a  charge,  and  which  can  be  altered  only  by  con- 
veying electricity  to  or  from  the  spot. 

Apparent  dittrihutuM  (^  Mectricity, 
83i.]  If  we  begin  with  the  actual  distribution  of  the  potential  and 
deduce  from  it  the  volume  density  p'  and  the  sur&ce  density  </  on 
the  hypothesis  that  K  is  everywhere  equal  to  unity,  we  may  call  p' 
the  apparent  volume  density  ^^^  <''  the  apparent  surface  density, 
because  a  distribution  of  electricity  thus  defined  would  account  for 
the  actual  distribution  of  potential,  on  the  hypothesis  that  the  law 
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of  electric  force  ae  gireD  in  Art.  66  requires  no  modifioation  on 
acconnt  of  the  different  properties  of  dielectrics. 

The  ai^tarent  ohar^  of  electricity  within  a  given  region  may 
increase  or  diminish  without  any  passage  of  electricity  throogh  the 
bounding  surface  of  the  region.  We  must  therefore  distinguish  it 
&om  the  true  charge,  which  satisfies  the  equation  of  continuity. 

In  a  heterogeneous  dielectric  in  which  K  varies  continnously,  if 
p'  be  the  apparent  volume-density, 

d'F    d*r    d^y        ,     ^ 

d^  +  ^+^+*''^=^-  f^) 

Comparuig  this  with  the  equation  aborflj  we  find 

,    ,      „.     dKdV     iKdr     dKdV     „ 

He  tme  electrification,  indicated  by  p,  in  the  dielectric  whose 
variable  inductive  capacity  is  denoted  by  K,  will  produce  the  same 
potential  at  every  point  as  the  apparent  electrification,  denoted  by 
ff,  wonld  produce  in  a  dielectric  whoBe  inductive  capacity  is  every- 
where equal  to  unity. 

The  apparent  surface  charge,  c/,  is  that  deduced  from  the  electrical 
forces  in  the  neighbourhood  of  the  surface,  using  the  ordinary 
chamcteristic  equation 

|£+|i +4,^=0.  (5) 

If  a  solid  didectrio  of  any  form  is  a  perfect  insuIatoTj  and  if 
its  sDT&ce  receives  no  cha^^,  then  the  tme  electrification  remains 
zero,  whatever  be  the  electrical  forces  acting  on  it. 

Hence  r,|^+i,|^  =  0, 

d\  _  4,if</K^  dF,  _  i-nt/Ki 

df,  "  £i-Kt  dp,  ~  K,~Kt 

The  sarlace-denaity  </  is  that  of  the  apparent  electrification 
produced  at  the  snr&oe  of  the  solid  dielectric  by  induction.  It 
disappears  entirely  when  the  inducing  force  is  removed,  but  if 
during  the  action  of  the  inducing  force  the  apparent  electrification 
of  the  sarface  is  discha^ed  by  passing  a  flame  over  the  sur&ce, 
then,  when  the  inducing  force  is  taken  away,  there  will  appear  a 
tme  electrification  opposite  to  <r'  *. 

f  Ik*  Sogal  In- 
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OK  BLECTBICAt  WORK  AND   BNBBOT  IN  A  8TBTBM 
OP  CONDUCTOBS. 


84.]  On  tie  Wort  teAici  mn»t  he  done  by  an  external  agent  in  order 
to  charge  an  electrified  tyttem  in  a  given  manner. 

The  work  spent  in  bringing  a  quantity  of  electricity  8e  from  an 
infinite  distance  (or  from  any  place  where  the  potential  is  zero)  to  a 
given  part  of  the  Byatem  where  the  potential  is  F,  is,  by  the  defi- 
nition  of  potential  (Art.  70),  Fie, 

The  effect  of  this  operation  is  to  increase  the  charge  of  the  given 
part  of  the  system  by  de,  so  that  if  it  was  e  before,  it  will  become 
e  +  ie  after  the  operation. 

We  may  therefore  express  the  work  done  in  producing  a  given 
iteration  in  the  charges  of  the  system  by  the  integral 

JF=s(jFle);  (1) 

whet«  the  sommation,  (2),  is  to  be  extended  to  all  parte  of  the 
electrified  ^stem. 

It  appears  from  the  expression  for  the  potential  in  Art.  73, 
that  the  potential  at  a  given  point  may  be  considered  as  the  snm 
of  a  number  of  parts,  each  of  these  parts  being  the  potential  due 
to  a  corresponding  part  of  the  charge  of  the  system. 

Hence  if  T  is  the  potential  at  a  given  point  due  to  a  system 
of  charges  which  we  may  call  £  (e),  and  F'  the  potential  at  the 
same  point  due  to  another  system  of  charges  which  we  may  call 
£(«'),  the  potential  at  the  same  point  due  to  both  systems  of 
charges  existing  together  would  be  F+  F. 

If,  therefore,  every  one  of  the  charges  of  the  system  is  altered  in 
tiie  ratio  of  k  to  1,  the  potential  at  any  given  point  in  &6  system 
will  also  be  altered  in  the  ratio  of  » to  1. 
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Let  us,  therefore,  sappose  that  the  operation  of  charging  the 
Bystem  is  conducted  m  the  followiug  manner.     Let  the  syetem 
be  originally  free  from  charge  and  at  potential  zero,  and  let  the 
different  portions  of  the  system  be  charged  Bimnltaneously,  each    . 
at  a  rate  proportional  to  its  final  charge. 

Thus  if  e  is  the  final  charge,  and  F  the  final  potential  of  any 
part  of  the  system,  then,  if  at  any  stage  of  the  operation  the 
charge  is  ne,  the  potential  will  be  nF,  and  we  may  represent 
the  process  of  charging  by  supposing  n  to  increase  continuously 
from  0  to  1. 

While  n  increases  from  n  to  n  +  in,  any  portion  of  the  system 
wboae  final  charge^  is  e,  and  whose  final  potential  is  F,  receives 
an  increment  of  charge  ein,  its  potential  being  nF,  bo  that  the 
work  done  on  it  during  this  operation  is  eFnhn. 

Hence  the  whole  work  done  in  charging  the  system  is 

^eFJ    ttdu  =  i^[er),  (2) 

or  half  the  sum  of  the  products  of  the  charges  of  the  different 
portions  of  the  system  into  their  respectire  potentials. 

This  is  the  work  which  muBt  be  done  by  an  external  agent  in 
order  to  charge  the  system  in  the  manner  described,  but  since 
the  system  is  a  conservative  system,  the  work  required  to  bring 
the  system  into  the  same  state  by  any  other  process  must  be  the 
same. 

We  may  therefore  call 

tr=i^(,F)  (3) 

the  electric  energy  of  the  system,  expressed  in  terms  of  the  charges 
of  the  different  parts  of  the  system  and  their  potentials, 

85  a.]  Let  us  nest  suppose  that  the  system  passes  from  the  state 
(e,  F)  to  the  state  {/,  F)  by  a  process  in  which  the  different 
charges  increase  aimaltaneoosly  at  rates  proportional  for  each  to 
its  total  increment  /~e. 

If  at  any  instant  the  charge  of  a  given  portion  of  the  system 
is  e+n{/—e),  its  potential  will  be  F+n{F'—F),  and  the  work 
done  in  altering  the  charge  of  this  portion  will  be 

J^  («'_.)[r+«{r-r)]j.  =  i(.--«)(r+  r): 

90  that  if  we  denote  by  W  the  energy  of  the  system  in  the  state 

r'-r=is(/-ff)(r+r).  (4) 
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Bat  r=i2(tfr), 

and  W'=^S{/F). 

Substitating  tbese  Talaes  la  equation  (4)  we  find 

s(,F)  =  x(^r).  (5) 

Hence  if,  in  the  same  fixed  system  of  electrified  conduotore,  we 
consider  two  dtfi'ereat  states  of  electrification,  the  Bum  of  the 
products  of  the  charges  in  the  first  state  into  the  potentialB  of 
the  corresponding  portions  of  the  conductors  in  the  second  state, 
is  equal  to  the  sum  of  the  products  of  the  charges  in  the  second 
state  into  the  potentials  of  the  corresponding  conductors  in  the 
first  state. 

This  result  corresponds,  in  the  elementaiy  theory  of  electricit;^, 
to  Green's  Theorem  in  the  analytical  theory.  By  properly  choosing 
the  initial  and  final  state  of  the  system,  we  may  deduce  a  number 
of  useful  results. 

85  4,]  From  (4)  and  (5)  we  find  another  expression  for  the  in- 
crement of  the  energy,  ia  which  it  is  expressed  in  terms  of  the 
increments  of  potential, 

r'-r=  i2{«'+e)(P-r).  (6) 

If  the  increments  are  infinitesimal,  we  may  write  (4)  and  (6) 

dW=S(ne)  =  i{eir),  (7) 

and  if  we  denote  by  W^  and  9p  the  expressions  for  V  in  t«rDiB 
of  the  charges  and  the  potentials  of  the  srstem  respectively,  and 
by  A^,  e,,  and  ^  a  particular  conductor  of  the  system,  its  charge, 
and  its  potential,  then 

-      '"■  (e) 


m 


86.]  If  in  any  fixed  system  of  conductors,  any  one  of  them, 
whitdk  we  may  denote  by  A,,  is  without  chaise,  both  in  the  initial 
and  final  state,  then  for  that  conductor  e^  =  0,  and  ?/  =  0,  so 
that  the  terms  depending  on  A^  vanish  from  both  members  of 
equation  (5). 

If  another  conductor,  say  ^,  is  at  potential  zero  in  both  states 
of  the  system,  then  ^„  =  0  and  ^'  =  0,  so  that  the  terms  depending 
on  A^  vanish  Irom  both  members  of  equation  (5). 

If.  therefore,  all  the  conductors  except  two,  A^  and  A,y  are  either 
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iaralated  snd  without  charge,  or  else  connected  to  the  e&rth, 
eqoation  (S)  is  rednced  to  the  form 

If  in  the  initial  state 

«,  =  1    and    e,  =  0, 
and  in  the  final  state 

*/=  0    and     e/=  1, 

equation  (1 0)  becomes  ^=  ^. ;  (11) 

or  iF  a  unit  charge  communicated  to  A,  raises  ^,  to  a  potential  V, 
then  a  nnit  charge  communicated  to  A,  will  raise  A^  to  the  same 
potential  T,  provided  that  every  one  of  the  other  conductors  of 
the  system  is  either  insulated  and  without  charge,  or  else  connected 
to  earth  so  that  its  potential  is  zero. 

This  is  the  first  instance  we  have  met  with  in  electiicity  of  a 
reciprocal  relation.  Such  reciprocal  relations  occur  in  every  branch 
of  Bcienoej  and  often  enable  os  to  deduce  the  eolation  of  new 
problems  &om  those  of  simpler  problems  already  solved. 

Thus  from  the  &ct  that  at  a  point  outside  a  conducting  sphere 
whose  charge  is  1  the  potential  is  r"',  where  r  is  the  distance 
from  the  centre,  we  conclude  that  if  a  small  body  whose  charge 
is  1  is  placed  at  a  distance  r  from  the  centre  of  a  conducting  sphere 
without  charge,  it  will  raise  the  potential  of  the  sphere  to  r'^. 

Let  us  next  suppose  that  in  the  initial  state 

r^^\     and     ^=0, 
and  in  the  final  state 

;7=0     and     ^=1, 
equation  (10)  become  e,  =  e/;  (12) 

or  if,  when  A,  is  raised  to  unit  potential,  a  charge  e  is  induced 
OQ  A„  then  if  ^^  is  raised  to  unit  potential,  an  equal  charge  e  will 
he  induced  on  A^. 
Let  us  suppose  in  the  third  place,  that  in  the  initial  state 

^,  =s  1     and    «,  =  0, 
and  that  in  tlie  final  state 

^=  0     and     e,'=  1, 
equation  (10)  becomes  in  this  case 

«/+;;=  0.  (13) 

Hence  if  when  A,  is  without  charge,  the  operation  of  charging 

A^  to  potential  unity  raieee  A,  to  potential  f,  then  if  J,  is  kept 
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at  potential  zero,  a  nnit  cbarge  commuDicate<^  to  A,  will  induce 
on  A^  a  negative  charge,  the  nnmerical  value  of  which  is  V. 

In  all  these  cases  we  may  sappose  some  of  the  other  conductors 
to  be  inanlated  and  without  charge,  and  the  rest  to  be  connected  to 
earth. 

The  third  case  is  an  elementary  form  of  one  of  Green's  theorems. 
As  an  example  of  its  use  let  us  suppose  that  we  have  ascertained 
the  distribution  of  electric  charge  on  the  different  elements  of  a 
conducting  system  at  potential  zero,  ioduced  by  a  charge  unity 
communicated  to  a  given  body  A,  of  the  system. 

Let  Tf,  be  the  charge  of  A,  under  these  circumstances.  Then 
if  we  suppose  A,  without  charge,  and  the  other  bodies  raised  each 
to  a  different  potential,  the  potential  of  A,  will  be 

;;  =  -2(,,^.  (H) 

Thus  if  we  have  ascertained  the  surface  density  at  any  given 
point  of  a  hollow  conducting  vessel  due  to  a  unit  charge  placed  at 
a  given  point  within  it,  then,  if  we  know  the  value  of  the  potential 
at  every  point  of  a  surface  of  the  same  size  and  form  as  the  interior 
surface  of  the  vessel,  we  can  deduce  the  potential  at  a  point  within 
it  the  position  of  which  corresponds  to  that  of  the  unit  charge. 

Hence  if  the  potential  is  known  for  all  points  of  a  closed  surface 
it  may  be  determined  for  any  point  within  the  sur&ce,  if  there  be 
no  electrified  body  within  it,  and  for  any  point  outside,  if  there 
be  no  electrified  body  outside. 

Theory  of  a  eyttem  of  conduciors. 

87,]  Let  A^.A^,  ...  A^he  n  conductors  of  any  form ;  let  «i ,  Cj, 
...  c, be  their  charges;  and  ^,  ^, ...  ^  their  potentials. 

]jet  us  suppose  that  the  dielectric  medium  which  separates  the 
conductors  remains  the  same,  and  does  not  become  charged  with 
electricity  during  the  operations  to  be  considered. 

We  have  shown  in  Art.  84  that  the  potential  of  each  conductor 
is  a  homogeneous  linear  iuuction  of  the  n  charges. 

Hence  since  the  electric  energy  of  the  system  is  half  the  sum 
of  the  products  of  the  potential  of  each  conductor  into  its  charge, 
the  electric  energy  must  be  a  homogeneous  quadratic  function  of 
the  n  charges,  of  the  form 

+Pis«iC3+J^*a«3  +  ij'M^3*  +  &c-     (15) 
The  suffix  0  indicates  that  ^  is  to  be  expressed  as  a  fimction 
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of  the  charges.     When  W  is  written  without  a  sufiSx  it  denotes 
the  expression  (3),  in  which  both  charges  and  poteotiale  oocnr. 

From  this  expression  we  can  deduce  the  potential  of  any  one 
of  the  conductors.  For  since  the  potential  is  defined  as  the  work 
which  must  be  done  to  bring  a  nnit  of  electricity  from  potential 
zero  to  the  given  potential,  and  since  this  work  is  spent  in 
increasing'  W,  we  have  only  to  differentiate  W^  with  reapeet  to  the 
charge  of  the  given  eonductor  to  obtain  its  potoutial.  We  thus 
obtain 


=  A.ei   -  +A.«r--  +i',.«-.    \  (16) 


a  system  of  n  linear  equations  which  express  the  »  potentials  in 
terms  of  the  n  charges. 

The  coefficients  p„  &c.,  are  called  coefficients  of  potential.  Each 
has  two  suffixes,  the  first  corresponding  with  that  of  the  charge, 
and  the  second  with  that  of  the  potential. 

The  coefficient  p„,  in  which  the  two  suffixes  are  the  same, 
denotes  the  potontial  of  J,  when  its  charge  is  unity,  that  of  all 
the  other  conductors  being  zero.  There  are  «  coefficients  of  this 
kind,  one  for  each  conductor. 

The  coefficient^,,,  in  which  the  two  suffixes  are  different,  denotes 
the  potential  of  A,  when  A^  receives  a  charge  unity,  the  charge  of 
each  of  the  other  conductors,  except  A, ,  being  zero. 

We  have  already  proved  in  Art.  86  thatjr,.,  =  p,^,  but  we  may 
prove  it  more  briefly  by  considering  that 

~  de^  ~  de^  de,  ~  de,  de,  ~  de^  ~~  *     ' 

The  number  of  differeTtt  coefficients  with  double  suffix  is  there- 
fore ^  »(«—!),  being  one  for  each  pair  of  conductors. 

By  solving  the  equations  (16)  for  ti,  e^  &c.,  we  obtain  n  equations 
giving  the  charges  in  torms  of  the  potontials 


=  ?u'i   ■•  +  ?!.';■■•  +2i. 


.  +  UK  - -UnK,, 


(18) 
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'We  bave  in  this  esse  also  q^,  =  q„,  for 

de,       d    dWy        d    dWy  _de,  _  . 

^'■-dr,-dV,~dK~dK'df:  -dK'^"-  ^^^' 

B7  aubstitnting  the  vnlnes  of  the  chargee  in  the  equation  for 
the  electric  energy 

r=i[*i^,+  ...  +e,K...  +e,K],  (20) 

we  obtain  an  expression  for  the  energy  in  terms  of  the  potentials 

+  ii,K'.+b,>i';  +  iqn'i'  +  ^-    (21) 
A  coefficient  in  which  the  two  suffixes  are  the  same  is  called  the 

Electric  Capacity  of  the  conductor  to  which  it  belongs. 

Definition.   The  Capacity  of  a  conductor  is  its  charge  when  its 

own  potential  is  unity,  and  that  of  all  the  other  conductors  is 

This  is  the  proper  definition  of  the  capacity  of  a  conductor  when 
no  further  specification  is  made.  But  it  is  sometimes  convenient 
to  specify  the  condition  of  some  or  all  of  the  other  conductors  in 
a  different  manner,  as  for  instance  to  suppose  that  the  charge  of 
certain  of  them  is  zero,  and  we  may  then  define  the  capacity  of  the 
conductor  under  these  conditions  as  its  charge  when  its  potential  is 
unity. 

The  other  coefficients  are  called  coefficients  of  induction.  Any 
one  of  them,  as  q^,  denotes  the  charge  of  A,  when  A,  is  raised  to 
potebtial  unity,  the  potential  of  all  the  conductors  except  A,  being 
zero. 

The  mathematical  calculation  of  the  coefficients  of  potential  and 
of  capacity  is  in  general  difficult.  We  shall  afterwards  prove  that 
they  have  always  determinate  values,  and  in  certain  special  cases 
we  shall  calculate  these  values.  We  shall  also  shew  how  they  may 
be  determined  by  experiment. 

When  the  capacity  of  a  conductor  is  spoben  of  without  specifying 
the.form  and  position  of  any  other  conductor  in  the  same  system, 
it  is  to  be  interpreted  as  the  capacity  of  the  conductor  when  no 
other  conductor  or  electrified  body  is  within  a  finite  distance  of  the 
conductor  referred  to. 

It  is  sometimea  convenient,  when  we  are  dealing  with  capacities 
and  coefficients  of  induction  only,  to  write  them  in  the  form  \A .  f  ], 
this  symbol  being  nnderstood  to  denote  the  charge  on  A  when  P  is 
raised  to  unit  potential. 

In  like  manner  [(.^  +  -5). (P +9)]  would  denote  the  charge  09 
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A  +  B  when  P  and  Q  are  both  raised  to  potential  1,  and  it  is 
manifest  that  since 

HA  +  S)(P+Q)]  =  [AP]  +  [AQ]  +  [Br]  +  [Sq] 

=  [iP+Q)iA  +  J!)], 
the  compound  symbols  may  be  combined  by  addition  and  multipli- 
cation as  if  they  were  symbols  of  qoantity. 

The  symbol  [A .  A"]  denotes  the  charge  on  A  when  the  potential 
of  ^  is  1,  that  is  to  say,  the  capacity  of  A. 

In  like  manner  [(A  +  S)(A+  Q)]  denotes  the  sum  of  the  charges 
on  J  and  B  when  A  and  Q  are  raised  to  potential  1,  the  potential 
of  all  the  conductors  except  A  and  Q  being  zero. 

It  may  be  decomposed  into 

lA.A]  +  [A.S]  +  lA.<i]  +  [S.Q]. 

The  coefficients  of  potential  cannot  be  dealt  with  in  this  way. 
The  coefficients  of  induction  represent  charges,  and  these  charges 
can  be  combined  by  addition,  bat  the  coefficients  of  potential 
represent  potentials,  and  if  the  potential  of  ^  is  ^  and  that  of 
B  is  f„  the  sum  ^+^  has  no  physical  meaning  bearing  on  the 
phenomena,  though  f[—  ?j  represents  the  electromotive  force  from 
AtoB. 

The  coefficients  of  induction  between  two  conductors  may  be 
expressed  in  terms  of  the  capacities  of  the  conductors  and  that  of 
the  two  conductors  together,  thus : 

lA.B]  =  i[(A  +  l!)(A+S)]~ilA.A]-ilB.£]. 

Htmentiong  of  the  eoeffidentt. 

8S.]  Since  the  potential  of  a  charge  «  at  a  diataoce  r  is  -> 
the  dimensions  of  a  charge  of  electricity  are  equal  to  those  of  the 
product  of  a  potential  into  a  line. 

The  coefficients  of  capacity  and  induction  hare  therefore  the 
same  dimensions  as  a  line,  and  each  of  them  may  be  represented 
by  a  straight  line,  the  length  of  which  is  independent  of  the 
system  of  units  which  we  employ. 

For  the  same  reason,  any  coefficient  of  potential  may  be  repre- 
sented as  ttie  reciprocal  of  a  line. 

On  certain  conditions  wAicA  tie  coefficientt  mint  latitfg. 

89  a.]  In  the  first  place,  since  the  electric  energy  of  a  system 

is  an  essentially  positive  quantity,  its  expression  as  a  quadratic 
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fuDCtdon  of  the  charges  or  of  the  potentials  must  be  positive, 
whatever  values,  positive  or  negative,  are  given  to  the  charges 
or  the  potentials. 

Now  the  conditions  that  a  homogeneous  quadratic  function  of  n 
variables  shall  be  always  positive  are  n  in  number,  and  may  be 
written 

Ai    >  0. 
I  /in  Pu  I 


I  Pa>  Pn  I 


(22) 


i'li-i^-j 
----[>  0. 
p,i--p,,. 

These  n  conditions  are  necessary  and  safficient  to  ensure  that 
W  shall  be  essentially  positive  *. 

But  since  in  equation  (16)  we  may  arrange  the  conductors  in  any 
order,  every  determinant  must  be  positive  which  is  formed  sym- 
metrically  from  the  coefficients  belonging  to  any  combination  of  the 
«  conductors,  and  the  number  of  these  combinations  is  2"  — I. 

Only  n,  however,  of  the  couditions  so  found  can  be  independent. 

The  coefficients  of  capacity  and  induction  are  subject  to  con- 
ditions of  the  same  form. 

89  J.]   Tie  coefficienU  of  potential  are  allpotitive,  but  none  of  the 
coefficient! p^ii greater  thanp„  orp„. 

For  let  a  charge  unity  be  communicated  to  A,,  the  other  con- 
ductors being  uncharged.  A  system  of  equipotential  surfiicee  will 
be  formed.  Of  these  one  will  be  the  surface  of  ^r<  ^°<^  '^^  potential 
will  he  p„.  If  A,  is  placed  in  a  hollow  excavated  in  ^,.  so  as  to  be 
completely  enclosed  by  it,  then  the  potential  of  ^,  will  also  be^„. 

If,  however.  A,  is  ontside  of  A,,  its  potential  p„  will  lie  between 
p„  and  zero. 

For  consider  the  lines  of  force  issning  from  the  charged  con- 
ductor A,.  The  charge  is  measured  by  the  excess  of  the  number 
of  lines  which  issue  from  it  over  those  which  terminate  in  it. 
Hence,  if  the  conductor  has  no  charge,  the  number  of  lines  which 
enter  the  conductor  must  be  equal  to  the  number  which  issue  from 
it.  The  lines  which  enter  the  conductor  come  from  places  of  greater 
potential,  and  those  which  issue  from  it  go  to  places  of  less  poten- 

*  See  WUliuiuan'i  Differential  Cateidta,  3rd  edition,  p.  J07. 
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tial.  Hence  the  potential  of  an  uncharged  condoctor  must  be 
iatermediate  l^etwecn  the  highest  and  loneet  potentials  in  the  field, 
and  therefore  the  highest  and  lowest  potentials  cannot  belong  to 
any  of  the  nncharged  bodies. 

The  highest  potential  mnat  therefore  be  /„,  that  of  the  charged 
body  A^,  the  lowest  must  be  that  of  space  at  an  infinite  distance, 
which  is  zero,  and  all  the  other  potentials  snch  as  p„  must  lie 
between  p„  and  zero, 

If  ^,  completely  sarrounds  A^,  thenj3„  =Prr 

89  e.]  None  of  tie  coefficient*  of  induction  are  jioiitive,  and  the  turn 
of  all  thote  belonging  to  a  tingle  conductor  is  not  numerically 
greater  than  the  coefficient  of  capacity  of  that  conductor,  which 
U  always  positive. 

Tor  let  A^  be  maintained  at  potential  unity  while  all  the  other 
conductors  are  kept  at  potential  zero,  then  the  charge  on  A,  is  ^„, 
and  that  on  any  other  conductor  A,  is  q„ . 

The  number  of  lines  of  force  which  issue  from  A,  is  ^„ .  Of  these 
some  terminate  in  the  other  conductors,  and  some  may  proceed  to 
inBnity,  but  no  lines  of  force  can  pass  between  any  of  the  other 
conductors  or  from  them  to  infinity,  because  they  are  all  at  poten- 
tial zero. 

No  line  of  force  can  issue  from  any  of  the  other  conductors  snch 
as  A,,  because  no  part  of  the  field  has  a  lower  potential  than  A,. 
It  A,  ia  completely  cut  off  from  A^  by  the  closed  surface  of  one 
of  the  condnctors,  then  q„  is  zero.  If  A,  is  not  thus  cut  off,  ;„  is  a 
ncgatiTe  quantity. 

If  one  of  the  conductors  A^  completely  surrounds  A^,  then  all 
the  lines  of  forae  from  A,  hll  on  A^  and  the  conductors  within  it, 
and  the  sum  of  the  coefiScients  of  induction  of  these  conductors  with 
respect  to  A,  will  be  equal  to  q^  with  its  sign  changed.  But  if 
Ar  is  not  completely  surrounded  by  a  conductor  the  arithmetical 
sum  of  the  coefficients  of  induction  q„,  &c.  will  be  less  than  q„. 

We  have  dednced  these  two  theorems  independently  by  means 
of  electrical  considerations.  We  may  leave  it  to  the  mathematical 
student  to  determine  whether  one  is  a  mathematical  consequence 
of  the  other. 

89  d.]  When  there  is  only  one  conductor  in  the  field  its  coefBcient 
of  potential  on  itself  is  the  reciprocal  of  its  capacity. 

The  centre  of  mass  of  the  electricity  when  there  are  no  estemal 
forces  is  called  the  electric  centre  of  the  conductor.   If  the  conductor 
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is  Bymmetrical  about  a  centre  of  figure,  this  poiut  is  the  electric 
ocutre.  If  the  dimeueioDS  of  the  conductor  are  small  compared  with 
the  dietauccB  coneidered,  the  position  of  the  electric  centre  may  be 
estimated  sufficiently  nearly  by  coDJectare. 

The  potential  at  a  distance  c  from  the  electric  centre  must  be 
between  .  ,        «! ,  -  ,  „a^ 

;(i  +  ^)'«'i;('-J^)i 

where  e  is  the  charge,  and  a  is  the  greatest  distance  of  any  part  of 
the  surface  of  the  body  from  the  electric  centre. 

For  if  the  charge  be  concentrated  in  two  points  at  distances  a  on 
opposite  sides  of  the  electric  centre,  the  first  of  these  expressions 
is  the  potential  at  a  point  in  the  line  joining  the  charges,  and  the 
second  at  a  point  in  a  line  perpendicular  to  the  line  joining  the 
charges.  For  all  other  distributions  within  the  sphere  whose  radius 
is  a  the  potential  is  intermediate  between  those  values. 

If  there  are  two  conductors  in  the  field,  their  mutual  coefficient 

of  potential  is  -; ,  where  c'  cannot  differ  from  c,  the  distance  between 

a'  +  J' 
the  electric  centres,  by  more  than ;  a  and  b  being  the  greatest 

distances  of  any  part  of  the  eur&ces  of  the  bodies  from  their  re- 
spective electric  centres. 

89  «.]  If  a  new  conductor  is  brought  into  the  field  the  coefllicient 
of  potential  of  any  one  of  the  others  on  itself  is  diminished. 

For  let  the  new  body,  B,  be  supposed  at  first  to  be  a  non-conductor 
free  from  charge  in  any  part,  then  when  one  of  the  conductors,  A^t 
receives  a  charge  «,,  the  digtribution  of  the  electricity  on  the  con- 
ductors of  the  system  will  not  he  disturbed  hy  S,  as  £  is  still 
without  charge  in  any  part,  and  the  electric  energy  of  the  system 
will  be  simply  i  «,^  =  i  ^iVn  ■ 

Now  let  £  become  a  conductor.  Electricity  will  flow  from 
places  of  higher  to  places  of  lower  potential,  and  in  so  doing  will 
diminish  the  electric  energy  of  the  system,  so  that  the  quantity 
i^iVii  must  diminish. 

But  ffj  remains  constant,  therefore /)^i  mnst  diminish. 

Also  if  S  increases  by  another  body  i  being  placed  in  contact 
with  it, ;),,  will  be  further  diminished. 

For  let  us  first  suppose  that  there  is  no  electric  communication 
between  £  and  b;  the  introduction  of  the  new  body  6  will 
diminish  ji^^.     Now  let  a  communication  be  opened  between  £ 
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■nd  6,  If  any  electricity  flows  throug'h  it,  it  flows  from  a  place 
of  hiffher  to  a  place  of  lower  potential,  and  therefore,  as  we  have 
shown,  still  further  diminishes  ^^j . 

Hence'  the  dimination  of  j)^^  by  the  body  S  is  ^eater  than 
that  which  would  be  produced  by  any  body  the  surface  of  which 
can  be  inscribed  in  £,  and  less  than  that  produced  by  any  body  the 
sorface  of  which  can  be  described  about  B. 

We  shall  shew  in  Chapter  XI,  that  a  sphere  of  diameter  £  at  a 
distance  r  diminiabes   the  value   of  ;>,,  by  a  quantity  which  is 

approximately  i  —^  • 

Hence  if  the  body  S  is  of  any  other  figure,  and  if  b  is  it« 
greatest  diameter,  the  diminution  of  the  value  of  ^j,  must  be  lees 

than  J-j-- 

Hence  if  the  greatest  diameter  of  if  is  so  small  compared  with 
its  distance  from  ^,  that  we  may  neglect  quantities  of  the  order 

^  -J-,  we  may  consider  the  reciprocal  of  the  capacity  of  J,  when 

alone  in  the  field  as  a  snfficieDt  approximation  to  Pii, 

90  a.]  Let  us  therefore  suppose  that  the  capacity  of  Ai  when  alone 
in  the  field  is  Ki,  and  that  of  A^,  JT,,  and  let  the  mean  distance 
between  Aj  and  ^  be  r,  where  r  is  very  great  compared  with  the 
dimensions  of  Ai  and  A^,  then  we  may  write 

1  1  1 

-Pii=  ^1      l'a  =  ~'      I>a  =  Y' 

Hence  q^  =     Jr,(X_JriXjr-')->, 

q^=     Z,(1-Z,Z, ;-»)-'. 
Of  these  coefficients  q^i  and  q^  are  the  capacities  of  Ai  and  A^ 
when,  instead  of  being  each  alone  at  an  infinite  distance  iVom  any 
other  body,  they  are  brought  so  as  to  be  at  a  distance  r  from  each 
other. 

901.1  ^^en  two  conductors  are  placed  so  near  together  that 
their  coefficient  of  mutual  induction  is  large,  the  combination  is 
called  a  Condenser. 

Let  A  and  B  be  the  two  conductors  or  electrodes  of  a  con- 
denser. 
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Let  L  be  the  capacity  of  A,  N  that  of  £,  and  M  the  coeffiWent 
of  mutual  induction.  (We  must  remember  that  M  is  essentially 
negative,  so  that  the  numerical  value  of  Jj  +  M  and  Jf+if  is  less 
than  L  or  N.) 

Let  us  suppose  that  a  and  b  are  the  electrodes  of  another  con- 
deneer  at  a  distance  R  from  the  first,  It  being  very  great  com- 
pared with  the  dimeasione  of  either  condenser,  and  let  the 
coefficients  of  capacity  and  induction  of  the  condenser  ab  when 
alone  be  /,  m,  n.  Let  ns  calculate  the  effect  of  one  of  the 
condensers  on  the  coefficients  of  the  other. 

Let  D  =  LN-M^    and    d=la-m^; 

then  the  coefficients  of  potential  for  each  condenser  by  itself  are 
Paa=     B-^N,        p„  =     rf-'M, 
Pad  =  —T>'^M,       j)^  =  —d-^m, 
Pbb  =     B-'^L,        jDn  =     d-^l. 

The  values  of  these  coefficients  will  not  be  sensibly  altered  when 
the  two  condensers  are  at  a  distance  R. 

The  coefficient  of  potential  of  any  two  conductors  at  distance  R 
is  S"*,  so  that 

PAa  =  PAb  =PBa  =  PBb  =  R~^- 

The  eqaations  of  potential  are  therefore 

Fa  =     J)-^^eA-I>-^MeB+R-^e,+S-%, 
h  =  -D'^MeA  +  S-^Lea  +  R-^e^  +  R-'^e^, 
V^  =     Rr^eA-vR~^eB-{-d-^ne,—d-^mei, 
^  =     R-^eA-vRr^e^-d-^me^  +  d-^te^. 

Solving  these  equations  for  the  charges,  we  find 


Ri-{L-^.2M+N){l-i.2m  +  ny 

{L  +  M)[M+N) 
R^-il^2U+A 

R(L  +  M){l+m) 


qAB  -M  -JU+  A2_(2,+  2i/+A)(/  +  2M  +  « 


?■<"  -     R■'-(L^^2M•yN){l^■2m^.n) 

R(L  +  M)(m  +  n} 
gAb  -       ^_^£  +  2if+iV)(/  +  2m  +  «)' 

where  L',  M',  N'  are  what  L,  M,  N  become  when  the  second  con- 
denser is  brought  into  the  field. 
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If  011I7  one  condnctor,  a,  is  brought  into  the  field,  m=n  =  o,  and 


qAA  =  L'  =  L  + 


(L  +  M)'l 


U- 


-m  -"+  s'-l{L+2M+N) 


je-l(L  +  lM+/f) 
If  there  are  only  the  two  simple  conductors,  A  and  a, 

»id  j„^  =  i  +  -g^_^,        ,^, -p-jj; 

egressions  which  are  the  same  as  thpse  foand  in  Art.  90  a. 

The  qoantity  L  +  2M-i-N  is  ihe  total  charge  of  the  condenEer 
when  its  electrodee  are  at  potential  1 ,  It  cannot  exceed  half  the 
greateet  diameter  of  the  condenser. 

Z+  M  ia  the  charge  of  the  first  electrode,  and  M+  K  that  of  the 
second  when  both  are  at  potential  I.  These  quantities  must  be 
each  of  them  positive  and  less  than  the  capacity  of  the  electrode  by 
itself.  Hence  the  corrections  to  be  applied  to  the  coefficients  of 
capacity  of  a  condenser  are  mnch  smaller  than  those  for  a  simple 
conductor  of  eqnal  capacity. 

Approximations  of  this  kind  are  often  useful  in  estimating  the 
capacities  of  conductors  of  irregular  form  placed  at  a  finite  distance 
from  other  conductors. 

91.]  When  a  round  conductor,  A3,  of  small  size  compared  with 
the  distances  between  the  conductors,  is  brought  into  the  field,  the 
coefficient  of  potential  of  A^  on  A^  will  he  increased  when  A^  is 
iivide  and  diminished  when  A^  is  outside  of  a  sphere  whose 
diameter  ie  the  straight  line  A,  A^. 

For  if  Jj  receives  a  unit  charge  there  will  be  a  distribution  of 
electricity  on  A^,  +e  being  on  the  side  furthest  from  Aj,  and  —e  on 
the  side  nearest  Ai.  The  potential  at  A^  due  to  this  distribution 
on  A^  will  be  positive  or  negative  as  -he  or  —e  is  nearest  to  A2, 
and  if  the  form  of  A^  is  not  very  elongated  this  will  depend  on 
whether  the  angle  Aj  A^  A^  is  obtuse  or  acute,  and  therefore  on 
whether  A^  is  inside  or  outside  the  sphere  described  on  A^  A^  ag 
diameter. 

If  j^  is  of  an  elongated  form  it  is  easy  to  see  that  if  it  is  placed 
with  its  longest  axis  in  the  direction  of  the  tangent  to  the  circle 
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drawn  thnngh  the  points  J,,  J^,  A^  it  may  increaee  the  poteDtial 
of  A^,  even  when  it  ia  entirely  ootaide  the  sphere,  and  how  by 
placing  it  with  its  longest  axis  in  the  direction  of  the  radios  of 
the  sphere,  it  may  diminish  the  potential  of  A^,  even  when  entirely 
within  the  sphere.  Bnt  this  proposition  is  only  intended  for 
forming  a  rough  estimate  of  the  phenomena  to  be  expected  in 
a  given  arrangement  of  apparatus. 

92,]  If  a  new  conductor,  A^,  is  introdnced  into  the  field,  the 
capacities  of  all  the  conductors  already  there  are  increased,  and  the 
numerical  valaes  of  the  coefficients  of  induction  between  every  pair 
of  them  are  diminished. 

Let  na  suppose  that  Ai  is  at  potential  unity  and  all  the  rest  at 
potential  zero.  Since  the  charge  of  the  new  conductor  is  negative 
it  will  induce  a  positive  charge  on  every  other  conductor,  and 
will  therefore  increase  the  positive  chaige  of  J,  and  diminish  the 
negative  charge  of  each  of  the  other  conductors. 

93  a.]   fTork  done  by  the  electric  force*  during  the  duplaeement  ^ 
a  syttem  of  inmlated  charged  conduciort. 

Since  the  conductors  are  insulated,  their  charges  remain  constant 
during  the  displacement.  I<et  their  potentials  he  ^,  fi,..-K  hefore 
and  f^,  y^, ...  Y^  after  the  displacement.     The  electrical  energy  is 

before  the  displacement,  and 

after  the  displacement. 

The  work  done  by  the  electric  forces  daring  the  displacement  is 
the  excess  of  the  initial  energy  W  over  the  final  energy  W,  or 

w-w  =\-s.\e{r-r)\ 

This  expression  gives  the  work  done  daring  any  dieplaoemeat, 
small  or  large,  of  an  insulated  system. 

To  find  the  force  tending  to  produce  a  particular  kind  of  dis- 
placement, let  0  be  the  variable  whose  variation  corresponds  to  the 
kind  of  displacement,  and  let  4>  be  the  corresponding  force,  reckoned 
positive  when  the  electric  force  tends  to  increase  ^  then 
*(*,(.=  —dW,, 

or  ♦  = 3-i; 

d^   ' 

where  ^  denotes  the  expression  for  the  electric  «iergy  as  a 
quadratic  function  of  the  charges. 
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_       -^-0 
We  have  three  difiereot  expressions  for  tiis  eaergj  of  the  system, 

(!)  r=js(.r), 

a  definite  fanction  of  the  n  charges  and  x  potentials 

(2)  ^=iS2(c,«,A.). 

where  r  and  i  may  be  the  same  or  different,  and  both  ri  and  »r  are 
to  be  inclnded  in  the  summation. 

This  is  a  iiinction  of  the  n  eharges  and  of  the  variables  which 
define  the  configuration.     Let  ^  be  one  of  these. 

(3)  rp=  1  £2  (^  ;;?„), 

where  the  sammation  is  to  be  taken  as  before.     This  is  a  functioD 
of  the  tt  potentials  and  of  the  vaiiables  which  define  the  confi^ra- 
tion  of  which  ^  is  one. 
Since  W=  ^=  W^, 

Now  let  the  ft  charges,  the  n  potentiala,  and  ^  vary  in  any  oon- 
Bistent  manner,  and  we  most  have 

Now  the  n  charges,  the  «  potentials,  and  0  are  not  all  independent 
of  each  other,  for  in  fact  only  a  + 1  ef  them  can  be  independent. 
Bat  we  have  already  proved  that 

so  that  the  firet  som  of  terms  vanishes  identically,  and  it  follows 
from  this,  even  if  we  had  not  already  proved  it  that 

and  that  lastly, 

d^  '^   d<p    ~    ' 

Work  done  hy  tie  electric /oreet  during  tie  duplaeemeni  of  a  tyitem 
whoie  poUntiah  are  mainlained  constant. 

dtp  ' 
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and  if  the  system  is  displaced  under  the  condition  that  all  the 
potentials  remain  constant,  the  work  done  hy  the  electric  forces  is 


ftdip  =jdW'y  =  Wr-Wr; 


or  the  work  done  by  the  electric  forces  in  this  case  is  eqnal  to  the 
increment  of  the  electric  energy. 

Here,  then,  we  have  an  increase  of  energy  together  with  a  qaan- 
tity  of  work  done  hy  the  system.  The  system  must  therefore  be 
supplied  with  energy  &om  some  external  source,  such  as  a  voltaic 
battery,  in  order  to  maintain  the  potentials  constant  during  the 
displacement. 

The  work  done  by  the  battery  is  therefore  equal  to  the  sum  of 
the  work  done  by  the  system  and  the  increment  of  energy,  or, 
since  these  are  equal,  the  work  done  by  the  battery  is  twice  the 
work  done  by  the  system  of  conductors  during  the  displacement. 

On  ihe  compariion  of  timilar  electrified  lyslemi. 
94.]  If  two  electrified  systems  are  similar  in  a  geometrical  sense, 
80  that  the  lengths  of  corresponding  lines  in  the  two  eystems  are 
as  i<  to  L',  then  if  the  dielectric  which  separates  the  conducting 
bodies  is  the  same  in  both  systems,  the  coefficients  of  induction 
and  of  capacity  will  be  in  the  proportion  of  i  to  Z'.  For  if  we 
consider  corresponding  portions,  A  and  A',  of  the  two  systems,  and 
suppose  the  quantity  of  electricity  on  ^  to  be  c,  and  that  on  A' 
to  be  c",  then  the  potentials  f  and  V  at  corresponding  points 
£  and  £',  due  to  this  electrification,  will  be 

But  A£  is  to  A'£'  as  Lto  L',  so  that  we  must  have 

e:e'::Lr:l'r'. 
But  if  the  inductive  capacity  of  the  dielectric  is  different  in  the 
two  systems,  being  K  in  the  first  and  K'  in  the  second,  then  if  the 
potential  at  any  point  of  the  firat  system  is  to  that  at  the  cor- 
responding point  of  the  second  as  T  to  T',  and  if  the  quantities 
of  electricity  on  corresponding  parts  are  as  Eta  E',  we  shall  have 
e-.tf-.-.LVK-.LTK'. 
By  this  proportion  we  may  find  the  relation  between  the  total 
charges    of   corresponding    parts    of   two    systems,    which    are 
in  the  first  place  geometrically  similar,  in  the  second  place  com- 
posed of  dielectric  media  of  which  the  specific  inductive  capacity 
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at  ooneapondin^  pointe  is  in  the  proportion  of  f  to  K',  and  in 
the  third  place  so  eleotrified  th&t  the  potentials  of  corresponding 
points  are  ae  r  to  V. 

From  this  it  appears  that  if  ;  be  any  coefficient  of  capacity  or 
induction  in  the  first  system,  and  q'  the  corresponding^  one  in  the 
second,  q  -.^  •.:  LKiHK'; 

and  if  p  and  ^  denote  corresponding  coefficients  of  potential  in 
the  two  systems,  1  i 

''■'''■'■M.'Tn:'- 

If  one  of  the  bodies  be  displaced  in  the  first  8y3t«m,  and  the 
corresponding  body  in  the  second  system  receive  a  similar  dis- 
placement, then  these  displacements  are  in  the  proportion  of  L 
to  L',  and  if  the  forces  acting  on  the  two  bodies  are  as  ^  to  T', 
then  the  work  done  in  the  two  systems  will  be  as  TL  to  WL', 

But  the  total  electrical  energy  is  half  the  enm  of  the  charges 
of  electricity  multiplied  each  by  the  potential  of  the  charged 
body,  BO  that  in  the  similar  systems,  if  W  and  W  be  the  total 
electrical  energy  in  the  two  systems  respectively, 

W:W  -.-.er-.ifr, 
and  the  difference  of  energy  after  similar  displacements  in  the  two 
systems  will  be  in  the  same  proportion.     Hence,  since  FL  is  pro- 
portional to  the  electrical  work  done  during  the  displacement, 
FL-.rL'  ::er:^r. 

Combining  these  proportions,  we  find  that  the  ratio  of  the 
resultant  force  on  any  body  of  the  first  system  to  that  on  the 
corresponding  body  of  the  second  system  is 
F-.r  ■.:7^K:  VZ', 

or  F-.r-.-.^-.j^^. 

The  first  of  these  proportions  shews  that  in  similar  systems  the 
force  is  proportional  to  the  square  of  the  electromotive  force  and 
to  the  inductive  capacity  of  the  dielectric,  but  is  independent  of  the 
actoal  dimensionB  of  the  system. 

Henoe  two  conductors  placed  in  a  liquid  whose  inductive  capacity 
is  greater  than  that  of  ur,  and  electrified  to  given  potentials,  will 
attract  each  other  more  than  if  they  had  been  electrified  to  the 
same  potentials  in  air. 

The  second  proportion  shews  that  if  the  quantity  of  electricity 
on  each  body  is  given,  the  forooe  are  proportional  to  the  squares 
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ef  the  charts  and  inversely  to  the  squares  of  the  difitances,  and 
also  inversely  to  the  inductive  capacities  of  the  media. 

Hence,  if  two  conductors  with  given  charges  are  placed  in  a 
liquid  whose  inductive  capacity  is  greater  than  that  of  air,  they 
will  attract  each  other  less  than  if  they  had  been  surrounded  with 
air  and  charged  with  the  same  quantities  of  electricity. 
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CHAPTER   IV. 

OENEBAL    THEOBBHS. 

95  a.]  In  the  second  chapter  we  have  calculated  the  potential 
function  and  inveBtigated  some  of  its  properties  on  the  hypothesis 
that  there  is  a  direct  action  at  a  distance  between  electrified  bodies, 
which  is  the  resultant  of  the  direct  actions  between  the  varioae 
electrified  parts  of  the  bodies. 

If  we  call  this  the  direct  method  of  investigation,  the  inverse 
method  will  consist  in  assuming  that  the  potential  is  a  function 
characterised  by  properties  the  same  as  those  which  we  have  already 
established,  and  investigating  the  form  of  the  function. 

In  the  direct  method  the  potential  is  calcnlated  from  the  dis- 
tribution of  electricity  by  a  process  of  integration,  and  is  found 
to  satisfy  certain  partial  difierential  equations.  In  the  inverse 
method  the  partial  differential  equations  are  supposed  given,  and 
we  have  to  find  the  potential  and  the  distribution  of  electricity. 

It  is  only  in  problems  in  which  the  distribution  of  electricity 
is  given  that  the  direct  method  can  be  used.  When  we  have  to 
find  the  distribution  on  a  conductor  we  most  make  use  of  the 
inverse  method. 

We  have  now  to  shew  that  the  inverse  method  leads  in  every 
case  to  a  determinate  result,   and   to   establish   certain   general 
theorems  deduced  from  Poisson's  partial  diflbrential  equation 
tPr     d^r     d'F     , 

The  mathematical  ideas  expressed  by  this  eqoation  are  of  a 
di&ieat  kind  &om  those  expressed  by  the  definite  integral 


r=  r'f  *'['*"  ^dx'd/d/. 


Id  the  differential  equation  we  express  that  the  sum  of  the  second 
derivatives  of  F  in  the  neighbourhood  of  any  point  is  related  to 
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the  density  at  that  point  xa  a  certain  manner,  and  no  relation 
is  expressed  between  the  value  of  F  at  that  point  and  the  value 
of  p  at  any  point  at  a.  finite  distance  from  it. 

In  the  definite  integral,  on  the  other  hand,  the  distance  of 
the  point  [a^,  y,  sf),  at  which  p  exists,  from  the  point  (x,  y,  z),  at 
which  f^  exists,  is  denoted  by  r,  and  is  distinctly  recognised  in  the 
expression  to  be  integrated. 

The  integral,  therefore,  is  the  appropriate  mathematical  expression 
for  a  theory  of  action  between  particles  at  a  distance,  whereas  the 
difierential  equation  is  the  appropriate  expression  fur  a  theory  of 
action  exerted  between  contiguous  parts  of  a  medium. 

We  have  sees  that  the  result  of  the  integration  satisfies  the 
diOerential  equation.  We  have  now  to  shew  that  it  is  the  only 
solution  of  that  equation  satisfying  certain  conditions. 

We  shall  in  this  way  not  only  establish  the  mathematical  equi- 
valence of  the  two  expressions,  but  prepare  our  minds  to  pass  from 
the  theory  of  direct  action  at  a  distance  to  that  of  action  between 
contiguous  parte  of  a  medium. 

95  b.]  The  theorems  considered  in  this  chapter  relate  to  the 
properties  of  certain  volame-integrals  taken  throughout  a  finite 
region  of  space  which  we  may  refer  to  as  the  electric  field. 

The  element  of  these  integrals,  that  is  to  say,  the  quantity 
under  the  integral  sign,  is  either  the  square  of  a  certain  vector 
quantity  whose  direction  and  magnitude  varies  from  point  to  point 
in  the  field,  or  the  product  of  one  vector  into  the  resolved  part  of 
another  in  its  own  direction. 

Of  the  different  modes  in  which  a  vector  quantity  may  be  dis- 
tributed in  space,  two  are  of  special  importance. 

The  first  is  that  in  which  the  vector  may  be  represented 
as  the  space-variation  [Art.  17]  of  a  scalar  function  called  the 
Potential. 

Such  a  distribution  may  be  called  an  Irrotational  distribution. 
The  resultant  force  arising  from  the  attraction  or  repulsion  of  any 
combination  of  centres  of  force,  the  law  of  each  being  any  given 
foDCtion  of  the  distance,  is  distributed  irrotationally. 

The  second  mode  of  distribution  is  that  in  which  the  convergence 
[Art.  25]  is  zero  at  eveiy  point.  Such  a  ditttribution  may  be 
called  a  Solenoidal  distribution.  The  velocity  of  an  incompressible 
fluid  is  distributed  in  a  solenoidal  manner. 

When  the  central  forces  which,  as  we  have  said,  give  rise  to  an 
irrotational  distribution  of  the  resaltant  force,  vary  according  to 
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the  inverse  sqnare  of  tlie  distance,  then,  if  these  centres  are  outside 
the  field,  the  distribation  within  the  field  will  be  solenoidal  as  well 
as  irrotationel. 

When  the  motion  of  an  incompressible  fluid  which,  as  we  have 
said,  is  solenoidal,  arises  from  the  action  of  central  forces  depending 
on  the  distance,  or  of  surface  pressures,  on  a  frictionless  fluid 
originally  at  rest,  the  distribution  of  velocity  is  irrotational  aa  well 
as  solenoidal. 

When  we  have  to  specify  a  distribution  which  is  at  once  irrota- 
tional and  solenoidal,  we  shall  call  it  a  Laplacian  distribution; 
Laplace  having  pointed  out  some  of  the  most  important  properties 
of  such  a  distribution. 

The  volume  integrals  diBCUEBed  in  this  chapter  are,  as  we  shall 
see,  expressions  for  the  energy  of  the  electric  field.  In  the  first 
group  of  theorems,  beginning  with  Green's  Theorem,  the  energy  is 
ezprensed  in  terms  of  the  electromotive  intensity,  a  vector  which  is 
distributed  irrotationally  in  all  cases  of  electric  equilibrium.  It  is 
shewn  that  if  the  surface- potential  be  given,  then  of  all  irrotational 
distributions,  that  which  is  also  solenoidal  has  the  least  energy; 
whence  it  also  follows  that  there  can  be  only  one  Laplacian  distri- 
bution consistent  with  the  surface  potentials. 

In  the  second  group  of  theorems,  including  Thomson's  Theorem, 
the  energy  is  expressed  in  terms  of  the  electric  displacement,  a 
vector  of  which  the  distribution  is  solenoidal.  It  is  shewn  that 
if  the  surface- charges  are  given,  then  of  all  solenoidal  distributions 
that  has  least  energy  which  is  also  irrotational,  whence  it  also 
follows  that  there  can  be  only  one  Laplacian  distribation  consistent 
with  the  given  surface-charges. 

Tlie  demonstration  of  all  these  theorems  is  oondncted  in  the  same 
way.  In  order  to  avoid  the  repetition  in  every  case  of  the  steps 
of  a  sarface  integmtion  conducted  with  reference  to  rectangular 
axes,  we  make  use  in  each  case  of  the  result  of  Theorem  III,  Art. 
21,*  where  the  relation  between  a  volume-integral  and  the  corre- 
sponding surface-integral  is  fully  worked  out.  All  that  we  have  to 
do,  therefore,  is  to  substitute  for  X,  Y,  and  Z  in  that  Theorem  the 
components  of  the  vector  on  which  the  particular  theorem  depends. 

In  the  first  edition  of  this  book  the  statement  of  each  theorem 
was  cumbered  with  a  maltitude  of  alternative  conditions  which 

■  Thii  Ibtorni)  Merrw  t<>  h>ve  b«ien  Itnt  givon  by  Oitrogrkdsky  in  k  [Nkper  rtkd  in 
1S2S.  bat  pubiUhcd  in  1831  in  the  .Vim.  dt  VAeaA.  de  St.  PiltrUoiirg,  T.  L  p.  39.  It 
mtj  be  ngudad,  howerer,  m  n  form  of  tlie  aqoatiao  of  (wntinaity. 
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were  inteoded  to  shew  the  geaeralitj  of  the  theorem  and  the  variety 
of  cases  to  which  it  might  h«  applied,  hut  which  tended  rather  to 
coafose  in  the  mind  of  the  reader  what  was  assumed  with  what  was 
to  he  proved. 

In  the  present  edition  each  theorem  is  at  first  stated  in  a  more 
definite,  if  more  restricted,  form,  and  it  is  afterwards  shewn  what 
further  degree  of  generaUtj  the  theorem  admito  of. 

We  have  hitherto  used  the  symbol  7  for  the  potential,  and  we 
shall  continue  to  do  so  whenever  we  are  dealing  with  electrostatics 
only.  In  this  chapter,  however,  and  in  those  parts  of  the  second 
volume  in  which  the  electric  potential  occurs  in  electro-roagnetic 
investigations,  we  shall  use  4*  as  a  special  symbol  for  the  electric 
potentiaL 

GreeiCs  Theorem. 

96  a.]  The  following  important  theorem  was  given  by  George 
Green,  in  his  '  Essay  on  the  Application  of  Mathematics  to  Elec- 
tricity and  Magnetism.' 

The  theorem  relates  to  the  space  hounded  by  the  closed  sur&ce 
8.  We  may  refer  to  this  finite  space  as  the  Field.  Let  v  be  a 
normal  drawn  from  the  surface  «  into  the  field,  and  let  I,  m,  s  he 
the  direction  cosines  of  this  normalj  then 


■dx  dif         dz~ 


0) 


will  be  the  rate  of  variation  of  the  function  <!'  in  passing  along 

the  normal  v.    Let  it  he  understood  that  the  value  of  -n-  is  to  be 

dv 
taken  at  the  surface  itself,  where  k  =  0. 
Let  ua  also  write,  as  in  Arts.  26  and  77, 
rf*+      rfa*      ^^ 
dj>'       dy^       dz^ 
and  when  there  are  two  functions,  'I'  and  <fr,  let  us  write 
d^  *(*      (/+  rf<&      rftp  (i>^ 


-V^*,  (2) 


(3) 

The  reader  who  is  not  acquainted  with  the  method  of  Quater- 
nions may,  if  it  pleases  him,  regard  the  expressions  V^*  and 
(S.7*V*  as  mere  conventional  abbreviations  for  the  quantities  to 
which  they  are  equated  above,  and  as  in  what  follows  we  shall 
employ  ordinary  Cartesian  methods,  it  will  not  be  necessary  to 
remember  the  Quaternion  interpretation  of  these  expressions.     The 
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reason,  howeTCr,  why  we  ase  as  our  abbreviatiooB  these  expressions 
and  not  single  letters  arbitrarily  cboeen,  le,  that  in  the  language 
of  Qaat^mioiiB  they  represent  fully  the  qoantities  to  which  they 
are  equated.  The  operator  7  applied  to  the  scalar  function  4* 
gives  the  space-variation  of  that  fanction,  and  the  expression 
—S.ViV<t>  is  the  scalar  part  of  the  product  of  two  space-variations, 
or  the  product  of  either  Bpace-variatiou  into  the  resolved  part  of  the 

other  is  its  own  direction.     The  expression  -3-  is  usually  written 

in  Quaternions  S.UvVf,  Up  being  a  unit-vector  in  the  direction 
of  the  normal.  There  does  not  seem  mnch  advantage  in  using 
this  notation  here,  but  we  shall  find  the  advantage  of  doing  bo 
when  we  come  to  deal  with  anisotropic  media. 

Statement  of  QreeiCt  TAeorem. 
Let  4*  and  <t  be  two  functions  of  x,  y,  z,  which,  with  their  first 
derivatives,  are  finite  and  continuous  within  the  acyclic  region  s, 
bounded  by  the  closed  surface  *,  then 

JJ*^  dt~fjJ<i'V'<t>ds=JJJs.V*V<tdi 

where  the  double  integrals  are  to  be  extended  over  the  whole 
closed  surface  »,  and  the  triple  integrals  throughout  the  field,  i, 
enclosed  by  that  surface. 

To  prove  this,  let  ns  write,  in  Art.  21,  Theorem  III, 

j=*^,    r=*^,    2=*^,  (5) 

dtB  dy  dz  ^  ' 

theniZcos*=*(/^-F«^-H«^) 

=  *^*.   by(l);  {^) 

^  dX     dY     dZ      ,  ,(?*      ./s*  ,  <P*x 

«i*  d*      ^  *^  ,  ^  ^ 

dx   dx       dy   dy  dz   dz 
=  _*va*_5.V*V*,  by  (2)  and  (3).  (?) 

Bat  by  Theorem  III 

//-»-=-///(S-f-f)*^ 
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or  bjr  (6)  and  (7) 

Since  in  the  secemd  member  of  this  equation  4*  and  <^  may  be 
interchanged,  we  may  do  so  in  tbe  first,  and  we  thus  obtain  the 
complete  statement  of  Green's  Theorem,  as  ^ven  in  equation  (4). 

96  J.]  We  have  next  to  shew  that  Green's  Theorem  is  true  when 
one  of  the  functions,  say  4*,  is  a  many-valued  otts,  provided  that 
its  first  derivatives  are  single-valued,  and  do  not  become  infinite 
within  the  acyclic  region  s. 

Since  V^*  and  V'P  are  single-valued,  the  second  member  of  equa- 
tion (4)  is  single-valued ;  but  since  4'  is  many-valued,  any  one 
element  of  the  first  member,  as  4*  V^  <I>,  is  many-valued.  If, 
however,  we  select  one  of  the  many  values  of  4',  as  'fg ,  at  the  point 
A  within  the  r^oa  s,  then  the  value  of  4*  at  any  other  point,  P, 
will  be  definite.  For,  since  the  selected  valne  of  4*  is  continuons 
within  the  region,  the  value  of  4*  at  i*  must  be  that  which  is 
arrived  at  by  continuous  variation  along  any  path  from  ^  to  T', 
beginning  with  the  value  4'g  at  A.  If  the  value  at  P  were  different 
for  two  paths  between  A  and  P,  then  these  two  paths  must  embrace 
between  them  a  closed  curve  at  which  the  first  derivatives  of  4* 
become  infinite.  Now  this  is  contrary  to  the  specification,  for 
since  the  first  derivatives  do  not  become  infinite  within  the  region 
I,  the  closed  curve  must  be  entirely  without  the  region ;  and  since 
the  region  is  acyclic,  two  paths  within  the  region  cannot  embrace 
anything  outeide  the  region. 

Hence,  if  4'^  is  given  as  the  valne  of  4*  at  the  point  A,  the  valne 
at  P  is  definite. 

If  any  other  value  of  4',  say  %i-nK,  had  been  chosen  as  the 
value  at  A,  then  the  value  at  P  would  have  been  4'+«(c.  But  the 
value  of  the  first  member  of  equation  (4)  would  be  the  same  as  before, 
for  the  change  amounts  to  increasing  the  first  member  by 


"[//?--///' 


V»*(fe 


and  this,  by  Theorem  III,  is  zero. 

96  c."]  If  the  region  t  is  doubly  or  multiply  connected,  we  may 
reduce  it  to  an  acyclic  region  by  closing  each  of  its  circuits 
with  a  diaphragm. 

Let  «i  be  one  of  these  diaphragms,  and  k,  the  corresponding 
cyclic  constant,  that  is  to  say,  the  increment  of  4*  in  going  once 
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Toand  the  circuit  ia  tlie  positive  direction,  Sinoe  the  region  s  lies 
on  both  sides  of  the  disphragm  i^,  every  element  of  i^  will  occur 
twice  in  the  surface  integ^l. 

If  we  suppose  the  normal  v^  dnwn  towards  the  positive  side  of 
(b,,  and  r,'  drawn  towards  the  negative  side, 

dv{  dv^' 

and  'I'j'  =  +,  +  K, 

so  that  the  element  of  the  snrfaee-integral  arising  from  dt^  will  be 
,  d*  ,        .,<?*»  d*  , 

Hence  if  the  region  t  is  moltiply  connected,  the  first  term  of  equa- 
tion (4)  must  be  written 

/■/*2>-'./f3^'^.-»-"-//'f.*--///*^'**^('-) 

where  the  first  snrfacc-integral  is  to  be  taken  over  the  bounding 
surface,  and  the  others  over  the  different  diaphragms,  each  element 
of  surface  of  a  diaphragm  being  taken  once  only,  and  the  normal 
being  drawn  in  the  positive  direction  of  the  circuit. 

This  modification  of  the  theorem  in  the  case  of  malttply- 
connected  regions  was  first  shewn  to  be  necessary  by  Helmboltz  *, 
and  was  first  applied  to  the  theorem  by  Thomson  f. 

86  d."]  Let  us  now  suppose,  with  Green,  that  one  of  the  functions, 
Bay  4>,  does  not  satisfy  the  condition  that  it  and  its  first  derivatives 
do  not  become  infinite  within  the  given  region,  but  that  it  becomes 
infinite  at  the  point  P,  and  at  that  point  only,  in  that  region,  and 
that  very  near  to  P  the  value  of  4>  is  ^n-t-^/rX,  where  4>o  is  a  finite 
and  continuous  quantity,  and  r  is  the  distance  from  P.  This  will  be 
the  case  if  (I>  is  the  potential  of  a  quantity  of  electricity  e  concen- 
trated at  the  point  P,  together  with  any  distribution  of  electricity 
the  volume  density  of  which  is  nowhere  infinite  within  the  region 
considered. 

Let  us  now  suppose  a  very  small  sphere  whose  radius  is  a  to 
be  described  about  P  as  centre ;  then  since  in  the  region  outside 
this  aphere,  but  within  the  surface  «,  ■!>  presents  no  singularity,  we 

■  'UcAmf  iDtegiale  dar  hTdrodjnamuchMl  GUiehnageD  welcha  den  Wirbelbewe- 
gungen  snUpmchen,'  CrOU,  1658.    TramUted  hj  Prof.  Tut,  Phil.  Mag.,  1S67  (I). 
t  '  Oa  Vortei  Motion,'  Trant.  B.  8  Bdin.  xiv  urt  i.  p.  241  (1867). 
X  Tbfl  mark  /  Kpanta  the  nomerator  from  the  denomiiuitar  of  a  frioUoa. 


DigiLizedbyGoOJ^lc 


122  GENERAL  THEOBEHS.  [96  d. 

may  apply  Green's  Theorem  to  tbie  region,  rememliering  that  the 
Bur&ce  of  the  small  sphere  is  to  be  taken  accoant  of  in  forming 
the  sarface-integral. 

In  forming  the  Tolnme-int^ralB  we  have  to  subtract  from  the 
Tolume-integral  arising  from  the  whole  region  that  arising  from 
the  small  sphere. 

Now  j  1 1  •t>V^'tdj:dtfde  for  the  sphere  cannot  be  numerically 

greater  than 

or  (^'*}d  {2wca'  +  4wa^*o}, 

where  the  suffix,  g,  attached  to  any  quantity,  indicates  that  the 

greatest  numerical  value  of  that  quantitj  within  the  sphere  is  to  be 

taken. 

This  volume-integral,  therefore,  is  of  the  order  o*,  and  may  be 
neglected  when  a  diminishes  and  ultimately  Tanisbes, 

The  other  volume-integral 

jfj^V^dxdydz 
cannot  be  numerically  greater  than 

and  is  of  the  order  a',  and  may  be  neglected  when  a  vanishes. 
The  surface-integral  /  /  *  "3-  f^*  cannot  be  numerically  greater 

Now  by  Theorem  III 

and  this  cannot  be  numerically  greater  than  {V^'if)siTa',  and  <t, 

«  rC    d'i 

at  the  surface  is  approximately  -,  so  that  1  j  it-j-  dg  cannot  be  nu- 
merically greater  than 

and  is  therefore  of  the  order  a^,  and  may  be  neglected  when  a 
vanishes. 

But  the  sur&cc- integral  on  the  other  side  of  the  equation,  namely 

//4>. 
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does  not  vanish,  for         I  f  -T-(it=  —ine; 
»nd  if  %  he  the  valoe  of  *  at  the  point  P, 

//*7**= -♦"'*•■ 

Equation  (4)  therefore  becomes  in  this  case 
j[jr*^d«-J^*V«*rfr-4ire%=/y"<l>^<fo-/jfy"*V**rfs.  (4,) 

97  fl.]  We  may  illastrate  this  case  of  Green's  Theorem  by  em- 
ploying it  as  Green  does  to  determine  the  surface-density  of  a 
distribution  which  will  produce  a  potential  whose  values  inside  and 
outside  a  given  closed  surface  are  given.  These  values  must 
coincide  at  the  surface,  also  within  the  surface  V^  4'  =  0,  and  oatside 
V**'  =  0. 

Green  begins  with  the  direct  process,  that  is  to  say,  the  distribu- 
tion of  the  surface  density,  ir,  being  given,  the  potentials  at  an 
internal  point  P  and  an  external  point  i^  are  found  by  integrating 
the  expressions 

♦,=//?*,        f.^ffyd.;  (9) 

where  r  and  /  are  measured  from  the  points  P  and  P"  respectively. 
Now  let  *  =  l/r,  then  applying  Green's  Theorem  to  the  space 
within  the  surface,  and  remembering  that  V*  =  0  and  7"  *  =  0, 
we  find  ,1 

where  *j.  is  the  value  of  +  at  P, 

Again,  if  we  apply  the  theorem  to  the  space  between  the  surface  * 
and  a  surface  surrounding  it  at  an  infinite  distance  a,  the  part  of  the 
sur&ce-integral  belonging  to  the  latter  surface  will  be  of  the  order 
l/a  and  may  be  neglected,  aod  we  have 

Now  at  the  Enrface,  4*  =  4^,  and  since  the  normals  v  and  v'  are 
drawn  in  opposite  directions, 

£  +  ■£■'"'■ 

D,j.,.db,Googlc 
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Hence  on  adding'  equations  (10)  and  (11),  the  left-hand  membere 
destroy  each  other,  and  we  have 

97  i.J  Green  also  proves  that  if  the  value  of  the  potential  at 
every  point  of  a  closed  sarface  a  be  given  arbitrarily,  the  potential 
at  any  point  inside  or  outside  the  surface  may  be  determined. 

For  this  purpose  he  supposes  the  function  •&  to  be  such  that 
near  the  point  P  its  value  is  sensibly  l/r,  while  at  the  surface  «  its 
value  is  zero,  and  at  every  point  within  the  surface  V*  *=0. 

That  such  a  function  must  esist.  Green  proves  from  the  physical 
consideration  that  if  «  is  a  conducting  surface  connected  to  the 
earth,  and  if  a  unit  of  electricity  is  placed  at  the  point  P,  the 
potential  within  »  must  satisfy  the  above  conditions.  For  aince 
a  is  connected  to  the  earth  the  potential  must  be  zero  at  every 
point  of  i,  and  since  the  potential  arises  from  the  electricity  at  P 
and  the  electricity  induced  on  «,  V'^<t>  =  0  at  every  point  within 
the  surface. 

Applying  Green's  Theorem  to  this  case,  we  find 


II*  >■  (») 


JJ       dv 

where,  in  the  surface-integral,  *  is  the  given  value  of  the  potential 
at  the  element  of  surface  ds;  and  since,  if  <fp  is  the  density  of  the 
electricity  induced  on  t  hy  unit  of  e!ectricity  at  P, 

we  may  write  equation  (13) 

■^P=jhad»,  (15) 

where  <t  is  the  surface- density  of  the  electricity  induced  on  dt  by 
a  charge  equal  to  unity  at  the  point  P. 

Hence  if  the  value  of  <r  is  known  at  every  point  of  the  surface 
for  a  particular  position  of  P,  then  we  can  calculate  by  ordinary 
integration  the  potential  at  the  point  P,  supposing  the  potential 
at  every  point  of  the  surface  to  be  given,  and  the  potential 
within  the  surface  to  be  subject  to  the  condition 
V*+=  0. 

We  shall  afterwards  prove  that  if  we  have  obtained  a  value  of 
4*  which  satisfies  these  conditions,  it  is  the  only  value  of  4' 
which  satisfies  them. 
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Green'a  Function. 

98.]  Let  a  closed  surface  »  be  mainfained  at  potential  zero.  Let 
P  and  <3  ts  *:*■"  points  on  the  positive  side  of  the  surface  « (we  may 
suppose  either  the  inside  or  the  outside  positive),  and  let  a  small 
Lody  charged  with  unit  of  electricity  be  placed  at  P;  the  potential 
at  the  point  Q  will  consist  of  two  parts,  of  which  one  is  due  to  the 
direct  action  of  the  electricity  at  P,  while  the  other  is  due  to  the 
action  of  the  electricity  induced  on  »  by  P.  The  latter  part  of  the 
potential  is  called  Green's  Function,  and  is  denoted  by  G^. 

This  quantity  is  a  function  of  the  positions  of  the  two  points  P 
and  Q,  the  form  of  the  function  depending  on  (he  surface  *.  It 
has  been  calculated  for  the  case  in  which  «  is  a  sphere,  and  for  a 
very  few  other  cases.  It  denotes  the  potential  at  Q  due  to  the 
electricity  induced  on  »  by  unit  of  electricity  at  P. 

The  actual  potential  at  any  point  Q  due  to  the  electricity  at  P 
and  to  the  electricity  induced  on  »  is  l/r,,+  6^,  where  r„  denotes 
the  distance  between  P  and  Q. 

At  the  surface  9,  and  at  all  points  on  the  negative  side  of  s,  the 
potential  is  zero,  therefore 

"'•=  -,^'  w 

where  the  suffix  ,  indicatea  that  a  point  A  on  the  surface  »  is  taken 
instead  of  Q. 

Let  tr^  denote  the  sarface-density  induced  by  P  at  a  point  J^ 
of  the  surface  «,  then,  since  0^^  is  the  potential  at  Q  dae  to  the 
superficial  distribution, 

(2) 

where  d/  is  an  element  of  tbe  surface  i  at  J!,  and  the  integration 
is  to  be  extended  over  the  whole  surface  ». 

Bat  if  unit  of  electricity  had  been  placed  at  Q,  we  should  have 
had  by  equation  (]], 


-H'-^J 


-m 


where  tr^  is  the  density  at  A  of  the  electricity  induced  by  Q,  d»  is 
au  element  of  sui&ce,  and  r^  ia  the  distance  between  A  and  A'. 
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Subatitutiag  this  value  of  l/r^  in  the  expression  for  G^,  we  find 

-  dsd»',  (5) 

r^  "■  ' 

Since  this  expression  is  not  altered  by  changing  ^  into  ^  and 
.  into  .,  we  find  that 

G„  =  (7,^;  (6) 

a  result  which  we  have  already  shewn  to  be  necessary  in  Art.  87, 
but  which  we  now  see  to  be  dedncible  from  the  mathematical  process 
by  which  Green's  function  may  be  calculated. 

If  we  assume  any  distribution  of  electricity  whatever,  and  place 
in  the  field  a  point  charged  with  unit  of  electricity,  and  if  the 
surface  of  potential  zero  completely  separates  the  point  from  the 
assumed  distribution,  then  if  we  take  this  surface  for  the  surface  a, 
and  the  point  for  T,  Green's  function,  for  any  point  on  the  same 
aide  of  the  surface  as  P,  will  be  the  potential  of  the  assumed  dis- 
tribution on  the  other  side  of  the  surface.  In  this  way  we  may 
construct  any  number  of  cases  in  which  Green's  function  can  be 
found  for  a  particular  position  of  P.  To  find  the  form  of  the 
function  when  the  form  of  the  surface  is  given  and  the  position 
of  P  is  arbitrary,  is  a  problem  of  far  greater  difficulty,  though, 
as  we  have  proved,  it  is  mathematically  possible. 

Let  ne  suppose  the  problem  solved,  and  that  the  point  P  is 
taken  within  the  sari'ace.  Then  for  all  external  points  the  potential 
of  the  superficial  distribution  is  equal  and  opposite  to  that  of  P. 
The  superficial  distribution  is  therefore  eentrobaric*,  and  its  action 
on  all  external  points  is  the  same  as  that  of  a  unit  of  negative 
electricity  placed  at  P. 

99  a.]     If  in  Green's  Theorem  we  make  ■1'=^,  we  find 

//*-37'*-///*'"*'''  =  ///(^*'''''-  <'«' 

If  I*  16  the  potential  of  a  distribution  of  electricity  in  space  with  a 
volume-density  p  and  on  conductors  whose  surfaces  are  9-^,  t^,  &c,, 
and  whose  potentials  are  'f'i,4'g,  &c.,  with  surface-densities  a-^,  a^,  &c, 
then  V'-*-iirp,  (17) 


dp 


-iwa,  (18) 

and  /  /  J—  rf»i  =  — 4irei,  (19) 

where  e,  is  the  charge  of  the  surface  i^. 

*  Thonoon  and  Tait'a  Nal*ral  PhitoKphg,  i  626. 
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Dividing  (16) by  —8w,  we  find 

=  sV///[(§A(f)^(^)>*-     (»)■ 

The  first  term  is  the  electric  energy  of  the  syBtem  arising  from  the 
surface-distributions,  and  the  second  is  that  arising  from  the  distri- 
bution of  electricity  through  the  field,  if  such  a  distribution  exists. 

Hence  the  second  member  of  the  equation  expresses  the  whole 
electric  energy  of  the  system,  the  potential  *  being  a  given  function 
of  m,  y,  z. 

As  we  shall  often  have  occasion  to  employ  this  volume-integral, 
we  shall  denote  it  by  the  abbreviation  Wii,  so  that 

--^///[(f)'-(f)"-(f)>*-     <-) 

If  the  only  charges  are  those  on  the  surfaces  of  the  conductors, 
p=0,  and  the  second  term  of  the  first  member  of  eqnation  (20) 
disappears. 

The  first  term  is  the  expression  for  the  energy  of  the  charged 
system  expressed,  as  in  Art.  64,  in  terms  of  the  charges  and  the 
potentJals  of  the  condactors,  and  this  expression  for  the  energy  we 
denote  by  W. 

99  S.]  Let  ♦  be  a  function  of  x,  y,  t,  subject  to  the  condition  that 
its  value  at  the  closed  surface  <  is  4',  a  known  quantity  for  every 
point  of  the  sorface.  The  value  of  ^  at  points  not  on  the  surface 
*  is  perfectly  arbitrary. 

Let  ns  also  write 

the  integration  being  extended  throughoat  the  space  within  the 
surface;  then  we  shall  prove  that  if  4'i  is  a  particular  form  of  4* 
which  satisfies  the  aurfaoe  condition  and  also  satisfies  Laplace's 
Equation  7^  ^P^  =  0  (23) 

at  every  point  within  the  surface,  then  ^,  the  value  of  W  oorre- 
eponding  to  ^f,,  is  less  than  that  corresponding  to  any  function  which 
diO'ers  from  4'^  at  any  point  within  the  surface. 

For  let  *  be  any  function  coinciding  with  +j  at  the  surface  but 
not  at  every  point  within  it,  and  let  ns  write 

♦  =  *i-H+j;  (24) 

then  4*,  is  a  function  which  is  zero  at  every  point  of  the  surface. 
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The  value  of  W  for  +  will  be  evidently 

By  Green's  Theorem  the  laet  t«rm  may  be  written 

The  vol  lime- integral  vanishes  because  V'  4"!  =  0  within  the 
surface,  and  the  surface- integral  vaniehes  because  at  the  am&ce 
♦j  =  0.     Hence  equation  (25)  is  reduced  to  the  form 

r=ri4rj.  (27) 

Now  the  elements  of  the  integral  W^  being  sums  of  three  squares, 
are  incapable  of  negative  values,  so  that  the  integral  itself  can  only 
be  positive  or  zero.  Hence  if  Tj  is  not  zero  it  miwt  he  positive, 
and  therefore  W  greatw  than  W^.  But  if  W^  is  zero,  every  one  of 
its  elements  must  be  zero,  aud  therefore 

-^=0,       -T^=0,        -T~?=0 

lie  d^  az 

at  every  point  within  the  surface,  and  4*2  must  be  a  constant  within 
the  surface.  Sut  at  the  surface  4*,  =  0,  therefore  4*,  =  0  at  every 
point  within  the  surface,  and  4*  =  4*1,  bo  that  if  JT  is  not  greater 
than  ^j,  4'  must  he  identical  with  4'}  at  every  point  within  the 
surface. 

It  follows  from  this  that  4*1  is  the  only  function  of  ^r,  y,  t  which 
becomes  equal  to  4'  at  the  surface,  and  which  satisfies  Laplace's 
Equation  at  every  point  within  the  surface. 

For  if  these  conditions  are  satisfied  by  any  other  function  4*3, 
then  W^  must  be  less  than  any  other  value  of  W.  But  we  have 
already  proved  that  W^  is  less  than  any  other  value,  and  therefore 
than  Wy  Hence  no  function  different  from  4*]  can  satisfy  the 
conditioDS, 

The  case  which  we  shall  find  most  usefii)  is  that  in  which  the 
field  is  bounded  by  one  exterior  surface,  »,  and  any  number  of 
interior  surfaces,  «„  #21  &<'-i  >uid  when  the  conditious  are  tliat  the 
value  of  4*  shall  be  zero  at  t,  4'j  at  «],  4*3  at  8^,  and  so  on,  where 
4*],  4*2,  Stc.  are  constant  for  each  surface,  as  in  a  system  of  conductors, 
the  potentials  of  which  are  given. 

Of  all  values  of  4*  satisfying  these  conditions,  that  gives  the 
minimom  value  of  W^  for  which  V'4'  =  0  at  every  point  in  the 
field. 
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Thomson' I  Theorem. 

Lemma, 

lOOa.]     Let  4*  be  any  function  of  x,  y,  z  which  ia  finite  and 

continuous  within  the  closed  surface  s,  and  which  at  certain  closed 

Burlacee,  s^,  e^,  'p,  &<3.,  has  the  values  4',,  %,  ^^,  &c.  oon&tAnt  for 

each  surface. 

Let  «,  f ,  w  be  Unctions  of  x,  y,  z,  which  we  may  consider  as  the 
components  of  a  vector  @  subject  to  the  solenoidal  condition 

and  let  ns  pnt  ia  Theorem  III 

Xs^K,     r=*p,     ^=*w;  (29) 

ire  find  ais  the  result  of  these  substitutions 

^,//*,ft»+-.-+",»)''',+///*(5+J+J)*4i'^- 

the  surface-integrals  being  extended  orer  the  different  sorfaces  and 
the  Tolume-intcgrals  being  taken  throughout  the  whole  field. 
Now  the  first  volume-integral  vanishes  in  virtue  of  the  solenoidal 
condition  for  »,  v,  le,  and  the  surface-integrals  vanish  in  the  follow- 
ing cases : — 

(1)  When  at  every  point  of  the  surface  *  =  0. 

(2)  When  at  every  point  of  the  surface  lu  +  mv  +  nw  =  0. 

(3)  When  the  eur&cc  is  entirely  made  up  of  parte  which  satisfy 
either  (1)  or  (2). 

(4)  When  "i  is  constant  over  the  whole  closed  sul-face,  and 

j  {lu+mv  +  niB)d»=  0. 
Hence  in  these  four  cases  the  volume-integral 

100  £.]    Now  consider  a  field  bounded  by  the  external  closed 
surface  s,  and  the  internal  closed  surfaces  t^,  t^t  &<=• 

Let  *  be  a  function  of  x,  y,  z,  which  within  the  field  is  finite 
and  continuous  and  satisfies  Laplace's  Equation 

7'+=0,  (32) 

and  has  the  coDstant,  but  not  given,  values  4'^,  4'j,  &c.  at  the 
surfaces  «j,  $^,  &c.  respectively,  and  is  zero  at  the  ext«rnul 
surface  t. 

VOL.  T.  K  /—I 

DigiLizedbyljOOglC 


//(' 


130  QENBBAL  THE0RBH8.  [lOOC. 

The  chai^  of  any  of  the  condncHng  sur&ces,  as  «,,  is  given 
by  the  Burface-ictegral 

the  normal  f]  being  drawn  from  the  eor&ce  t^  into  the  electric 
field. 

100  c]  Now  let  ^  j7,  4  be  functions  of  »,  y,  z,  which  we  may 
consider  as  the  components  of  a  vector  ^,  eabject  only  to  the 
conditions  that  at  eveiy  point  of  the  field  they  must  satisfy  the 
aolenoidal  equation 

df        dp        dh      „  ,„  . 

and  that  at  any  one  of  the  internal  closed  surfaces,  as  t^,  the  sur&ce- 
int£gral 

Jj{lj/+m^ff  +  ni&)da  =  e^,  (35) 

where  I,  m,  n  are  the  direction  cosines  of  the  normal  Vj  drawn 
outwards  from  the  surface  t-^  into  the  electric  field,  and  e^  is  the 
Bame  quantity  as  in  equation  (33),  being,  in  &ct,  the  electric  chai^ 
of  the  conductor  whose  surface  is  i^ . 

We  have  to  consider  the  value  of  the  votume-iot^ral 

jrj,  =  2iiJJJ{/'+ff'  +  h*)dxdydz,  (36) 

extended  throughout  the  whole  of  the  field  within  t  and  without 
Si,  «,,  &c,  and  to  ccHnpare  it  with 

-.=w///[(SA(|)'-(f)>*^-        ("> 

the  limits  of  integration  being  the  same. 
Let  us  write 

.Id*  Id*  I       1    rf*        ,,„. 

"^       in  dx  '       4 It  ay  in  dz  ^     ' 

and      »S  =  2vjff{»*  +  t^  +  «^)d!Pdydz}  (39) 

then  Eince 

»i  =  r.  +  'r.-Jlf(^J^  +  /j*  +  .'£)d.d,d..     (40) 
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Now  in  tbe  first  place,  u,  v,  w  satisfy  the  soleuoidal  conditiou  at 
eveiy  point  of  the  field,  for  by  equations  (S8) 

dx^  dy^  dz~  dx^  dy^  dz        477  '  ^     ' 

and  by  the  conditions  expressed  in  equations  (34)  and  (32),  both 
parts  of  the  second  member  of  (41)  are  zero. 
In  the  second  place,  the  surfaoe-integral 

/  /  (/,  w  +  %  t  +  «i  w)  (f»l 

bat  by  (35)  the  first  term  of  the  second  member  is  e,  and  by  (33) 
the  second  term  is  —  e,  so  that 

//  (^a+«h*+»i«')'^i  =  0-  (*8) 

Hence,  since  4*1  is  constant,  the  fourth  condition  of  Art.  100a  is 
satisfied,  and  the  last  term  of  equation  (40)  is  zero,  so  that  the 
equation  is  reduced  to  the  form 

W^=Wt+Wi.  (44) 

Now  since  the  element  of  the  integral  W^  is  the  sum  of  three 
squares,  k^+v'+w',  it  must  be  either  positive  or  zero.  If  at  any 
point  within  the  field  «,  t>,  and  k  are  not  each  of  them  equal  to  zero, 
the  integral  7«  most  have  a  positive  T^ue,  and  W^  must  therefore 
be  greater  than  W^.  But  the  values  i(  =  (j=tp  =  0  at  every  point 
satisfy  the  conditions. 

Hence,  if  at  every  point 

\    d-V  _  !<**,_  1    rf*  tAK\ 

■'"        4wrf»'      ^"        iitdy'      *-~4)r<fe'  ^"^ 

then  W^  =  Hi,  (46) 

and  the  value  of  Jf^  corresponding  to  these  values  of  j^,  g,  A,  is  less 
than  the  value  corresponding  to  any  values  of  /,  g,  h,  differing 
from  these. 

Hence  the  problem  of  determining  the  displacement  and  po- 
tential, at  every  point  of  the  field,  when  the  charge  on  each 
conductor  is  given,  has  one  and  only  one  solution. 

This  theorem  in  one  of  its  more  general  forms  was  first  stated 
by  Sir  W.  Thomson*.  We  shall  afterwards  show  of  what  gene- 
ralization it  is  capable, 

*  Cunttn't^  omI  DmWh  liaSttmaAaA  JaatwA,  Fitrva-ru,  1318. 
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100  tf,]  l^us  theorem  may  be  modified  by  supposing  that  the 
vector  3),  iiiBtead  of  satiefying  the  solenoidal  condition  at  every 
point  of  the  field,  satisfies  the  condition 

df      da      dA  ,     . 

where  p  is  a  finite  quantity,  whose  value  is  given  at  every  point  in 
the  field,  and  may  be  positive  or  negative,  continnoUB  or  discon- 
tianous,  its  volome-intcgral  within  a  finite  region  being,  however, 
finite. 

We  may  also  suppose  that  at  certain  surfaces  in  the  field 

If+mif+nA  +  l'/'+m'ff'  +  n'i'  =  tr,  (48) 

when  I,  m,  n  and  ^,  m',  n'  are  the  direction  cosines  of  the  normals 
drawn  from  a  point  of  the  surface  towards  those  r^ons  in  which 
the  components  of  the  displacement  are  /,  g,  h  and  /',  /,  k'  re- 
spectively, and  <r  is  a  quantity  given  at  all  points  of  the  surface, 
the  sur&ce-integral  of  which,  over  a  finite  surface,  is  finite. 

100  e.]  We  may  also  alter  the  condition  at  the  bounding  suriaces 
by  supposing  that  at  every  point  of  these  surfaces 

l/+mg+nh  =  <7y  (49) 

where  <r  is  given  for  every  point. 

(In  the  original  statement  we  supposed  only  the  value  of  the 
integral  of  tr  over  each  of  the  surfaces  to  be  given.  Here  we 
suppose  its  value  given  for  every  element  of  surface,  which  comes 
to  the  same  thing  as  if,  in  the  original  statement,  we  had  considered 
eveiy  element  as  a  separate  surface.) 

None  of  these  modifications  will  afi'ect  the  truth  of  the  theorem 
provided   we   remember  that  'I'  must   satisfy  the  corresponding 
conditions,  namely,  the  general  condition, 
(P*       <:P*       <P* 

S^ +  5!- +  £.-  +  «•"  =  "'  (™) 

and  the  Burface  condition 

-  +  —  +  ,„  =  „.  (51) 

For  if,  as  before, 

.       1  rf*  Id*  ,        1  rf* 

then  ti,r,w  will  satisfy  the  general  solenoidal  condition 

du      dv      ^^  _  f. 

dx      dy      dz  ~    ' 
and  the  surface  condition 

H-,:uJuC(>OgIC 
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and  at  the  boundiDg  sarface 

lu  +  mt 
whence  we  find  as  before  that 


-=///(. 


da         dy 
and  that  W^=W^-\-W^. 

Hence  as  hefore  it  is  shewn  that  ^  is  a  unique  minimum  when 
^  =  0,  which  implies  that  €  is  everywhere  zero,  and  therefore 

,___l_rf*  ___L^        « L^ 

■^  ~       ittdx'     ^~       ivdy'        ~       i-ndz' 

101  a.]  In  our  statement  of  these  theorems  we  have  hitherto 
confined  ourselves  to  that  theory  of  electricity  which  assumes  that 
the  properties  of  an  electric  system  depend  on  the  form  and  relative 
position  of  the  conductors,  and  on  their  charges,  but  takes  no 
account  of  the  nature  of  the  dielectric  medium  between  the 
conductors. 

According  to  that  theory,  for  example,  there  is  an  invariable 
relation  between  the  surface  density  of  a  conductor  and  the  electro- 
motive intensity  just  outside  it,  as  expressed  in  the  law  of  Coulomb 
R=  iita. 

But  this  is  true  only  in  the  standard  medium,  which  we  may 
take  to  be  air.  In  other  media  the  relation  is  difiTerent^  as  waa 
proved  experimentally,  though  not  published,  by  Cavendish^  and 
afterwards  rediscovered  independently  by  I^raday, 

In  order  to  express  the  phenomenon  completely,  we  find  it 
necessary  to  consider  two  vector  quantities,  the  relation  between 
which  is  different  in  different  media.  One  of  these  is  the  electro- 
motive intensity,  the  other  is  the  electric  displacement.  The 
electromotive  intensity  is  connected  by  eqaationa  of  invariable 
form  with  the  potential,  and  the  electric  displacement  is  connected 
by  equations  of  invariable  form  with  the  distribution  of  electricity, 
but  the  relation  between  the  electromotive  intensity  and  the  electric 
displacement  depends  on  the  nature  of  the  dielectric  medium,  and 
must  be  expressed  by  equations,  the  most  general  form  of  which 
is  as  yet  not  fully  determined,  and  can  be  determined  only  by  ex- 
periments on  dielectrics.  * 

101  &.]  The  electromotive  intensity  is  a  vector  defined  in  Art.  68, 
as  the  mechanical  force  on  a  small  quantity  e  of  electricity  divided 
by  e.  We  shall  denote  its  components  by  the  letters  P,  Q,  S, 
and  the  vector  itself  by  @. 

In  electrostatics,  the  line  int^ral  of  (£  is  always  independent 
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of  the  path  of  integration,  or  in  other  words  6  is  the  space- variation 
of  &  poteutial.     Hence 

da'  dy'  da  ' 

or  more  briefly,  in  the  language  of  Quaternions 
®  =  _V+. 
101  c]     The  electric  diBpIacement  in  any  direction  is  defined 
in  Art.  68,  as  the  quantity  of  electricity  carried  through  a  small 
area  A,  the  plane  of  which  is  normal  to  that  direction,  divided 
by  A.    We  shall  denote  the  rectangular  components  of  the  electric 
displacement  by  the  letters/,  ff,  k,  and  the  vector  itself  by  2). 
The  volume-density  at  any  point  is  determined  by  the  equation 
_df     d£      dh 
^  ~  dx      dy      dz' 
or  in  the  language  of  Quaternions 

P  =  -S.V  D. 
Tlie  surface-density  at  any  point  of  a  charged  surface  is  deter- 
mined by  the  equation 

a  =  l/+mff  +  ni  +  ^f  +  my  +  n'A', 
where  y,  y,  A  are  the  components  of  the  displacement  on  one  side 
of  the  surface,  the  direction  cosines  of  the  normal  drawn  from  the 
surface  on  that  side  being  I,  m,  n,  and  f,  /,  A*  and  /",  m',  n'  are  the 
components  of  the  displacements,  and  the  direction  cosines  of  the 
normal  on  the  other  side. 

This  is  expressed  in  Quaternions  by  the  equation 

where  Uv,  Uv  are  unit  normals  on  the  two  sides  of  the  surface, 
and  S  indicates  that  the  scalar  part  of  the  product  is  to  be  taken. 

When  the  surface  is  tiiat  of  a  conductor,  v  being  the  normal 
drawn  outwards,  then  since/',  /,  h'  and  2)'  are  zero,  the  equation  is 
reduced  to  the  form 

a={lf+mg-^nh); 

The  whole  charge  of  the  conductor  is  therefore 
^  e  =  Jj(^/+  mg  +  nh)  da ; 


=  -//■ 


S.U»'S>dt. 


101  d^  The  electric  energy  of  the  system  is,  as  was  shown  in 
Art.  64,  half  the  sum  of  the  products  of  the  charges  into  their 
respective  potentials.    Calling  this  energy  W, 
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+  \ff'i/(lf+«9+nh)da; 

where  tiie  To]ame-iDteg:Ta1  ib  to  be  taken  tbroughoTit  the  electric 
field,  and  the  Bnriace-mtegral  over  the  eoriaces  of  the  conductors. 
Writing  in  Theorem  III,  Art.  2X, 

J=*/       Y=<ifff,      Z=t&, 
we  find 

Substituting  this  valne  for  the  surface-integral  in  W^  we  find 

or      W=\jffiJP+gq  +  hR)dxdsdz. 

101  e."]   We  flow  come  to  the  relation  between  2)  and  @. 

The  unit  of  electricity  is  nsaally  defined  with  reference  to 
experiments  conducted  in  air.  We  now  know  from  the  ezperimeuts 
of  Boltzmann  that  the  dielectric  constant  of  air  is  somewhat  greater 
than  tbat  of  a  vacuum,  and  that  it  varies  with  the  density.  Hence, 
strictly  speaking,  all  measurements  of  electric  quantity  require  to 
be  corrected  to  reduce  them  either  to  air  of  standard  pressure  and 
temperature,  or,  what  would  be  more  soientifio,  to  a  vacuum,  just 
as  indices  of  re&action  measured  in  air  require  a  simiUr  correction, 
the  correction  in  both  cases  being  so  small  that  it  is  sensible  only 
in  measnrements  of  extreme  accuracy. 

In  the  standard  medium 

or     4v/=P,         iifff=Q,        4itA  =  }t. 
In  an  isotropic  medium  whose  dielectric  constant  is  K 
4  iri>  =  K(S, 
iTi/=KP,         4isff  =  KQ,         iiti  =  KR. 
There  are  some  media,  however,  of  which  glass  has  been  the  most 
carefnlly  investigated,  in  which  the  relation  between  !D  and  @ 
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is  more  complicated,  and  involves  the  time  variation  of  one  or 
both  of  these  quantities,  so  that  the  relation  must  be  of  the  form 

F{^,  (s,  i),  e,  ;£,  e,  &c.)  =  0. 

We  ehall  not  attempt  to  diecnss  relations  of  this  more  general  kind 
at  present,  but  shall  confine  ourselves  to  the  case  in  which  ^  is 
a  linear  and  vector  function  of  <$. 

The  most  general  form  of  such  a  relation  may  be  written 
47r3)  =  *((5), 
where  ip  during  the  present  investigation  always  denotes  a  linear 
and  vector  function.    The  components  of  2)  are  therefore  homo- 
geneous linear  functions  of  those  of  (S,  and  may  be  written  in 
the  form  4tt/=  E^P  +  K^Q  +  K„R; 

i-:!ff  =  K^P  +  K„Q+K„R; 
itiA=  A'„  P+K.,Q  +  K„R; 
where  the  first  su&ix  of  each  coefficient  K  indicates  the  direction 
of  the  displacement,  and  the   second,  that  of  the  electromotive 
intensity. 

The  most  general  form  of  a  linear  and  vector  function  involves 
nine  independent  coefficient*.  When  the  coefficients  which  have 
tiie  same  pair  of  suffixes  are  equal,  the  function  is  said  to  he 
self-conjugate. 

If  we  express  @  in  terms  of  !X>  we  shall  have 

or  P  =  4)r(i„/+i,,^  +  i„^), 

5  =  4  X  (*„/+  i„y  +  *„  A). 
101  y.]    The  work  done  by  the  electromotive  intensify  whose 
components  are  P,  Q,  R,  in  producing  a  displacement  whose  com- 
ponents  are  df,  dff,  and  dh,  in  unit  of  volume  of  the  medium,  is 
dW=  Pdf+  Qdff  +  Rdi. 
Since  a  dielectric  under  electric  dieplacement  is  a  conservative 
system,  ^mnst  be  a  function  ai  f,g,  i,  and  since  f,g,h  may  vary 
independently,  we  have 

»_'*»'  O-""^  7P-''*' 

'-TJ'         *-^'         -"-W 

„  df 

Hence  —j— : 


and  -j^=  4iiA^,  the  coeiBcient  of/in  the  expression  for  Q. 


<*/ 
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Hence  if  a  dielectric  is  a  conBcrvatiTe  system,  (and  we  know  that 
it  is  so,  becaose  it  can  retain  its  energy  for  an  indefinite  time), 

*,=*„, 

and  tfr^  is  a  self-conjngate  function. 

Hence  it  follows  that  ip  also  is  self-conjogate,  and 

^„=-«-„. 

lOJ  ^.]  The  expression  for  the  energy  may  therefore  be  written 
in  either  of  the  forma 

or  +2K„EP+2K^^PQ]dxdyd!:, 

n%  =  2vffj\Jc„/^-¥k„f  +  k„h^-V2k,,3h 

■i-  2k^i/-\-  2i^/ff]  dx dy dz, 
where  the  snflix  denotes  the  vector  in  terms  of  which  ^  is  to  be 
expressed.  When  there  is  no  suffix,  the  energy  is  understood  to  be 
expressed  in  terms  of  both  vectors. 

We  have  thus,  in  all,  six  different  expressions  for  the  energy 
of  the  electric  field.  Three  of  these  involve  the  charges  and  poten- 
tials of  the  surlaces  of  conductors,  and  are  given  in  Art.  87. 

The  other  three  are  volume-integrals  taken  throughout  the 
electric  field,  and  involve  the  components  of  electromotive  intensity 
or  of  electric  displacement,  or  of  both. 

The  first  three  therefore  belong  to  the  theory  of  action  at  a 
distance,  and  the  last  three  to  the  theory  of  action  by  means  of  the 
intervening  medium. 

These  three  expressions  for  W  may  be  written, 

W  =  -^-jjjs.'S)fidr, 

101  i.]  To  extend  Green's  Theorem  to  the  case  of  a  hetero- 
geneous anisotropic  medium,  we  have  only  to  write  in  Theorem  III, 


„      ,  r  „   rf*      ^   d^      I-    ''*1 
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and  we  obtain  (r«mem1>ering  that  the  order  of  the  suffixes  of  the 
coefiSoiente  is  indiSerent), 

+(r„  l+K„  m  +  y., ,)  ^1  J, 


-///[ 


_d*^  d^di>  d^  d<^ 

"  dx   dis  **  dy  1^  "  ~dz   dz 


"•"     "'^dy   dz  "^^  dz    d^^"^     "^dz   dx'^  dm   dz> 
-d^  <?*       d^  ■^*\1  .    ,    , 


'  (is  "  d^ 

Using  quaternion  notation  the  reeult  rosy  be  written  more  brief!  j, 
jY*5.  Uv<l,{'^<P)ds-fff*S.{V<t>V)4-ds- 

=  ff'PS.Uv>p(V*)ds-fff^S.{V<i>V)-tdr. 

Limiis  between  loAicA  the  electric  capacity  of  a  conductor  must  lie. 

102  a.]    The  capacity  of  a  conductor  or  system  of  conductors 

has  been  already  deEned  as  the  charge  of  that  conductor  or  system 
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of  conductors  when  raised  to  potential  nnity,  all  the  other  oon- 
dactoTs  in  the  field  heing  at  potential  zero. 

The  following  method  of  determining  limiting  values  between 
which  the  capacity  must  lie,  was  suggested  by  a  paper  '  Oa  the 
Theory  of  Resonance,' by  the  Hon.  J.  W.  Strntt,  PhiL  Trans.  1871 . 
See  Art.  308. 

Let  #,  denote  the  sur&ee  of  the  eonductor,  or  system  of  con- 
ductors, whose  capacity  is  to  be  determined,  and  s^  the  suriace  of 
^  other  conductors.  Iiet  the  potential  of  4^  be  4'],  and  that  of  «(,, 
% .     Let  the  charge  of  «,  be  «, .     That  of  i^  will  be  —  «i . 

Then  if  y  is  the  capacity  of  *i, 

and  if  ^  is  the  energy  of  the  system  witb  its  actual  distribution  of 
electricity  r=  kei(*i-%),  (2) 

'■^^  ?  =  (*:=:iV^  =  ^"  ^'^ 

To  find  an  upper  limit  of  the  value  of  the  capacity.  Assume  any 
value  of  4'  which  is  equal  to  1  at  f,  and  equal  to  zero  at  s^,  and 
calculate  the  yaloe  of  the  volume-integral 

extended  over  the  whole  field. 

Then  as  we  have  proved  (Art.  99  6)  that  W  cannot  be  greater 
than  ^,  the  capacity,  g,  cannot  be  greater  than  2  W^. 

To  find  a  lower  limit  of  the  value  of  the  capacity.  Assume  any 
system  of  values  of  _f,  g,  K,  which  satisfies  the  equation 

(«) 

and  let  it  make    /  /  (^,/+mi^  +  «i^)(^«i  =  «i>  (6) 

Calculate  the  value  of  the  volume-int^ral 

W^  =  2ir  jJy*(/«  +y«  +A*)  a^dsdz,  (7) 

^tended  over  the  whole  field ;  then  as  we  have  proved  (Art.  1 00  c) 
that  F'cannot  be  greater  than  W^,  the  capacity,  q,  cannot  be  less 
than  «,'  ,„, 

The  simplest  method  of  obtaining  a  system  of  values  of/,  g,  4, 
which  will  satisfy  the  solenoidal  condition,  is  to  assume  a  distribu- 
tion of  electricity  on  the  surtoce  of  <},  and  another  on  «o,  the  sum 
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of  tlte  charges  being  zero,  then  to  calculate  the  poteotial,  SP,  due 
to  this  distribation,  and  the  electric  energy  of  the  syEtem  thus 
arranged,  which  we  may  call  }f^. 
If  we  then  make 

L^ L^        »_ L^ 

theee  values  of^)  ff,  A  will  satisfj  the  solenoidal  condition. 

But  in  this  case  we  can  determine  ^  without  going  through 
the  process  of  finding  the  Tolume-integral.  For  since  this  solution 
makes  V^4'  =  0  at  all  points  in  the  field,  we  can  obtain  Jf^  in  the 
form  of  the  surface-integrals, 

r.  =  l//*,.  *,  +  !//*,.*.,  (9) 

where  the  first  integral  is  extended  over  the  surface  *i  and  the 
second  over  the  surface  j^. 

If  the  suiiace  s^  is  at  an  infinite  distance  from  s^,  the  potential 
at  ^0  is  zero  and  the  second  term  vanishes. 

102  b.]  An  approximation  to  the  solution  of  any  problem  of  the 
distribution  of  electricity  on  conductors  whose  potentials  are  ^ven 
may  be  made  in  the  following  manner : — 

Let  Si  be  the  surface  of  a  conductor  or  system  of  conductors 
maintained  at  potential  1,  and  let  t^  be  the  surface  of  all  the  other 
conductors,  including  the  hollow  conductor  which  surrounds  the 
rest,  which  last,  however,  may  in  certain  cases  be  at-an  infinite 
distance  from  the  others. 

Begin  by   drawing  a  set   of  lines,   straight   or  curved,  from 

»j  to  Sf,. 

Along  each  of  these  lines,  assume  <!'  so  that  it  is  equal  to  1  at  »„ 
and  equal  to  0  at  <o-    Then  if  P  is  a  point  on  one  of  these  lines  we 

■P»n 

may  take  4']  =  — —  as  a  first  approximation. 

We  shall  thus  obtain  a  first  approximation  to  +  which  satisfies 
the  condition  of  being  equid  to  unity  at  «,  and  equal  to  zero  at  t^. 

The  value  of  W^  calculated  from  *,  would  be  greater  than  W. 

Let  US  next  assume  as  a  second  approximation  to  the  liues  of 
force 

/=-j.^.     S=-PT^-     *=->-id-  ('»' 

The  vector  whose  components  are  a,  b,  c  is  normal  to  the  surfeces 
for  which  4'|  is  constant.  Let  us  determine  ^  so  as  to  make  a,  b,  e 
satisfy  the  solenoidal  condition.     Wo  thus  get 
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^\dai*   "^  df    ■*■   dz'^  )  ■''  dxdx  "^  difdy'^  dz  dz  ~    *      '^     ' 
If  we  draw  a  line  from  a,  to  a^  whose  direction  is  always  normal 
to  the  Bnrfacee  for  which  4*  is  constant,  and  if  we  denote  the  length 
of  this  line  meaeured  from  s^  by  s,  then 

dx  d<\-^  dg  d%  dz  (?*, 

^di  =  -W    ^dS^--^'    ^d^=-^'     fi^) 

d"^ 
where  R  is  the  resultant  intensity  =  ~'jr  •  ^  t^t 

dfd^      dpdt      dpd^_         dp 

das  dm       dy  dy       dz  dz  ds 

=  ^^.  (13) 

and  equation  (11)  becomes 

r^'*  =  ^%-  (") 

whence  ■  j>=Cexp.j      -™~<^*i.  (15) 

the  integral  being  a  line  integral  taken  along  the  line  a. 
het  us  next  assume  that  along  the  line  t, 

d%         dm      ,dy        dz 
ds  di         d»        di 

=  -/-£'•  (.6) 

then  %  =  oJ*'(eap.J^^d*i)d'*i,  (17) 

the  integration  being  always  understood  to  be  performed  along  the 
line*. 

The  constant  C  is  now  to  be  determined  from  the  condition  that 
4'j  =  1  at  «i  when  also  4'i  =  1 ,  so  that 


C 


/•I  r*  yi* 


This  gives  a  second  approximation  to  4',  and  the  proceee  may 
be  repeated. 

The  results  obtained  from  calculating  ^,,  9^j,  ^,  &c.,  give 
capacities  alternately  above  and  below  the  true  capacity  and  con- 
tinually approximating  thereto. 

The  process  as  indicated  above  involves  the  calculation  of  the 
form  of  the  line  a  and  integration  along  this  line,  operations  which 
are  in  genetal  too  difficult  for  practical  purposes. 
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In  certain  oases  however  we  may  obtain  an  approximation  bj  a 
Bimpler  process. 

103  c]  As  an  iltastration  of  tbis  method,  let  us  apply  it  to 
obtwn  successive  approximatioDs  to  tbe  equipotential  surfaces  and 
lines  of  induction  in  the  electric  Eeld  between  two  surfaces  which 
are  nearly  but  not  exactly  plane  and  parallel,  one  of  which  is 
maintained  at  potential  zero,  and  the  other  at  potential  unity. 

Let  the  equations  of  the  two  surfaces  be 

^i=/i(«>y)  =  «  (19) 

for  the  snr&ce  whose  potential  is  zero,  and 

^2=/2(«.y)  =  S  (20) 

for  the  Bur&oe  whose  potential  is  unityj  a  and  b  being  given 
functions  of  «  and  y,  of  which  b  is  always  greater  than  a.  The 
first  derivatives  of  a  and  b  with  respect  to  x  and  y  are  small  quan- 
tities of  which  we  may  neglect  powers  and  products  of  more  than 
two  dimensions. 

We  shall  begin  by  supposing  that  tbe  lines  of  induction  are 
parallel  to  tbe  axis  of  z,  in  which  case 

/=0,    J=0,    g  =  0.  (21) 

Hence  i  is  constant  along  each  individual  line  of  induction,  and 
*=  -  ill j'idz=  ~iTrh(i~a).  (22) 

"When  «  =  i,  *  =  1,  hence 

^  =  -:r-F7 T'  (23) 

4ir{o— o)  *     ' 

and  *  =  £Z^,  (24) 

which  gives  a  first  approximation  to  the  potential,  and  indicates  a 
series  of  equipotential  surfaces  the  intervals  between  which, 
measured  parallel  to  2,  are  equal. 

To  obtain  a  second  approximation  to  the  lines  of  induction,  let  ns 
assmne  that  they  are  everywhere  normal  to  the  equipotential 
surfaces  as  given  by  equation  (24). 

This  is  equivalent  to  the  conditions 

■'  dx  "  dy  dz 

where  \  is  to  be  determined  so  that  at  every  point  of  the  field 

Af     dg      dh  ,_„, 

dx      dg      dz 
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and  also  bo  that  the  lioe-integral 

taken  along;  any  line  of  mdnction  from  the  snr&ce  a  to  the  sarface 
b,  shall  be  equal  to  —1. 

Let  us  aasume 

\=l+A  +  S(z-a)  +  C{2-a)'',  (28) 

and  let  OB  select  powers  and  products  of  A,  B,  C,  and  at  this  stage 
of  001  work  powers  and  products  of  the  first  derivatives  of  a  and  b. 

The  solenoidal  condition  then  gives 

wh™  v'  =  -(^  +  £-,y  (SO) 

If  instead  of  taking  the  line-integral  along  the  new  line  of 
induction,  we  take  it  along  the  old  line  of  induction,  parallel  to 
£,  the  second  condition  g^ves 

y=l  •^A  +  \B{b-a)  +  \C{h-ay. 

Hence  A  =  \{b—a)V^{2aJth),  (31) 

and 
A=l  +  J(i-fl)V>(2a+fi)-(2-«)V»«-l^^^^V*(i-4(32) 

We  thus  find  for  the  second  approximation  to  the  components  of 
displacement, 

X    rdi*       d(b~a)  e—a-[ 
b—a\,dx  da      b—aj' 

on  to  the  poi 


and  for  the  second  approximation  to  the  potential, 

'-"  ■•-.'- r.»(i=fr 


-»''(»-)fc5i-     (») 


If  cr,  and  <rt  are  the  surfece-dcnsities  and  '1'.  and  4'(  the  potentials 
of  the  surfaces  a  and  i  respectively, 
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CHAPTER  V. 

MECHANICAL  ACTIOS   BETWEEN  TWO  ELECTEICAL  SYSTEMS. 


103.]  Let  E-i  and  E^  be  two  electrical  systems,  the  mutual  action 
between  which  we  propose  to  investigate.  Let  the  distribution  of 
electricity  in  £i  be  defined  by  the  volume-density,  p,,  of  the 
element  whose  eoordinatee  are  ^i,yi,^i-  Let  p^  be  the  volume- 
density  of  the  element  of  E^ ,  whose  coordinates  are  i-j ,  y^  >  ■^a  • 

Then  the  a!-component  of  the  force  acting  on  the  element  of  £■, 
on  account  of  the  repulsion  of  the  element  of  E^  will  be 


where  r*  =  (a'l— '^'i)'+0'l~J'2)^+{^l~'^*)^ 

and  if  A  denotes  the  x  component  of  the  whole  force  acting  on  J'^ 

on  account  of  the  presence  of  E2 

^  ""IjIjIJ  ^7^''^'^  '^i  '^•^1  '^^i  '^^  ^'^^  ^^^  •  (^ ) 

where  the  integration  with  respect  to  af^,  3/1,  Zy  is  extended 
throughout  the  region  occupied  bySj,  and  the  integration  with 
respect  to  X:^,^^,^^  '^  extended  throughout  the  region  occupied 
by  B.^. 

Since,  however,  p,  is  zero  except  in  the  sjrstem  Ei,  and  p^  is  zero 
except  in  the  system  E^,  the  value  of  the  integral  will  not  be 
altered  by  extending  the  limits  of  the  integrations,  so  that  we  may 
suppose  the  limits  of  every  integration  to  be  +  00. 

This  expression  for  the  force  is  a  literal  translation  into  mathe- 
matical symbols  of  the  theory  which  supposes  the  electric  force 
to  act  directly  between  bodies  at  a  distance,  no  attention  being 
bestowed  on  the  intervening  medium. 

If  we  now  define  4*2,  the  potential  at  the  point  x^,  y„  z^,  arising 
from  the  presence  of  the  system  E^,  by  the  eqnation 

*z=Jjf^d,,ds,dz„  (2) 

^fj  will  vanish  at  an  infinite  distance,  and  will  everywhere  satisfy 
the  equation  V^%=\-np,.  (3) 
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We  may  now  ezprees  A  in  the  form  of  a  triple  integral 

Here  the  potential  %  is  supposed  to  have  a  definit«  value  at 
every  point  of  the  field,  and  in  temw  of  this,  together  with  the 
distribution,  p^,  of  electricity  in  the  first  system  £j,  the  force  A  is 
expressed,  no  explicit  mention  being  made  of  the  distrihation  of 
electricity  in  the  second  system  S^. 

Now  let  %  be  the  potential  arising  from  the  first  Bjetem, 
expressed  as  a  function  of  x,y,  z,  and  defined  by  the  equation 

♦i  =  ///^'*-',*.&„  (5) 

4',  will  vanish  at  an  infinite  distance,  and  will  everywhere  satisfy 
the  equation 

V^*,  =  4irft.  (6) 

We  may  now  eliminate  ft  from  A  and  obtain 

in  which  the  force  is  expressed  in  terms  of  the  two  potentials  only. 

104.]  In  all  the  integrations  hitherto  considered,  it  is  indifferent 
what  limits  are  prescribed,  provided  they  include  the  whole  of  the 
system  ^,,  In  what  follows  we  shall  suppose  the  systems  E^  and 
£,  to  be  such  that  a  certain  closed  surfiice  s  contains  within  it  the 
whole  of  ^1  but  no  part  of  £,. 

Let  us  also  write 

P  =  Pi+ft,     *  =  *,+*a,  (8) 

then  within  *,  p,  =  0,  p  =p,, 

and  without  t  p,  =  0,  p  =  fi,,  (9) 

Now  All  =  -JjJ^  Pi  '*"!  ^yi  ^^1  0  0) 

represents  the  resultant  force,  in  the  direction  a,  on  the  system  ^\ 
arising  from  the  electricity  in  the  system  itself.  But  on  the  theory 
of  direct  action  this  must  be  zero,  for  the  action  of  any  particle  P  on 
another  Q  is  equal  and  opposite  to  that  of  Q  on  P,  and  since  the 
components  of  both  actions  enter  into  the  integral,  they  will 
destroy  each  other. 

We  may  therefore  write 

VOL.   I.  L 
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wherti  4'  is  the  potential  arising  &om  both  syBtems,  the  integration 
being  now  limited  to  the  space  within  the  closed  sar&ce  a,  which 
includes  the  whole  of  the  system  ^,  bat  none  of  S^, 

105.]  If  the  action  of  E^  on  Ej  is  effected,  not  by  direct  action 
at  a  distance,  bnt  by  means  of  a  distribution  of  stress  in  a  medium 
extending  continuously  from  E^  to  £\,  it  is  manifest  that  if  we 
know  the  stress  at  every  point  of  any  closed  surface  »  which 
completely  separates  E^  from  E^,  we  ^all  be  able  to  determine 
completely  the  mechanical  action  0! E^  on  Ej.  For  if  the  force  on 
E-i  IB  not  completely  accounted  for  by  the  stress  through  t,  there 
must  be  direct  action  between  something  outside  of  t  and  some- 
thing inside  of  e. 

Hence  if  it  is  possible  to  account  for  the  action  of  E^  on  E^  by 
means  of  a  distribution  of  stress  in  the  intervening  medium,  it 
must  be  possible  to  express  this  action  in  the  form  of  a  surface- 
integral  extended  over  any  surface  >  which  completely  separates 
^jfrom  E^. 

Let  us  tlierefore  endeavour  to  express 

in  the  form  of  a  surfitce  integral. 

By  Theorem  III  we  may  do  so  if  we  can  determine  X,  7*  and  Z, 
ao  that 

rf*  ,rf>*       rf**       rf**.  _dX       dT       dZ 

Ac  *.*!!«   "*"  ^»   ^  dz*>~  dm   '^l^'^W  0^^ 

Taking  the  terms  separately, 

d*^_  1  d^fd^.' 
dwdx'  '~2dx^dx^  ' 

dx  dg*  ~  dy  ^dus  1^^  ~  'dy  dxdg' 

dy^dx  dy^      2rfjti(fy/  ' 

Similarly     "^^^^  =  ^  ff^J^)  ^i  ±(^)\ 
dx  dz*       dz  '^dx   dz-'      2dx^dz-' 

If,  therefore,  we  write 
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STBESS  IK  A  MSDIDM. 


xi*s'      ,<^♦^'       fd*^'      „ 

.ifv*         ^t,'  ,i*,"        „ 


1.^/ 
a'- 


dm'       (dv>  ' 


■  ^'Pu, 


d*d*      , 


=  4ij>„=4iyi„, 


(H) 


the  int^ration  being  exteoded  throughout  the  space  within  « 
TiansformiDg  the  volume-integral  by  Theorem  III,  Art.  21, 

(16) 

where  di  is  aa  element  of  tiny  closed  surface  including  the  whole 
of  ^1  but  none  of  E^,  and  lm«  are  t1»  direction  cosines  of  the 
normal  drawn  from  dt  outwards. 

For  the  components  of  the  force  on  S^  in  the  directions  of;  and 
e,  we  obtain  in  the  same  way 


■^  ~jj  f''j'"+'"i'M+''^")  ^' 


£  =jj{lp„ + mp„ + n^  J  d». 


(18) 


If  the  action  of  tlie  system  Eg  on  E^  does  in  reality  take  place 
by  direct  action  at  a  distance,  without  the  intervention  of  any 
medium,  we  most  consider  the  quantities  p„  See.  ae  mere  abbreviated 
forms  for  certaid  symbolical  expressions^  and  as  having  no  physical 
significance. 

Bat  if  we  suppose  that  the  mutual  action  between  E^  and  E^  is 
kept  Dp  by  meuis  of  stress  in  the  medium  between  them,  then  since 
the  eqoatiMis  (16),  (17),  (18)  give  the  components  of  the  resultant 
force  arising  from  the  action,  on  the  outside  of  the  surface  *,  of 
tite  stress  whose  six  components  are  ji„  &c.,  we  must  consider 
p„  &c.  as  the  components  of  a  stress  actually  existing  in  the 
medium. 
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106.]  To  obtain  s  clearer  view  of  tlie  natare  of  this  etress  let 
ns  alt€r  the  form  of  part  of  the  surface  t  bo  that  the  elemeat  d» 
maj  become  part  of  an  equipotential  sarface.  (This  alteration  of 
the  Burface  is  legitimate  provided  we  do  not  thereby  exclude  any 
part  of  ^1  or  include  any  part  of  E^). 

Let  v  be  a  normal  to  di  drawn  oQtward». 

dp 
the  direction  of  v,  then 

—  =  -m     ~: 

dx  '       dy  ' 

Hence  the  six  components  of  stress  are 

l{a,6,e  are  tlie  components  of  the  force  on  di  per  nnit  of  area 

b  =  ~  B^m, 
8w 

c=  —  lPn. 
8w 

Hence  the  force  exerted  by  the  part  of  the  medium  outside  dt 

on  the  part  of  the  medium  inside  d«  is  normal  to  the  element  and 

directed  outwards,  that  is  to  say,  it  is  a  tension  like  that  of  a  rope, 

and  its  valne  per  unit  of  area  is 5*. 

Let  Ds  next  suppose  that  the  element  dt  is  at  right  angles 
to  the  equipotential  sm-^cee  which  cut  it,  in  which  case 

Now     e,(,,.+.^.,+,,.,  =  I  [(^)'-  (^)'-  (f  )•] 

^     dt  df      „    d*  d*  ,„„. 

MoltiplyiDg  (19)  by  2^-  and  subtracting  from  (20),  we  find 
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«'(?p-+"i>..+«^J=-'[{^)"+(f)' 

^(f)']=-'^-     (^') 

Hence  the  components  of  the  tension  per  unit  of  area  of  di  are 

Sir         ' 
b= L^M, 

e  =  -4-  ^«- 
8» 

Hence  if  the  element  dt  ia  at  right  angles  to  an  equipotential 
sur&ce,  the  force  which  acts  on  it  is  n<mnal  to  the  sur^e,  and  its 
numerical  value  per  unit  of  area  is  the  same  as  in  the  former  case, 
but  the  direction  of  the  force  is  different,  for  it  is  a  pressure  instead 
of  a  tension. 

We  have  thus  completely  determined  the  type  of  the  stress  at 
any  given  point  of  the  medium. 

The  direction  of  the  electromotive  intensity  at  the  point  is  a 
principal  axis  of  stress,  and  the  stress  in  this  direction  is  a  tension 
whose  nnmerical  value  is 

J, =^11'.  m 

where  R  is  the  electromotive  intensity. 

Any  direction  at  right  angles  to  this  is  also  a  principal  axis  of 
stresBj  and  the  stress  along  this  axis  is  a  pressure  whose  numerical 
magnitude  is  also  p. 

The  stress  as  thus  defined  ia  not  of  the  most  general  type,  for 
it  has  two  of  its  principal  stresses  equal  to  each  other,  and  the 
third  has  the  same  value  with  the  sign  reversed. 

These  conditions  reduce  the  number  of  independent  variables 
which  determine  the  stress  from  six  to  three,  and  accordingly  it  is 
completely  determined  by  the  three  components  of  the  electro- 
motive intensity 

rf*        _^        _^. 
dx  djf  dz 

The  three  relations  between  the  six  components  of  stress  are 

l?„=^{p„^p..){p^-^P„\\  (23) 

107.]    Let  ua  now  examine  whether  the  results  we  have  obtained 
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will  require  modtfioatioa  when  a  finite  quantity  of  electricity  is 
collected  on  a  finite  enr&ce  so  that  the  volume-denBity  becomes 
infinite  at  the  snrface. 

In  tliie  case,  as  we  have  ehoivn  in  Art.  78,  the  components 
of  the  electromotive  intensity  are  discontinuous  at  the  surface. 
Hence  the  components  of  stress  will  also  be  discontinnoos  at  the 
surface. 

Let  ^  m  »  be  the  direction  cosines  of  the  normal  to  d».  Let 
P,  Q,  It  be  the  components  of  the  electromotive  intensity  on  the 
side  on  which  the  normal  is  drawn,  and  P'  Q'  Sf  their  values 
on  the  other  aide. 

Then  by  Art.  (78  a)  if  0-  is  the  surface-density 
P-P'=Aitul,    ^ 
q-q'=Aittim,  \  (24) 

Let  a  be  the  i^^omponent  of  the  resultant  force  acting  on 
the  surface  per  unit  of  area,  arising  from  the  stress  on  both  sides, 
then 

=  ^i{(P'-n-{Q'-<r)-ii^-ii^)h 

+  -l-m(PQ-P'<^  +  -^n{PS~P'2r), 

^±-i{{P-P'XP^P')-(q-q')(Q+Qn~(S-ir)iR+B')}, 

+  l'«''{HQ+(^)+m{P+F)]+ln^{li]i+Sr)  +  n{P  +  P')}, 

=  l.(P+P^.  (25) 

Hence,  assuming  that  the  stress  at  any  point  is  given  by 
equations  (14),  we  find  that  the  resultant  force  in  the  direction 
of  «  on  a  charged  surface  per  unit  of  volume  is  equal  to  the 
surface-density  multiplied  into  the  arithmetical  mean  of  the  x- 
components  of  the  electromotive  intensity  on  the  two  sides  of  the 
surface. 
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This  is  the  same  resalt  as  we  ohtaiaed  ia  Art.  79  \>j  a  process 
essential ly  similar. 

Heoce  the  hjrpothesiB  of  stress  in  the  surronnding  medium  is 
applicable  to  the  case  in  which  a  finite  quantity  of  electricity  is 
collected  on  a  finite  surface. 

The  resultant  force  on  an  element  of  garface  is  usually  deduced 
from  the  theory  of  action  at  a  distance  by  considering  a  portion 
of  the  surface,  the  dimensions  of  which  are  very  small  compared 
with  the  radii  of  curvature  of  the  surface.* 

On  the  normal  to  the  middle  point  of  this  portion  of  the  surface 
take  a  point  P  whose  distance  ^om  the  suiface  is  very  small  com- 
pared with  the  dimensions  of  the  portion  of  the  surface.  Tlie 
electromotive  intensity  at  this  point,  due  to  the  small  portion  of  the 
sorftoe,  will  he  approximately  the  same  as  if  the  surface  had  been 
an  infinite  plane,  that  is  to  say  2ir(r  in  the  direction  of  the  normal 
drawn  from  the  anrface.  For  a  poiat  P' just  on  the  other  side  of 
the  surface  the  intensity  will  be  the  same,  but  in  the  opposite 
direction. 

Now  consider  the  part  of  the  electromotive  intensity  arising  from 
the  rest  of  the  sorface  and  from  other  electrified  bodies  at  a  finite 
distance  from  the  element  of  surface.  Since  the  points  P  and  J-' 
are  infinitely  near  one  another^  the  components  of  the  electromotive 
intensity  arieing  from  electricity  at  a  finite  distance  will  be  the 
same  for  both  points. 

Let  Pfj  he  the  «-component  of  the  electromotive  intensity  on 
A  or  A'  arising  from  electricity  at  a  finite  distaoce,  then  the  total 
value  of  the  ;j-component  for  A  will  be 

P^P^+2l!ffl, 

and  for  ^  F=Pa-2i'<Tl. 

Hence  P„==i(P+P'}. 

Now  the  resultant  mechanical  force  on  the  element  of  surface 

must  arise  entirely  from  the  action  of  electricity  at  a  finite  distance, 

since  the  action  of  the  element  on  itself  must  have  a  resultant  zero. 

Hence  the  le-component  of  this  force  per  unit  of  area  must  be 

a  =  ffPo, 

=  i<r(P  +  n 

108.]  If  we  define  the  potential  (as  in  equation  (2))  in  terms 
of  a  distribution  of  electricity  supposed  to  be  given,  then  it  follows 
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from  the  fact  that  the  action  and  reaction  between  any  pair  of 
electric  particles  are  equal  and  opposite,  that  the  a:-component  of 
the  force  ariaing  from  the  action  of  a  system  on  itself  must  be 
zero,  and  we  may  write  this  in  the  form 

Bub  if  we  define  4*  as  a  function  of  x,  y,  z  which  satisfies  the 
equation  V^^r  =  0 

at  every  point  outside  the  closed  surface  *,  and  is  zero  at  an  infinite 
distance,  the  fact,  that  the  volume- integral  extended  throughout 
any  space  including  *  is  zero,  would  seem  to  require  proof. 

One  method  of  proof  is  founded  on  the  theorem  (Art.  100  a),  that 
if  V**  is  given  at  every  point,  and  "fr  =  0  at  an  infinite  distance, 
then  the  value  of  4*  at  every  point  is  determinate  and  equal  to 

V  =  -^Jff-  V^^dxdydt,  (27) 

where  r  is  the  distance  between  the  element  dxdydz  at  which  the 
concentration  of  +  is  given  =  V**  and  the  point  ic'y'^'  at  which 
*'  is  to  be  found. 

This  reduces  the  theorem  to  what  we  deduced  firom  the  first 
definition  of  4'. 

But  when  we  consider  4*  ae  the  piimary  function  of  x,  y,  z,  firom 
which  the  others  are  derived.  It  ie  more  appropriate  to  reduce  (26) 
to  the  form  of  a  surface-integral, 

(28) 

and  if  we  suppose  the  surface  5  to  be  everywhere  at  a  great 
distance  a  from  the  surface  »,  which  includes  every  point  where 
V'4'  differs  from  zero,  then  we  know  that  4"  cannot  be  numerically 
greater  than  e/a,  where  4 ire  is  the  volume-integral  of  V^,  and  that 
^  cannot  be  greater  than  d'\fjda  or  —  ejc?,  and  that  the  quantities 
Pii^P%ti  Pit  call  none  of  them  be  greater  than  p  or  S^/Sit  or 
e^/i-na*.  Hence  the  surface-integral  taken  over  a  sphere  whose 
radius  is  very  great  and  equal  to  a  cannot  exceed  e*/2  a^,  and 
when  a  is  increased  without  limit,  the  surface-integral  must  become 
ultimately  zero. 

But  this  surface-integral  is  equal  to  the  volume-integral  (26), 
and  the  value  of  this  volume-integral  is  the  same  whatever  be  the 
size  of  the  space  enclosed  within  S,  provided  8  encloses  every  point 
at  which  V*  differs  from  zero.     Henoej  since  the  integral  is  zero 


^-  jj  i}P^  +  *«?x»  -t-  Mjo„)  dS, 
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when  a  u  infinite,  it  nmat  kIbo  be  zero  when  the  limits  of  integra- 
tion are  defined  by  any  aorface  which  includes  every  point  at 
which  V*+  differs  from  zero. 

109.]  The  distribution  of  stress  considered  in  this  chapter  is  pre- 
cisely that  to  which  Faraday  was  led  in  his  investigation  of  indnc- 
tioD  through  dielectrics.     He  sums  up  in  the  following  words  :— 

'(1297)  The  direct  inductive  force,  which  may  be  conceived  to 
he  exerted  in  lines  between  the  two  limiting  and  charged  con- 
dncting  surfaces,  is  accompanied  by  a  lateral  or  transverse  force 
equivalent  to  a  dilatation  or  repulsion  of  these  representative  lines 
(1224.);  or  the  attracting  force  which  exists  amongst  the  par- 
ticles of  the  dielectric  in  the  direction  of  the  induction  is  ac- 
companied by  a  repulsive  or  a  diverging  force  in  the  transverse 
direction. 

'  (1298)  Induction  appears  to  consist  in  a  certain  polarized  state 
of  the  particles,  into  which  they  are  thrown  by  the  electrified  body 
sustaining  the  action,  the  particles  assuming  positive  and  negative 
points  or  parts,  which  are  symmetrically  arranged  with  respect 
to  each  other  and  the  inducting  surfaces  or  particles.  The  state 
must  be  a  forced  one,  for  it  is  originated  and  sustained  only  by 
force,  and  sinks  to  the  normal  or  quiescent  state  when  that  force 
is  removed.  It  can  he  continued  only  in  insulators  by  the  same 
portion  of  electricity,  because  they  only  can  retain  this  state  of  the 
particles.' 

This  is  an  exact  account  of  the  conclusions  to  which  we  have 
been  conducted  by  our  mathematical  investigation.  At  every  point 
of  the  medium  there  is  a  state  of  stress  soch  that  there  is  tension 
along  the  lines  of  force  and  pressure  in  all  directions  at  right  angles 
to  these  lines,  the  numerical  magnitude  of  the  pressure  being  equal 
to  that  of  the  tension,  and  both  varying  as  the  square  of  the 
resultant  force  at  the  point. 

The  expression  '  electric  teusioo '  has  been  used  in  various  senses 
by  diSbrent  writers.  I  shall  always  use  it  to  denote  the  tension 
along  the  lines  of  force,  which,  as  we  have  seen,  varies  from  point 
to  point,  and  is  always  proportional  to  the  square  of  the  resultant 
force  at  the  point. 

110.}  The  hypothesis  that  a  state  of  stress  of  this  kind  exists 
in  a  fluid  dielectric,  such  as  ait  or  turpentine,  may  at  first  sight 
appear  at  variance  with  the  established  principle  that  at  any  point 
in  a  fluid  the  pressures  in  all  directions  are  equal.  But  in  the 
deduction  of  this  principle  from  a  consideration  of  the  mobility 
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and  equilibrium  of  the  parta  c^  the  fluid  it  is  taken  Tor  granted 
that  no  action  such  as  that  which  ve  here  suppose  to  take  place 
along  the  lines  of  force  exists  in  the  flaid.  The  state  of  stress 
which  we  have  been  studying  is  perfectly  consistent  with  the 
mobility  and  equilibrium  of  the  fluid,  for  we  have  seen  that,  if 
any  portion  of  the  fluid  i^  devoid  of  electric  charge,  it  experi- 
ences no  resultant  force  from  the  stresses  on  its  surface,  however 
intense  these  may  be.  It  is  only  when  a  portion  of  the  fluid 
becomes  chained  that  its  equilibrium  is  disturbed  by  the  stresses 
on  its  surface,  and  we  know  that  in  this  case  it  actually  tends  to 
move.  Hence  the  supposed  state  of  stress  is  not  iuconsisteiit  with 
the  equilibrium  of  a  Suid  dielectric. 

The  quantity  F*,  which  was  investigated  in  Chapter  IV,  Art.  99, 
may  be  interpreted  as  the  energy  in  the  medium  due  to  the 
distribution  of  stress.  It  appears  from  the  theorems  of  that 
chapter  that  the  distribution  of  stress  which  satisfies  the  conditions 
there  given  also  makes  F'an  absolute  minimum.  Now  when  the 
energy  is  a  minimum  for  any  conflguration,  that  configuration  is 
one  of  equilibrium,  and  the  equilibrium  is  stable.  Hence  the 
dielectric,  when  subjected  to  the  inductive  action  of  electrified 
bodies,  will  of  itself  take  up  a  stat«  of  stress  distributed  in  the 
way  we  have  described. 

It  must  be  carefully  borne  in  mind  that  we  have  made  only  one 
step  in  the  theory  of  the  action  of  the  medium.  "We  have  supposed 
it  to  be  in  a  state  of  stress,  bat  we  have  not  in  any  way  accounted 
for  this  stress,  or  explained  how  it  is  maintained.  This  step, 
however,  seems  to  me  to  be  an  important  one,  as  it  explains,  by 
the  action  of  the  consecutive  parts  of  the  medium,  phenomena  which 
were  formerly  supposed  to  be  explicable  only  by  direct  action  at 
a  distance. 

111.]  I  have  not  been  able  to  make  the  next  step,  namely,  to 
account  by  mechanical  considerations  for  these  stresses  in  the 
dielectric.  I  therefore  leave  the  theory  at  this  point,  merely 
stating  what  are  the  other  parts  of  the  phenomenon  of  induction 
in  dielectrics. 

I.  Electric  Ditplaeemmt.  When  induction  is  transmitted  throngh 
a  dielectric,  there  is  in  the  first  place  a  displacement  of  electricity 
in  the  direction  of  the  induction.  For  instance,  in  a  Leyden  jar, 
of  which  the  inner  coating  is  charged  positively  and  the  outer 
coating  negatively,  the  displacement  of  positive  electricity  in  the 
substance  of  the  glass  is  from  within  outwards. 
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Ad7  increase  of  this  displacement  is  equivalent,  during  the  time 
of  increase,  to  a  cntrent  of  positive  electricity^  from  within  outwards, 
and  any  diminution  of  the  displacement  is  equivalent  to  a  cnrrent 
in  the  opposite  direction. 

The  whole  quantity  of  electricity  displaced  through  any  area 
of  A  snrface  fixed  in  the  dielectric  is  measured  by  the  quantity  which 
we  have  already  investigated  (Art.  75)  as  the  surface-integral  of 
induction  through  that  area,  multiplied  by  S/iv,  where  K  is  the 
specific  inductive  capacity  of  the  dielectric. 

II.  Surface  charge  of  the  particle*  of  the  dielectric.  Conceive  any 
portion  of  the  dielectric,  large  or  small,  to  be  separated  (in  imagi- 
nation) from  the  rest  by  a  closed  surface,  then  we  must  suppose 
that  on  every  elementary  portion  of  this  surface  there  is  a  chai^ 
measured  by  the  total  displacement  of  electricity  through  that 
element  of  surface  reckoned  intcarde. 

In  the  case  of  the  Leyden  jar  of  which  the  inner  coating  is 
charged  positively,  any  portion  of  the  glass  will  have  its  inner 
side  chained  positively  and  its  outer  side  negatively.  If  this 
portion  be  entirely  in  the  interior  of  the  glass,  its  surface  charge 
will  be  neutralized  by  the  opposite  charge  of  the  parts  in  contact 
with  it,  but  if  it  be  in  contact  with  a  conducting  body,  which 
is  incapable  of  maintaining  in  itself  the  inductive  state,  the 
surface  charge  will  not  be  neutralized,  but  will  constitute  that 
apparent  charge  which  is  commonly  called  the  Charge  of  the 
Conductor. 

The  charge  therefore  at  the  bounding  snrface  of  a  conductor  and 
the  surrounding  dielectric,  which  on  the  old  theory  was  called  the 
charge  of  the  conductor,  must  be  called  in  the  theory  of  induction 
the  surface  charge  of  the  Harrounding  dielectric. 

According  to  this  theory,  all  charge  ie  the  residual  effect  of  the 
polarization  of  the  dielectric  This  polarization  exists  throughout 
the  interior  of  the  substance,  but  it  is  there  neutralized  by  the 
juxtaposition  of  oppositely  charged  parte,  so  that  it  is  only  at  the 
surface  of  the  dielectric  that  the  effects  of  the  charge  become 
apparent. 

The  theory  completely  accounts  for  the  theorem  of  Art.  77,  that 
the  total  induction  through  a  closed  snrlace  is  equal  to  the  total 
quantity  of  electricity  within  the  sur&ce  multiplied  by  47r.  For 
what  we  have  called  the  induction  through  the  surfece  is  simply  the- 
electric  displacement  multiplied  by  4?,  and  the  total  displacement 
outwards  is  necessarily  equal  to  the  total  charge  within  the  surface. 
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The  theory  also  accounts  for  the  impossibility  of  communicating 
an  '  absolute  charge '  to  matter.  For  every  particle  of  the  dielectric 
has  equal  and  opposite  charges  on  its  opposite  sides,  if  it  woold  not 
be  more  correct  to  say  that  these  charges  are  only  the  manifestations 
of  a  single  phenomenon,  which  we  may  call  Electric  Polarization. 

A  dielectric  medium,  when  thus  polarized,  is  the  seat  of  electrical 
energy,  and  the  energy  in  unit  of  volume  of  the  medium  is  nu- 
merically equal  to  the  electric  tension  on  unit  of  area,  both  quan- 
tities being  equal  to  half  the  product  of  the  displacement  and  the 
resultant  electromotive  intensity,  or 

where  p  is  the  electric  tension,  !D  the  displacement,  @  the  electro- 
motive intensity,  and  K  the  specific  inductive  capacity. 

If  the  medium  is  not  a  perfect  insulator,  the  state  of  constraint, 
which  we  call  electric  polarization,  is  continually  giving  way.  The 
medium  yields  to  the  electromotive  force,  the  electric  stress  is 
relaxed,  and  the  potential  energy  of  the  state  of  constraint  is  con- 
verted into  heat.  The  rate  at  which  this  decay  of  the  state  of 
polarization  takes  place  depends  on  the  nature  of  the  medium. 
In  some  kinds  of  glass,  days  or  years  may  elapse  before  the  polar- 
.ization  sinks  to  half  its  original  value.  In  copper,  a  similar  change 
is  effected  in  less  than  the  billionth  of  a  second. 

We  have  supposed  the  medium  after  being  polarized  to  be  simply 
left  to  itself.  In  the  phenomenon  called  the  electric  current  the 
constant  passage  of  electricity  through  the  medium  tends  to  restore 
the  state  of  polarization  as  fast  as  the  conductivity  of  the  medium 
allows  it  to  decay.  Thus  the  external  agency  which  maintains  the 
current  is  always  doing  work  in  restoring  the  polarization  of  the 
medium,  which  is  continually  becoming  relaxed,  and  the  potential 
energy  of  this  polarization  is  continually  becoming  transformed 
into  heat,  so  that  the  final  result  of  the  energy  expended  in  main- 
taining the  current  is  to  gradually  raise  the  temperature  of  the 
conductor,  till  as  much  heat  is  lost  by  conduction  and  radiation 
from  its  surface  as  is  generated  in  the  same  time  by  the  electric 
current. 
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ON    POINTS    AND    LINES    OP    EQUILIBRIUM. 

113.]  If  at  any  poiot  of  the  electric  field  the  resultant  force  is 
zero,  the  point  is  called  a  Point  of  equilibrium. 

If  every  point  on  a  certain  line  is  a  point  of  equilibrium,  the  line 
is  called  a  Line  of  equilibrium. 

The  conditions  that  a  point  shall  be  a  point  of  equilibrium  are 
that  at  that  point 

dV  dV  dV 

ax  ay  dz 

At  such  a  point,  therefore,  the  value  of  T  is  a  maximum,  or 
a  minimum,  or  is  stationary,  with  respect  to  Tariatione  of  the 
coordinates.  The  potential,  however,  can  have  a  maximum  or  a 
minimum  value  only  at  a  point  charged  with  positive  or  with 
negative  electricity,  or  throughout  a  finite  space  bounded  by  a 
surface  charged  positively  or  negatively.  If,  therefore,  a  point 
of  equilibrium  occurs  in  an  uncharged  part  of  the  field  it  must 
be  a  stationary  point,  and  not  a  maximum  or  a  minimum. 

In  fact,  the  first  condition  of  a  mttnimnTn  or  minimum  is  that 

— .      — .      and     ~ 

must  be  all  negative  or  all  positive,  if  they  have  fiutt«  values. 

Now,  by  I^place's  equation,  at  a  point  where  there  is  no  charge, 
the  sum  of  these  three  quantities  is  zero,  and  therefore  this  conditidn 
cannot  be  satisfied. 

Instead  of  investigating  the  analytical  conditions  for  the  cases 
in  which  the  components  of  the  force  simultaneously  vanish,  we 
shall  give  a  general  proof  by  means  of  the  equipotential  surfaces. 

If  at  any  point,  P,  there  is  a  true  maximum  value  of  V,  then,  at 
all  other  points  in  the  immediate  neighbourhood  of  P,  the  value 
of  V  is  less  than  at  P.  Hence  P  will  be  surrounded  by  a  series  of 
closed  equipotential  surfaces,  each  outside  the  one  before  it,  and  at 
all  points  of  any  one  of  these  surfitces  the  electrical  force  will  be 
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directed  outwards.  Butwe  have  proved,  in  Art.  76,  that  theeurface- 
iBt^^l  of  the  electromotive  intensity  taken  over  any  closed  surface 
^ves  the  total  charge  within  that  soriace  multiplied  by  4ir.  Now, 
in  this  case  the  force  is  everywhere  outwards,  so  that  the  surface- 
integral  is  necesEarily  positive,  and  therefore  there  is  positive  charge 
within  the  Bnrface,  and,  Hince  we  may  take  the  surface  as  near 
to  P  as  we  please,  there  is  positive  charge  at  the  point  P. 

Id  the  same  way  we  may  prove  that  if  T  is  a  minimum  at  P, 
then  P  is  negatively  charged. 

Next,  let  P  be  a  point  of  eqoilibrinm  in  a  region  devoid  of  charge, 
and  let  us  describe  a  sphere  of  very  small  radins  round  P,  then, 
as  we  have  seen,  the  potential  at  this  surface  cannot  be  everywhere 
greater  or  everywhere  less  than  at  P.  It  most  therefore  be  greater  : 
at  some  parts  of  the  surface  and  less  at  others.  These  portions 
of  the  surface  are  bounded  by  lines  in  which  the  potential  is  equal 
to  that  at  P.  Along  lines  drawn  from  P  to  points  at  which 
the  potential  is  less  than  that  at  P  the  electrical  force  Is  from  P, 
and  along  lines  drawn  to  points  of  greater  potential  the  force 
is  towards  P.  Hence  the  point  P  is  a  point  of  stable  equilibrium 
for  some   displacements,  and   of  unstable   equilibrium  for  other 


118.]  To  determine  the  number  of  the  points  and  lines  of  equi- 
librium, let  us  consider  the  surface  or  sorftcee  for  which  the 
potential  is  equal  to  C,  a  given  quantity.  Let  us  call  the  r^ons 
in  which  the  potential  is  less  than  C  the  n^ative  regions,  and 
those  in  which  it  is  greater  than  C  the  positive  r^ons.  Let 
Vq  be  the  lowest,  and  }{  the  highest  potential  existing  in  the 
electric  field.  If  we  make  C  =  ?^  the  negative  region  will  in- 
clude only  the  point  or  conductor  of  lowest  potential,  and  this 
is  necessarily  charged  u^;atively.  The  positive  region  consists 
of  the  rest  of  space,  and  since  it  surrounds  the  negative  region 
it  is  periphractic.     See  Art.  18. 

If  we  now  increase  the  value  of  C,  the  negative  re^on  will 
expand,  and  new  negative  regions  will  be  formed  round  negatively 
charged  bodies.  For  every  negative  region  thus  formed  the  sur- 
rounding positive  region  acquires  one  degree  of  periphraxy. 

As  the  different  negative  regions  expand,  two  or  more  of  them 
may  meet  in  a  point  or  a  line.  If  n+  1  negative  regions  meet, 
the  positive  region  loses  11  degrees  of  periphraxy,  and  the  point 
or  the  line  in  which  they  meet  is  a  point  or  line  of  equilibrium 
of  the  nth  degree. 
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When  G  becomes  equal  to  ^  the  positive  region  is  reduced  to 
the  point  or  the  conductor  of  highest  potential,  and  has  therefore 
lost  all  its  periphra^.  Hence,  if  each  point  or  line  of  equilibrium 
counts  for  one,  two,  or  n,  according  to  its  degree,  the  number  so 
made  up  by  the  points  or  lines  now  conBidered  will  be  less  by  one 
than  the  number  of  negatively  charged  bodies. 

There  are  other  points  or  lines  of  equilibrium  which  occur 
where  the  positive  regions  become  separated  from  each  other, 
and  the  n^ative  region  acquires  periphraxy.  The  nnmber  of 
these,  reckoned  according  to  their  degrees,  is  less  by  one  than 
the  number  of  positively  charged  bodies. 

If  we  call  a  point  or  line  of  equilibrium  positive  when  it  is  the 
meeting-place  of  two  or  more  positive  regions,  and  negative  when 
the  regions  which  unite  there  are  negative,  then,  if  there  are  jp 
bodies  positively  and  «  bodies  negatively  charged,  the  sum  of 
the  degrees  of  the  po^tive  points  and  lines  of  equilibrium  will  be 
p—\,  and  that  of  the  negative  ones  n— I.  The  sur&ce  which  sur- 
rounds the  electrical  system  at  an  infinite  distance  from  it  is  to  be 
reckoned  as  a  body  whose  charge  is  equal  and  opposite  to  the  sum 
of  the  charges  of  the  system. 

But,  besides  this  definite  number  of  points  and  lines  of  equi- 
librium arising  from  the  junction  of  different  regions,  there  may 
be  others,  of  which  we  can  only  affirm  that  their  number  must  be 
even.  For  if,  as  any  one  of  the  negative  regions  expands,  it  meets 
itself,  it  becomes  a  cyclic  region,  and  it  may  acquire,  by  repeatedly 
meeting  itself,  any  number  of  degrees  of  cyclosis,  each  of  which 
corresponds  to  the  point  or  line  of  equilibrium  at  which  the  cyclosis 
was  established.  As  the  negative  region  continues  to  expand  till 
it  fills  all  space,  it  loses  every  degree  of  cyolosis  it  has  acquired, 
and  becomes  at  last  acyclic.  Hence  there  is  a  set  of  pointe  or 
lines  of  equilibrium  at  which  cyclosis  is  lost,  and  these  are  equal  in 
number  of  degrees  te  those  at  which  it  is  acquired. 

If  the  form  of  the  charged  bodies  or  conductors  is  arbitrary,  we 
can  only  assert  that  the  number  of  these  additional  points  or  lines 
is  even,  but  if  they  are  charged  pointe  or  spherical  conductors,  the 
number  arising  in  this  way  cannot  exceed  (n— 1)  (»— 2).  where  n 
is  the  number  of  bodies. 

114.]  The  potential  dose  to  any  point  P  may  be  expanded  in 
the  series  7=.y^-»rByJtB^+hc.; 

where  J/,,  M^y  &c,  are  homogeneous  functions  of  «,  y,  z,  whose 
dimensions  are  1^  2,  &c.  respectively. 
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Since  the  firat  derivatives  of  V  vaDish  at  a  point  of  equilibrium, 
Hi  =  0,  if  P  be  a  point  of  equilibrium. 

Let  H^  be  the  first  function  which  does  not  vanish,  then  close  to 
the  point  P  we  may  neglect  all  fuactions  of  higher  degrees  as 
compared  with  H,. 

Now  -ff,  =  0 

b  the  equation  of  a  cone  of  the  degree  «,  and  this  cone  is  the  cone 
of  closest  contact  with  the  eqnipotential  surface  at  P. 

It  appears,  therefore,  that  the  equipotential  surface  passing 
through  P  has,  at  that  point,  a  conical  point  touched  hy  a  cone 
of  the  second  or  of  a  higher  degree.  The  intersection  of  this  cone 
with  a  sphere  whose  centre  is  the  vertex  is  called  the  Nodal  line. 

If  the  point  P  is  not  on  a  line  of  equilibrium  the  nodal  line 
does  not  intersect  itself,  but  coDsiste  of  n  or  some  smaller  number 
of  closed  carves. 

If  the  nodal  line  intersects  itself,  then  the  point  P  is  on  a  line 
of  eqnilibrinm,  and  the  equipotential  suriace  through  P  cute  itself 
in  that  line. 

If  there  are  intersections  of  the  nodal  line  not  on  opposite  points 
of  the  sphere,  then  P  is  at  the  intersection  of  three  or  more  lines 
of  equilibrium.  For  the  equipotential  surface  through  P  must  cut 
itself  in  each  line  of  equilibrium. 

1 1 5.]  If  two  sheets  of  the  same  equipotential  surface  intenect, 
they  must  intersect  at  ri^ht  angles. 

For  let  the  tangent  to  the  line  of  intersection  be  taken  as  the 
axis  of  ^,  then  d^V/dz^  =  0.  Also  let  the  axis  of  ;r  he  a  tangent 
to  one  of  the  sheets,  then  d^V/dt^  =  0.  It  follows  from  this,  by 
Laplace's  equation,  that  d*F/dy^  =  0,  or  the  axis  of^  is  a  tangent 
to  the  other  sheet. 

This  investigation  araumes  that  H^  is  Quite.  If  ff^  vanishes,  let 
the  tangent  to  the  line  of  intersection  be  taken  as  the  axis  of  z,  and 
letm=  r cos $,  and y  =  rsm 6,  then,  since 

^_0       —       -—  -0- 
dz^  ~    '      die'       di/^   ~    ' 

d'v    \dr ,  I  d^r    „ 

*»'        d^  +  -rW+^W='''' 
the  solution  of  which  equation  in  ascending  powers  of  r  is 
F=F^+AircOB{0+a)  +  Att^cos(2e  +  a^)  +  &C.  +  A,7'oos(ne  +  a,). 
At  a  point  of  equilibrium  A^  is  zero.     If  the  Erst  term  that  does 
not  vanish  is  that  in  r",  then 

F—  Ff,  =  A^r' COB {n0+a^  +  terms  in  higher  powers  of  r. 
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This  equation  shews  that  n  sheets  of  the  equipotential  surface 
y=  F(,  intersect  at  angles  each  equal  to  v/n.  This  theorem  was 
given  by  Rankine*. 

It  is  only  under  certain  conditions  that  a  line  of  equilibriam  can 
exist  in  free  space,  but  there  must  be  a  line  of  equilibrium  on  the 
surface  of  a  conductor  whenever  the  surface  density  of  the  conductor 
is  positive  in  one  portion  and  negative  in  another. 

In  order  that  a  conductor  may  be  charged  oppositely  on  different 
portions  of  its  surface,  there  must  be  in  the  field  some  places  where 
the  potential  is  higher  than  that  of  the  body  and  others  where  it  is 
lower. 

Let  us  begin  with  two  conductors  electrified  positively  to  the 
same  potential.  There  will  be  a  point  of  equilibrium  between  the 
two  bodies.  Let  the  potential  of  the  first  body  be  gradually 
diminished.  The  point  of  equilibrium  will  approach  it,  and,  at  a 
certain  stage  of  the  process,  will  coincide  with  a  point  on  its 
surface.  During  the  next  stage  of  the  process,  the  cquipotential 
sur&ce  round  the  second  body  which  has  the  same  potential  as  the 
first  body  will  cut  the  surface  of  the  second  body  at  right  angles 
in  a  closed  curve,  which  is  a  line  of  equilibrium.  This  closed 
curve,  after  sweeping  over  the  entire  surface  of  the  conductor, 
will  again  contract  to  a  point ;  and  then  the  point  of  equilibrium 
will  move  ofi"  on  the  other  side  of  the  first  body,  and  will  be  at  an 
infinite  distance  when  the  charges  of  the  two  bodies  are  equal  and 


Eamtiaw'a  Theorem. 

116.]  A  charged  body  placed  in  a  field  of  electric  force  cannot 
be  in  stable  equilibrium. 

First,  let  us  suppose  the  electricity  of  the  moveable  body  [A),  and 
^so  that  of  the  system  of  surrounding  bodies  (B),  to  be  fixed  in 
those  bodies. 

Let  V  be  the  potential  at  any  point  of  the  moveable  body  due  to 
the  action  of  the  surrounding  bodies  (S),  and  let  e  be  the  electricity 
on  8  small  portion  of  the  moveable  body  A  surrounding  this  point. 
■Rien  the  potential  energy  of  ^  with  respect  to  B  will  be 

where  the  summation  is  to  be  extended  to  every  charged  portion  of  A, 

•  'SnminuT  of  ihe  Ptopertiea  of  ixriala  Streun  Lines,'  Phil.  Mag.,  Oct.  1864. 
Soe  aln,  Thomsoii  »iid  Tut'e  Natural  Philomphy.  %  780  ;  and  Hrakine  and  Stok«<, 
in  the  Proe.  B.  3.,  1867,  p.  iea ;  «l»o  W.  E.  Smith,  Proe.  S.  S.  £di^  16011-70,  p..79. 
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Let  a,  6,  c  he  the  coordinates  of  any  charged  part  of  A  with 
respect  to  axes  fixed  in  A,  and  parallel  to  those  of  x,y,  z.  Let  the 
absolute  coordinates  of  the  ori^n  of  these  axes  be  f,  tf,  (. 

Let  UB  suppose  for  the  present  that  the  body  A  is  constrained  to 
move  parallel  to  itself,  then  the  absolute  coordinates  of  the  point 
a,  b,  s  will  be 

x  =  i-Va,        y  =  y]  +  b,        s=  C+e. 

The  potential  of  the  body  A  with  respect  to  S  may  now  be 
expressed  as  the  sum  of  a  number  of  terms,  in  each  of  which  F 
is  expressed  in  terms  of  a,  b,  c  and  f,  if,  ^  and  the  sum  of  these 
terms  is  a  function  of  the  quantities  a,  h,  c,  which  are  constant  for 
each  point  of  the  body,  and  of  f,  i;,  £  which  vary  when  the  body  is 
moved. 

Since  Laplace's  equation  ie  satisfied  by  each  of  these  terms  it  is 
satisfied  by  their  sum,  ot 

d'M     d^M      d^M  _ 
d^  "•"    rf.,*   +  dO    ~ 

Now  let  a  small  displacement  be  given  to  .i^,  so  that 
d^  =  Idr,        di\  =  mdr,        d(=iidr; 
and  let  dM  be  the  increment  of  the  potential  of  A  with  respect  to 
the  surrounding  system  B. 

If  this  be  positive,  work  will  have  to  be  done  to  increase  r,  and 
there  will  be  a  force  B  =  dM/dr  tending  to  diminish  r  and  to  restore 
^  to  it«  former  position,  and  for  this  displacement  therefore  the 
equilibrium  will  be  stable.  If,  on  the  other  hand,  this  quantity  is 
negative,  the  force  will  tend  to  increase  r,  and  the  equilibrium  will 
be  unstable. 

Now  consider  a  sphere  whose  centre  is  the  origin  and  whose 
radius  is  r,  and  so  small  that  when  the  point  fixed  in  the  body 
lies  within  this  sphere  no  part  of  the  moveable  body  A  can  coincide 
with  any  part  of  the  external  system  S.  Then,  since  within  the 
sphere  V'Jf  =  0,  the  stuface-integral 


//' 


dr 


taken  over  the  sur&oe  of  the  sphere,  is  zero. 

Hence,  if  at  any  part  of  the  surface  of  the  sphere  dM/dr  is 
positive,  there  must  he  some  other  part  of  the  surface  where  it  is 
negative,  and  if  the  body  A  be  displaced  in  a  direction  in  which 
dM/dr  is  negative,  it  will  tend  to  move  from  its  original  position, 
and  its  equilibrium  is  therefore  necessarily  unstable. 

The  body  therefore  is  unstable  even  when  constrained  to  move 
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parallel  to  iteelf,  and  k  fortiori  it  is  unstable  wbea  altogetlier 
free. 

Now  let  us  enppose  that  the  body  J  is  a  condactor.  We  might 
treat  this  as  a  case  of  equilibrium  of  a  system  of  bodies,  the  move- 
able electricity  being  considered  as  part  of  that  system,  and  we 
might  argue  that  as  the  system  is  imstable  when  deprived  of  eo 
many  d^rees  of  freedom  by  the  fixture  of  its  electricity,  it  must 
hjitrtiori  be  unstable  when  this  freedom  is  restored  to  it. 

But  we  may  consider  this  case  in  a  more  particular  way,  thus — 

First,  let  the  electricity  be  fixed  in  A,  and  let  A  move  through 
the  small  distance  dr.  The  increment  c^  the  potential  of  A  dne  to 
this  caose  has  been  already  considered. 

Next,  let  the  electricity  be  allowed  to  move  within  A  into  its 
position  of  equilibrium,  which  is  always  stable.  During  this  motion 
the  potential  will  necessarily  be  diminished  by  a  quantity  which  wa 
may  call  Cdr. 

Hence  the  total  increment  of  the  potential  wheo  the  eleotriei^ 
is  &ee  to  move  will  be 

and  the  force  l«adiii^  to  bring  A  bftck  towards  it«  original  position 
Willis 

dM 

where  C  is  always  positive. 

Now  we  have  shewn  that  dM/dr  is  negative  for  certain  directions 
of  r,  hence  when  the  electricity  is  free  to  move  the  instability  in 
these  directions  will  be  increased. 
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CHAPTER  VII. 

POBMS  OF  THE  EQUIPOTENTIAL  SUBPACE8  AND   LINES  OP 
INDUCTION   IN  SIMPLE  CASES. 

117.]  Wb  have  seen  that  the  determination  of  the  distribution 
of  electricity  on  the  surface  of  conductors  may  be  made  to  depend 
on  the  solution  of  Laplace's  equation 

dx*  "''  df   "*"  dz^  ~    ' 

V  being  a  function  of  *,  g,  and  2,  which  is  always  finite  and  con- 
tinuous, which  vanishes  at  an  infinite  distance,  and  which  has 
a  given  constant  value  at  the  surface  of  each  conductor. 

It  is  not  in  general  possible  by  known  mathematical  methods 
to  solve  this  equation  bo  as  to  fulfil  arbitrarily  given  conditions, 
but  it  is  easy  to  write  down  any  number  of  expressions  for  the 
function  T  which  shall  satisfy  the  equation,  and  to  determine  in 
each  case  the  forms  of  the  conducting  surfaces,  so  that  the  function 

V  shall  be  the  true  solution. 

It  appears,  therefore,  that  what  we  should  naturally  call  the 
inverse  problem  of  determining  the  forms  of  the  conductors  when 
the  expression  for  the  potential  is  given  is  more  manageable  than 
the  direct  problem  of  determining  the  potential  when  the  form  of 
the  conductors  is  given. 

In  fact,  every  electrical  problem  of  which  we  know  the  solution 
has  been  constructed  by  this  inverse  process.  It  is  therefore  of 
great  importance  to  the  electrician  that  he  should  know  what 
results  have  been  obtained  in  this  way,  since  the  only  method  by 
which  he  can  expect  to  solve  a  new  problem  is  by  reducing  it 
to  one  of  the  oases  in  which  a  similar  problem  has  been  con- 
structed by  the  inverse  process. 

This  historical  knowledge  of  results  can  be  turned  to  account  in 
two  ways.  If  we  are  required  to  devise  an  instrument  for  making 
electrical  measurements  with  the  greatest  accuracy,  we  may  select 
those  forms  for  the  electrified  surfaces  which  correspond  to  cases 
of  which  we  know  the  accurate  solution.  If^  on  the  other  hand, 
we  are  required  to  estimate  what  will  be  the  electrification  of  bodies 


DigiLizedbyGoOJ^lc 


Il8.]  USB  OF  DIAGBAMS.  165 

whose  forms  are  given,  we  may  begin  with  some  case  in  which  one 
of  the  equipotential  surfaces  takes  a  form  somewhat  resembling  the 
given  form,  and  then  by  a  tentative  method  we  may  modify  the  pro- 
blem till  it  more  nearly  corresponds  to  the  given  case.  This  method 
is  evidently  very  imperfect  considered  &om  a  mathematical  point 
of  view,  but  it  is  the  only  one  we  have,  and  if  we  are  not  allowed 
to  choose  our  conditions,  we  can  make  only  an  approximate  cal- 
culation of  the  electrification.  It  appears,  therefore,  that  what  we 
want  is  a  knowledge  of  the  forms  of  equipotential  surfaces  and 
lines  of  indnction  in  as  many  different  cases  as  we  can  collect 
together  and  remember.  In  certain  classes  of  cases,  such  as  those 
relating  to  spheres,  there  are  known  mathematical  methods  by 
which  we  may  proceed.  In  other  cases  we  cannot  afford  to  despise 
the  humbler  method  of  actually  drawing  tentative  figures  on  paper, 
and  selecting  that  which  appears  least  nnlike  the  figure  we  require. 

This  latter  method  I  think  m^ay  be  of  some  use,  even  in  cases  in 
which  the  exact  solution  has  been  obtained,  for  I  find  that  an  eye- 
knowledge  of  the  forms  of  the  equipotential  surfaces  often  leads  to 
a  right  selection  of  a  mathematical  method  of  solution. 

I  have  therefore  drawn,  several  diagrams  of  systems  of  equi- 
potential surfaces  and  lines  of  induction,  so  that  the  student  may 
make  himself  familiar  with  the  forms  of  the  lines.  The  methods  by 
which  such  diagrams  may  be  drawn  will  be  explained  in  Art.  123. 

118.]  In  tiie  first  figure  at  the  end  of  this  volume  we  have  the 
Bcctiqns  of  the  equipotential  sur&ces  sarrounding  two  points 
charged  with  quuitities  of  eleotricity  of  the  same  kind  and  in  the 
ratio  of  20  to  6. 

Here  each  point  is  surrounded  by  a  system  of  equipotential 
sur&ces  which  become  more  nearly  spheres  as  they  become  smaller, 
though  none  of  them  are  accurately  spheres.  IS  two  of  these  sur- 
&ce8,  one  surrounding  each  point,  be  taken  to  represent  the  surfaces 
of  two  conducting  bodies,  nearly  but  not  quite  spherical,  and  if 
these  bodies  be  charged  with  the  same  kind  of  electricity,  the 
charges  being  as  4  to  1,  then  the  diagram  will  represent  the 
equipotential  snrfaces,  provided  we  expunge  all  those  which  are 
drawn  inside  the  two  bodies.  It  appears  from  tbe  diagram  that 
the  action  between  the  bodies  will  be  the  same  as  that  between 
two  points  having  the  same  charges,  these  points  being  not  exactly 
in  the  middle  of  the  axis  of  each  body,  but  each  somewhat  more 
remote  than  the  middle  point  from  the  other  body. 

The  some  diagram  enables  us  to  see  what  will  be  the  distribution 
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of  electricity  on  one  of  the  oval  fignreB,  larger  at  one  end  than 
the  other,  which  mirroand  both  centres.  Such  a  body,  if  charged 
with  25  units  of  electricity  and  free  from  external  influence,  will 
have  the  surface-density  greatest  at  the  small  end,  less  at  the  large 
end,  and  least  in  a  circle  somewhat  nearer  the  emaller  than  the 
larger  end. 

There  is  one  equipotential  snrface,  indicated  by  a  dotted  line, 
which  consists  of  two  lobes  meeting  at  the  conical  point  P.  That 
point  is  a  point  of  equilibrium,  and  the  sarface-density  on  a  body 
of  the  form  of  this  enrfoce  would  be  zero  at  this  point. 

The  lines  of  force  in  this  case  form  two  distinct  systems,  divided 
'from  one  another  by  a  surface  of  the  sixth  degree,  indicated  by  a 
dotted  line,  passing  through  the  point  of  equilibrium,  and  some- 
what resembling  one  sheet  of  the  hyperboloid  of  two  sheets. 

This  diagram  may  also  be  taken  to  represent  the  lines  of  force 
and  equipotential  surfaces  belonging  to  two  spheres  of  gravitating 
matter  whose  masses  are  as  4  to  1. 

119.]  In  the  second  figure  we  have  again  two  points  whose 
chu-ges  ate  aa  20  to  5,  bnt  the  one  positive  and  the  other  negative. 
In  this  case  one  of  the  equipotential  surfaces,  that,  namely,  corre- 
sponding to  potential  zero,  is  a  sphere.  It  is  marked  in  the  diagram 
by  the  dotted  circle  Q.  The  importance  of  this  spherical  surface 
will  be  seen  when  we  come  to  the  theory  of  Electrical  Images. 

We  may  see  from  this  diagram  that  if  two  round  bodies  are 
charged  with  opposite  kinds  of  electricity  they  will  attract  each 
other  as  much  as  two  points  having  the  same  charges  but  placed 
somewhat  nearer  together  than  the  middle  points  of  the  round  bodies. 

Here,  again,  one  of  the  equipotential  eur&ces,  indicated  by  a 
dotted  line,  has  two  lobes,  an  inner  one  surrounding  the  point  whose 
charge  is  5  and  an  outer  one  surrounding  both  bodies,  the  two 
lobes  meeting  in  a  conical  point  P  which  is  a  point  of  equilibrium. 

If  the  surface  of  a  conductor  is  of  the  form  of  the  outer  lobe,  a 
roundish  body  having,  like  an  apple,  a  conical  dimple  at  one  end  of 
its  axis,  then,  if  this  conductor  be  electrified,  we  shall  bo  able  to 
determine  the  surface-density  at  any  point.  That  at  the  bottom  of 
the  dimple  will  be  eero. 

Surronnding  this  surface  we  have  others  having  a  rounded 
dimple  which  flattens  and  finally  disappears  in  the  equipotential 
surface  passing  through  the  point  marked  M. 

The  lines  of  force  in  this  diagram  form  two  systems  divided  by  a 
Borface  which  posses  through  the  point  of  equilibriam, 

DigiLizedbyGoOJ^lc 


121,]  AND   LINES  OF  INDUCTION.  167 

If  we  ooDsider  points  oa  the  axis  on  the  farther  side  of  the  poiot 
£,  we  find  that  the  resaltant  force  dimiaishes  to  the  double  point  P, 
where  it  vanishes.  It  then  changes  Btgn,  and  reaches  a  maximum 
at  M,  after  which  it  continually  diminishes. 

This  Tnaximnm,  however,  is  only  a  maximum  relatively  to  other 
points  on  the  axis,  for  if  we  consider  a  sarface  throngh  if  per- 
pendicular to  the  axis,  Jf  is  a  point  of  minimum  force  relatively  to 
neighbouring  points  on  that  surface. 

120.]  Figure  III  represents  the  equipotential  surfaces  and  lines 
of  induction  due  to  a  point  whose  charge  is  i  0  placed  at  A,  and 
surrounded  by  a  field  of  force,  which,  before  the  introduction  of  the 
charged  point,  was  uniform  in  direction  and  magnitude  at  every 
part. 

The  equipotential  suriaces  have  each  of  them  an  asymptotic 
plane.  One  of  them,  indicated  hy  a  dotted  line,  has  a  conical 
point  and  a  lobe  surrounding  the  point  A.  Those  below  this  surface 
have  one  sheet  with  a  depression  near  the  axis.  Those  above  have 
a  closed  portion  surrouuding  A  and  a  separate  sheet  with  a  slight 
depression  near  the  axis: 

If  we  take  one  of  the  surfaces  below  A  as  the  sur&ce  of  a  con- 
ductor, and  another  a  long  way  below  A  as  the  surface  of  another 
conductor  at  a  different  potential,  the  system  of  lines  and  surfaces 
between  the  two  conductors  will  indicate  the  distribution  of  electric 
force.  If  the  lower  conductor  is  very  far  Srora  A  its  sur&ce  will 
be  very  nearly  plane,  so  that  we  have  here  the  solution  of  the 
distribution  of  electricity  on  two  surfaces,  both  of  tbem  nearly 
pUne  and  parallel  to  each  other,  except  that  the  upper  one  has 
a  protuberance  near  its  middle  point,  which  is  more  or  less 
prominent  according  to  the  particuUr  equipotential  surface  we 
choose, 

121.]  Figure  IV  represents  the  equipotential  surfaces  and  lines 
of  induction  due  to  three  points  A,  £  and  C,  the  charge  of  A  being 
15  units  of  positive  electricity,  that  of  J  12  units  of  negative 
electricity,  and  that  of  C  20  units  of  positive  electricity.  These 
points  are  placed  iu  one  straight  line,  so  that 

AB  =  9,    £C=l&,     AC=25. 

In  this  case,  the  surface  for  which  the  potential  is  zero  consists 
of  two  spheres  whose  centres  are  A  and  C? and  their  radii  15  and  20. 
These  spheres  intersect  in  the  circle  which  cuts  the  plane  of  the 
paper  at  right  angles  in  i>  and  If,  so  that  £  is  the  centre  of  this 
circle  and  its  radius  is  12.    This  circle  is  an  example  of  a  line 
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of  equilibrium,  for  the  resiiJtAiit  force  vanishee  at  every  point  of 
this  line. 

If  we  snppose  the  sphere  whose  centre  is  ^  to  be  a  conductor 
with  a  charge  of  3  units  of  positive  electricitj,  and  placed  under 
the  influence  of  20  units  of  positive  electricity  at  C,  the  state  of 
the  case  will  be  represented  by  the  diagram  if  we  leave  out  all  the 
lines  within  the  sphere  A.  The  part  of  this  spherical  surface  within 
the  small  circle  J)2X  will  be  negatively  charged  by  the  influence 
of  C.  All  the  rest  of  the  sphere  will  be  positively  charged,  and 
the  small  circle  DI/  itself  will  be  a  line  of  no  charge. 

We  may  also  consider  the  diagram  to  represent  the  sphere  whose 
centre  is  C,  charged  with  8  units  of  positive  electricity,  and  in- 
fluenced by  15  units  of  positive  electricity  placed  at  A. 

The  diagram  may  also  be  taken  to  represent  a  conductor  whose 
surface  consists  of  the  larger  segments  of  the  two  spheres  meeting 
in  Diy,  charged  with  23  units  of  positive  electricity. 

We  shall  return  to  the  consideration  of  tfab  dii^ram  as  an 

illustration  of  Thomson's  Theory  of  Electrical  Inu^et.    See  Art.  168, 

122.]  These  diagrams  eboold  be  studied  as  illustrations  of  the 

language  of  Faraday  in  speaking  of '  lines  of  force,'  the  '  forces  of  an 

electrified  body,'  &c. 

The  word  Force  denotes  a  restricted  aspect  of  that  action  between 
two  material  bodies  by  which  their  motions  are  rendered  different 
from  what  they  would  have  been  in  the  absence  of  that  action. 
The  whole  phenomenon,  when  both  bodies  are  contemplated  at 
once,  is  called  Stress,  and  may  be  described  as  a  transference  of 
momentum  from  one  body  to  the  other.  When  we  restrict  our 
attention  to  the  flret  of  the  two  bodies,  we  call  the  stress  acting 
on  it  the  Moving  Force,  or  simply  the  Force  on  that  body,  and 
it  is  measured  by  the  momentum  which  that  body  is  receiving  per 
unit  of  time. 

The  mechanical  action  between  two  charged  bodies  is  a  stress, 
and  that  on  one  of  them  is  a  force.  The  force  on  a  small  charged 
body  is  proportional  to  its  own  charge,  and  the  force  per  unit  of 
charge  is  called  the  Intensity  of  the  force. 

The  word  Induction  was  employed  by  Faraday  to  denote  the 
mode  in  which  the  charges  of  electrified  bodies  are  related  to 
each  other,  every  unit  of  positive  charge  being  connected  with 
a  unit  of  negative  charge  by  a  line,  the  direction  of  which, 
in  fluid  dielectrics,  coincides  at  every  part  of  its  course  with 
tlut   of  the  electric   intensity.     Such   a   line   is  often  called   a 
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line  of  Force,  bat  it   is  more   correct  to   call  it  a  line  of  In- 
dnction. 

Now  tte  qiuntity  of  electricity  In  a  body  is  meaeured,  according 
to  Faraday's  idesa,  by  the  number  of  lines  of  force,  or  rather  of 
induction,  which  proceed  from  it.  These  lines  of  force  ma^t  all 
terminate  somewhere,  either  on  bodies  in  the  neighbourhood,  or  on 
the  walls  and  roof  of  the  room,  or  on  the  earth,  or  on  the  heavenly 
bodies,  and  wherever  they  terminate  there  is  a  qaantity  of  elec- 
tricity exactly  eqnal  and  opposite  to  that  on  the  part  of  the  body 
from  which  they  proceeded.  By  examining  the  diagrams  this  will 
be  seen  to  be  the  case.  There  is  therefore  no  contradiction  between 
Faraday's  views  and  the  mathematical  reaolts  of  the  old  theory, 
but,  on  the  contrary,  the  idea  of  lines  of  force  throws  great  light 
on  these  results,  and  seems  to  afford  the  means  of  rising  by  a  con- 
tinuous process  from  the  somewhat  rigid  conceptions  of  the  old 
theory  to  notions  which  may  be  capable  of  greater  expansion,  so 
as  to  provide  room  for  the  increase  of  our  knowledge  by  farther 
reeearches. 

123.]  These  diagrams  are  construeted  in  the  following  manner : — 
First,  take  the  case  of  a  single  centre  of  force,  a  email  electrified 
body  with  a  chai^  e.  The  potential  at  a  distance  r  is  V=  e/r  \ 
hence,  if  we  make  r  =  ejV,  we  shall  find  r,  the  radius  of  the  sphere 
for  which  the  potential  is  V.  If  we  now  give  to  T  the  values 
1,  2,  3,  &c.,  and  draw  the  corresponding  spheres,  we  shall  obtain 
a  series  of  equipotential  surfaces,  the  potentials  corresponding  to 
which  are  measured  l^  the  natural  numbers.  The  sections  of  these 
spheres  by  a  plane  passing  through  their  common  centre  will  be 
circles,  each  of  which  we  may  mark  with  the  number  denoting  its 
potential.  These  are  indicated  by  the  dotted  semi-circles  on  the 
right  hand  of  Pig.  6. 

If  there  be  another  centre  of  force,  we  may  in  the  same  way  draw 
the  equipotential  surfaces  belonging  to  it,  and  if  we  now  wish  to 
find  the  form  of  the  equipotential  surfaces  due  to  both  centres 
together,  we  mast  remember  that  if  ^  be  the  potential  dae  to  one 
centre,  and  V^  that  due  to  the  other,  the  potential  due  to  both  will  be 
^-f-  ^=  V.  Hence,  since  at  eveiy  intersection  of  the  equipotential 
sorfaces  belonging  to  the  two  series  we  know  both  ^  and  ^,  we 
also  know  the  value  of  V.  If  therefore  we  draw  a  surface  which 
passes  through  all  those  intersections  for  which  the  value  of  f  is 
the  same,  this  surface  will  coincide  with  a  true  equipotential  surface 
at  ail  these  intersections,  and  if  the  original  systems  of  surfaces 
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are  drawn  saffioiently  close,  tLe  new  Burface  may  be  drawn  with 
any  required  degree  of  accuracy.  The  equipotential  surfaces  due  to 
two  points  whose  charges  are  equal  and  opposite  are  represented  by 
the  continuous  lines  on  the  right  hand  side  of  Fig.  6. 

This  method  may  be  applied  to  the  drawing  of  any  system 
of  equipotential  sur&ces  when  the  potential  is  the  sum  of  two 
potentials,  for  which  we  have  already  drawn  the  equipotential 
surfaces. 

The  lines  of  force  due  to  a  single  centre  of  force  are  straight 
lines  radiating  from  that  centre.  If  we  wish  to  indicate  by  these 
lines  the  intensity  as  well  as  the  direction  of  the  force  at  any  point, 
we  must  draw  them  so  that  they  mark  out  on  the  equipotential 
surfaces  portions  over  which  the  sur&ce-iutegral  of  induction  has 
definite  values.  The  beet  way  of  doing  this  is  to  suppose  our 
plane  figure  to  be  the  section  of  a  fignre  in  space  formed  by  the 
revolution  of  the  plane  fignre  aboat  an  axis  passing  through  the 
centre  of  force.  Any  straight  Hoe  radiating  from  the  centre  and 
making  an  angle  0  with  the  asia  will  then  trace  out  a  cone, 
and  the  surface-integral  of  the  induction  through  that  part  of  any 
sur&ce  which  is  cut  off  by  this  cone  on  the  side  next  the  positive 
direction  of  the  axis  is  2-ae  (1— cos<?.). 

If  we  further  suppose  this  surface  to  be  bounded  by  its  inter- 
section with  two  planes  passing  through  the  axis,  and  inclined  at 
the  angle  whose  arc  is  equal  to  half  the  radius,  then  the  induction 
through  the  surface  so  bounded  is 

e[l—eoB0)=  2*,.Bay; 

and     tf  =  c08-*(l  — 2 — )■ 

If  we  now  give  to  (f  a  series  of  values  1,  2,  3  ...  e,ve  shall  find 
a  correeponding  series  of  values  of  $,  and  if  0  be  an  integer,  the 
number  of  corresponding  lines  of  force,  including  the  axis,  will  be 
equal  to  e. 

We  have  thus  a  method  of  drawing  lines  of  foroe  so  that  the 
charge  of  any  centre  is  indicated  by  the  number  of  lines  which 
diverge  from  itj  and  the  induction  through  any  surfiioe  cut  ofi^  in  the 
way  described  is  measured  by  the  number  of  lines  of  force  which 
pass  through  it.  The  dotted  straight  lines  on  the  left  hand  side 
of  Fig.  6  represent  the  lines  of  force  due  to  each  of  two  electrified 
points  whose  charges  are  10  and  —10  respectively. 

If  there  are  two  centres  of  force  on  the  axis  of  the  figure  we 
may  draw  the  lines  of  force  for  each  axis  corresponding  to  values 
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of  *i  and  *(,  and  then,  by  drawing  lines  tliroQg:li  the  consecative 
intersections  of  theee  lines  for  which  the  value  of  *,  +  ^a  is  the 
same,  we  may  find  the  lines  of  force  due  to  both  centres,  and  in 
the  -same  way  we  may  combine  any  two  Bysteme  of  lines  of  force 
which  are  symmetrically  situated  about  the  same  axis.  The  con- 
tinuous curves  on  the  left  hand  side  of  Fig-.  6  represent  the  lines  of 
force  doe  to  the  two  charged  points  acting  at  once. 

After  the  equipotentiol  surfaces  and  lines  of  force  have  been 
coDstmcted  by  this  method  the  accuracy  of  the  drawing  may  be 
tested  by  observing  whether  the  two  systems  of  lines  are  every- 
where orthogonal,  and  whether  the  distance  between  consecutive 
equipotentiol  eurfacea  is  to  the  distance  between  consecutive  lines 
of  force  as  half  the  mean  distance  from  the  axis  is  to  the  assumed 
nnit  of  length. 

In  the  case  of  any  such  system  of  finite  dimensions  the  line  of  force 
whose  index  number  is  4>  has  an  asymptote  which  passes  through 
the  electric  centre  (Art.  89  d)  of  the  system,  and  is  inclined  to  the 
axis  at  an  angle  whose  cosine  is  1  —  2  4>/e,  where  e  is  the  total  elec- 
trification of  the  system,  provided  <t>  is  less  than  e.  Lines  of  force 
wbose  index  is  greater  than  e  are  finite  lines.  If  e  is  zero,  they  are 
all  finite. 

The  lines  of  force  corresponding  to  a  Gfld  of  uniform  force  parallel 
to  the  axis  are  lines  parallel  to  the  axis,  the  distances  from  the  axis 
being  the  square  roots  oi'  an  arithmetical  series. 

The  theory  of  equipotential  surfaces  and  lines  of  force  in  two 
dimensions  will  be  given  when  we  come  to  the  tiieory  of  conjugate 
functions'. 


DigiLizedbyGoOglc 


CHAPTER  VIII. 


SIMPLE   CASKS  OF  ELECTBIPTCATIOH. 

Two  Parallel  Planet. 

134.]  We  shall  consider,  in  tbe  first  place,  two  parallel  place 
conducting  surfaces  of  infinite  extent,  at  a  distance  e  from  each 
other,  maintained  respectively  at  poteatials  A  and  B. 

It  is  manifest  that  in  this  case  the  potential  Fwill  be  a  fnnctdon 
of  the  distance  z  from  the  plane  A,  and  will  be  the  same  for  all 
points  of  any  parallel  plane  between  A  and  S,  except  near  the 
boundaries  of  the  electrified  Burfaces,  which  by  the  supposition 
are  at  an  infinitely  great  distance  from  the  point  considered. 

Hence,  Laplace's  equation  becomes  reduced  to 

the  integral  of  which  is 

and  aince  when  «  =  0;  V=  A,  and  when  z  =  c,  V=  B, 

r=A  +  {B-A)-. 

For  all  points  between  the  planes,  the  resultant  intensity  is 
normal  to  the  planes,  and  its  magnitude  is 

c 
In  the  substance  of  the  conductors  tbemselTes,  B  =  0.     Hence 
the  distribution  of  electricity  on  the  first  plane  has  a  sur&ce- 
density  <r,  where 

4..  =  B  =  ^=5. 
c 

On  the  other  surface,  where  the  potential  is  B,  the  surface- 
density  u'  will  be  equal  and  opposite  to  a,  and 
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het  xm  next  considet  a  portioD  of  the  first  sariace  whose  area 
is  S,  taken  so  that  no  part  of  S  is  near  the  boiudarjr  of  the 
eurface. 

The  qnantity  of  electricity  on  this  surfaee  is  e^  =  Sir,  and,  by 
Art.  79,  the  force  acting  on  every  unit  of  electricity  is  \R,  so  that 
the  whole  force  acting  on  the  area  S,  and  attracting  it  towards 
the  other  plane,  is 

Here  the  attraction  is  expressed  in  terms  of  the  area  S,  the 
difference  of  potentials  of  the  two  surfaces  (J— SJ,  and  the  distance 
between  them  c.  The  attraction,  expressed  in  terms  of  the  charge 
e, ,  on  the  area  &  is  „       2  ir     , 

llie  electrical  energy  due  to  the  distribution  of  electricity  on  the 
area  8,  and  that  on  the  corresponding  area  S"  on  the  surface  B 
defined  by  projecting  8  on  the  surface  ^  by  a  system  of  lines  of 
force,  which  in  this  case  are  normals  to  the  planes,  is 

4v         c 

=  Fc. 

The  first  of  these  expressions  is  the  general  expression  of  elec- 
trical ene^y  (Art.  84). 

The  second  gives  the  energy  in  terms  of  the  area,  the  distance, 
and  the  difierenee  of  potentiab. 

The  third  gives  it  in  terms  of  the  resultant  force  R,  and  the 
volume  Sc  included  between  the  areas  S  and  y,  and  shews  that  the 
energy  in  unit  of  volume  isp  where  Svp  =  ^. 

The  attraction  between  the  planes  is  pS,  or  in  other  words,  there 
is  an  electrical  tension  (or  negative  pressure)  equal  to  ^  on  every 
unit  of  area. 

The  fourth  expression  gives  the  energy  in  terms  of  the  charge. 

The  fifth  shews  that  the  electrical  energy  is  equal  to  the  work 
which  would  be  done  by  the  electric  force  if  the  two  surfaces  were 
to  be  brought  together,  moving  parallel  to  themselves,  with  their 
electric  charges  copstaot. 
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To  express  the  charge  in  terms  of  the  difference  of  potentials, 

The  coefBcieat  q  represents  the  charge  dne  to  a  difference  of 
potentials  equal  to  unity.  This  coefficient  is  called  the  Capacity 
of  the  surface  8,  due  to  its  position  relatively  to  the  opposite 


Let  us  now  suppose  that  the  medium  between  the  two  sur&ces 
is  no  longer  air  but  some  other  dielectric  substance  whose  specific 
inductive  capacity  is  K,  then  the  charge  due  to  a  given  difference 
of  potenti^  will  be  K  times  as  great  as  when  the  dielectric  is  air, 

h=  47c  t-^" -"J- 
Hie  total  energy  will  be  „ 

-Ts'''- 

The  fore«  between  tlie  ear&ces  will  be 
2t  ., 


Hence  the  force  between  two  sur&ces  kept  at  given  potentials 
varies  directly  as  K,  the  specific  capacity  of  the  dielectric,  but  the 
force  between  two  surfaces  charged  with  given  quantities  of  elec- 
tricity varies  inversely  as  K, 


Tko  Conemirio  Spieneal  Surfaeet. 

126.}  Let  two  concentric  spherical  snr&ces  of  radii  a  and  I,  of 
which  b  is  the  greater,  be  maintained  at  potentials  A  and  B 
respectively,  then  it  is  manifest  that  the  potential  ^  is  a  functioD 
of  r  the  distance  from  the  centre.  In  this  case,  Laplace's  equation 
becoinea  d^V     2  dV      „ 

^+r^  =  ''- 

The  solution  of  this  is 

and  the  condition  that  F=A  when  r  =  a,  and  Vs:£  when  r  =  8, 
gives  for  the  space  between  the  spherical  sor&oes, 
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„      Aa—Bh.        A-B       , 


If  (r^ ,  (Tj  &Te  the  eQr&ce-densitie8  oa  the  opposed  ear&ces  of  a 
Bolid  ^here  of  radius  a,  and  a  spherical  hollow  of  radiiis  b,  theo 
_     1       A-B  _     1       B^A 

If  «i  and  e^  are  the  whole  charges  of  electricity  on  these  snrfaees, 
-B 


=  4»aV,= 


i-a 

If  the  oater  sur&ce  of  the  shell  be  also  spherical  and  of  radius  e, 
then,  if  there  are  no  other  conductors  in  the  neighbourhood,  the 
charge  on  the  oat«r  surfiace  is 

tf  —  Be. 
Hence  the  whole  charge  on  the  inner  sphere  is 

and  that  of  the  outer  shcD 

',  +  '>=  ■^(B-^)+^'- 

If  we  put  d  =  00,  we  have  the  case  of  a  sphere  in  an  infinite 
space.  The  electric  capacity  of  such  a  sphere  is  a,  or  it  is  numeri- 
cally equal  to  its  radius. 

The  electric  tension  on  the  inner  sphere  per  unit  of  area  is 
1    a'  (A-B)^ 
^~  S-a  a"    (b-ay  ' 
The  resultant  of  this  tension  over  a  hemisphere  is  va'j)  =  F 
normal  to  the  base  of  the  hemisphere,  and  if  this  is  haloaced  by  a 
surface  tension  exerted  across  the  circular  boundary  of  the  hemi- 
sphere, the  tension  on  unit  of  length  being  T,  we  have 
F=  2-aaT, 

„    i^(A~By     V 

Hence  i'=-L_2.=  ^, 


i>     (A-B)' 
16ita   (b-a)'  ' 
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If  a  spherical  soap  bubble  is  electrified  to  a  potential  A,  then,  if 
its  ladioB  is  a,  tbe  charge  will  be  Aa,  and  the  suiface-denBity 
will  be  ,      4 


The  resultant  intensity  jnst  outside  the  surface  will  be  iva, 
and  inside  the  bubble  it  is  zero,  so  that  by  Art.  79  the  electrical 
force  on  unit  of  area  of  the  surface  will  be  2tt<r*,  acting  outwards. 
Hence  the  electrification  will  diminish  the  pressure  of  the  air 
within  the  bubble  by  2v<r^,  or 

1    ^ 
8w  a"' 

But  it  may  be  shewn  that  if  fg  is  the  tension  which  the  liquid 
film  exerts  across  a  line  of  unit  length,  then  the  pressure  from 
within  required  to  keep  the  bubble  from  collapsiDg  is  2  T^a,  If  the 
electrical  force  is  just  sufficient  to  keep  the  bubble  in  equilibrium 
when  the  air  within  and  without  is  at  the  same  pressure, 

Two  Infinite  Coaxal  Cylindric  Surfacei, 

126.]  Let  the  radius  of  the  outer  sur&ee  of  a  conducting  cylinder 
be  a,  and  let  the  radius  of  the  inner  sur&ce  of  a  hollow  cylinder, 
having  the  same  axis  with  the  first,  be  b.  Let  their  potentials 
be  A  and  B  respectively.  Then,  since  the  potential  ^  is  in  this 
case  a  function  of  r,  the  distonce  from  the  axis,  Laplace's  equation 
becomes 


=  0, 


whence 
Since  r= 

:  A  when  i 

r=<;,+c,h)gc 

r  =  a,  and  V=  B  when  r  =  fi, 

r= 

^log-+£I»g- 

^i            ■ 

If  n,  ', 
aurfeces, 

1  0^ 
4,„, 

the  surface-densities  or 
A-B 

I   the  inner  and  enter 

B-A 
Uogt 
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If  ej  and  e,  are  the  charges  on  tlie  portions  of  the  two  cylinders 
between  two  sections  transreree  to  the  axis  at  a  distance  I  from 
each  other,  A—B 

C|  =  2Tra/(Ti=  \ j-l  =— tfj. 

log  J 

The  capacity  of  a  length  /  of  the  interior  cylinder  is  therefore 

log- 

If  the  apace  between  the  cylinders  is  occupied  hy  a  dielectric  of 
specific  capacity  K  instead  of  air,  then  the  capacity  of  the  inner 
cylinder  is  i     ^^ 

log^ 

The  energy  of  the  electrical  distribntion  on  the  part  of  the  infinite 
cylinder  which  we  have  considered  is 

logr- 


Fig.  6. 

127.]  Lot  there  be  two  hollow  cylindric  conductors  A  and  S, 
Fig.  5,  of  indefinite  length,  having  the  axis  of  x  for  thdr  common 
axis,  one  on  the  positive  and  the  other  on  the  negative  side  of  the 
origin,  and  separated  by  a  ^ort  interval  near  the  origin  of  co- 
oidinates. 

Let  a  hollow  cylinder  Cot  length  2/  he  placed  with  its  middle 
point  at  a  distance  x  on  the  positive  side  of  the  origin,  so  as  to 
extend  into  both  the  hollow  cylinders. 

Let  the  potential  of  the  positive  hollow  cylinder  be  A,  that  of 
the  negative  one  B,  and  that  of  the  internal  one  C,  and  let  us  put 
a  for  the  capacity  per  unit  of  length  of  C  with  respect  to  A,  and 
fi  for  the  same  quantity  with  respect  to  B. 

The  surface  densities  of  tbe  parts  of  the  cylinders  at  fixed 
points  near  the  origin  and  at  points  at  given  sjoall  distances 
from  the  ends  of  the  inner  cylinder  will  not  be  aSected  by  the 

D,....,  Google 


178  SIMPLE  CABE8,  [127. 

value  of  X  provided  a  considerable  length  of  tlie  inner  cylinder 
entera  each  of  the  hollow  cylinders.  Near  the  ends  of  the  hollow 
cylinders,  and  near  the  ends  of  the  inner  cylinder,  there  will  he 
distributions  of  electricity  which  we  are  not  yet  able  to  calculate, 
bnt  the  distribution  near  the  origin  will  not  be  altered  by  the 
motion  of  the  inner  cylinder  provided  neither  of  ite  ends  comes 
near  the  ori^n,  and  the  distributioDS  at  the  ends  of  the  inner 
cylinder  will  move  with  it,  so  that  the  only  effect  of  the  motion 
will  he  to  increase  or  diminish  the  length  of  those  parts  of  the 
inner  cyhnder  where  the  distribution  is  similar  to  that  on  an 
infinite  cylinder. 

Hence  the  whole  energy  of  the  system  will  be,  so  &r  ae  it  depends 
on  X, 

q  =  \a(l+x)(C-Af  +  \fi{l~x){C-Bf  +  ^w.ii\iiie6 

independent  of  x ; 
and  the  resultant  force  parallel  to  the  axis  of  the  cylinders  will  be 

If  the  cylinders  A  and  B  are  of  equal  section,  a  =  /3,  and 
X=a{B-A)(C-k{A-VB)). 

It  appears,  therefore,  that  there  ia  a  constant  force  acting  on 
Uie  inner  cylinder  tending  to  draw  it  into  that  one  of  the  outer 
cylinders  from  which  its  potential  differs  most. 

If  C  be  numerically  large  and  A-\-B  comparatively  small,  then 
the  force  is  approximately     X=  a  (B—A)  C; 
so  that  the  difference  of  the  potentials  of  the  two  cylinders  can  be 
measured  if  we  can  measure  X,  and  the  delicacy  of  the  measurement 
will  be  increased  by  raising  C,  the  potential  of  the  inner  cylinder. 

This  principle  in  a  modified  form  '\m  adopted  in  Thomson's 
Quadrant  Electrometerj  Art.  219. 

The  same  arrangement  of  three  cylinders  may  he  used  as  a 
measure  of  capacity  by  oonaecting  B  and  C.  If  the  potential  of 
A  is  zero,  and  that  of  B  and  C'aT,  then  the  quantity  of  eleetridty 
on  ^  will  be  -^3=  (?i3+o(^+«»  ^i 

00  that  by  moving  C  to  the  right  till «  becomes  v+^the  capacity  of 
the  cylinder  C  becomes  increased  by  the  definite  quantity  a(,  where 
I 

a  and  b  being  the  radii  of  the  opposed  cylindric  surfiices. 
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128.]  The  mathematical  theory  of  epherical  harmonics  has  been 
made  the  subject  of  several  spedal  treatises.  The  Handbuch  der 
Kugey^Mctionen  of  Dr.  E.  Heine,  which  is  the  most  elaborate  work 
on  the  subject,  has  now  (1878)  reached  a  second  edition  in  two 
Tolnmes,  and  Dr.  F.  Neumann  has  published  his  Beilrdge  zur 
Theorie  der  Kugelfunctionen  (Leipzig;,  Teubner,  1878).  The  treat* 
ment  of  the  subject  in  Thomson  and  Tait's  Natural  Phtlosophi/  is 
Cdudderablf  improved  in  the  second  edition  (1879),  and  Mr.  Tod- 
hunter's  Elementary  Treatise  on  Laplace'i  Functions,  Lame'g  Fune- 
tiont,  and  BettePt  Funeliona,  together  with  Mr.  Ferrers'  Elementary 
Treatite  on  SpAericai  Harmonici  and  mhjecta  connected  with  them, 
have  rendered  it  nnnecessary  to  devote  much  space  in  a  book  on 
electricity  to  the  purely  mathematical  development  of  the  subject, 

I  have  retained  however  the  specIilcatioQ  of  a  spherical  harmonic 
in  terms  of  its  poles. 

On  Singular  Pointe  at  wkicA  the  Potential  hecomet  Infinite. 

129  a]  If  s  charge,  A^,  of  electricity  is  uniformly  spread  over 

the  surface  of  a  sphere  the  coordinates  of  whose  centre  are  (a,  b,  c) 

the  potential  at  any  point  (x,  y,  z)  outside  the  sphere  is,  by  Art.  126, 

J"^^'  (1) 

where  f»  =  (r-a)*  +  (y-S)"  +  {z-c)K  (2) 

As  the  expression  for  F  is  independent  of  the  radius  of  the 
sphere,  the  form  of  the  expression  will  be  the  same  if  we  suppose 
the  radius  infinitely  small.  The  physical  interpretation  of  the 
expression  would  be  that  the  charge  J^  is  placed  on  the  surface 
of  an   infinitely  small   sphere,   which  is  sensibly  the  same  as  a 

***  DigiLizedbyGoOJ^lc 


180  SPH&BICAL  HABMOinCS.  [129&. 

mathematical  point.  We  bave  slready  (Arte.  55,  81)  shewn  that 
there  is  a  limit  to  the  surfaee-density  of  electricity,  so  that  it  ia 
physically  impoBBible  to  place  a  finite  charge  of  electricity  on  a 
sphere  of  less  than  a  certain  radius. 

Nevertheless  as  the  equation  (l)  represents  a  possible  distri- 
bution of  potential  in  the  space  surrounding  a  sphere,  we  may 
for  mathematical  purposes  treat  it  as  if  it  arose  from  a  charge  A^ 
condensed  at  the  mathematical  point  (a,  b,  c)  and  we  may  call 
the  point  an  infinite  point  of  order  zero. 

There  are  other  kinds  of  singular  points,  the  properties  of  nhich 
we  shall  now  investigate,  but  before  doing  so  we  must  define 
certain  expressions  which  we  shall  find  useful  in  dealing  with 
directions  in  space,  and  with  the  points  on  a  sphere  which  cor- 
respond to  them. 

129i.]  An  axi»  is  any  definite  direction  in  space.  We  may 
suppose  it  defined  by  a  mark  made  on  the  surface  of  a  sphere  at  the 
point  where  the  radius  drawn  from  the  centre  in  the  direction 
of  the  axis  meets  the  surface.  This  point  ie  called  the  Pole  of 
the  axis.     An  axis  has  therefore  one  pole  only,  not  two. 

If  fi  is  the  cosine  of  the  angle  between  the  axis  h  and  any  vector 
r,  and  if  p^  ^r,  (3) 

p  is  the  resolved  part  of  r  in  the  direction  of  the  axis  h. 

Difierent  axes  are  distinguished  by  different  suffixes,  and  the 
cosine  of  the  angle  between  two  axes  is  denoted  by  X_,,  where  *» 
and  n  are  the  suffixes  specifying  the  axes. 

Difierentiation  with  respect  to  an  axis,  h,  whose  direction  cosines 
are  L,  M,  N,  is  denoted  by 


(6) 

If  we  now  suppose  that  the  potential  at  the  point  (x,  jf,  z)  due  to 
a  singular  point  of  any  order  placed  at  the  origin  is 


d 

=4 

^^i^4 

From  these  definitions  it 

is  evident  that 

dr 

M: 

=  /*m. 

dp._ 

■K.. 

_df. 
di,' 

^  = 

,K^ 

-f^.M. 
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then  if  Buch  a  point  be  placed  at  the  extremity  of  the  axis  i, 
the  potential  at  [x,  y,  i)  will  be 

and  if  a  point  in  all  respects  the  same,  except  that  the  sign  of  J  is 
reversed,  be  placed  at  the  (uigin,  the  poteotial  due  to  the  pair 
of  points  will  be 

r=A/[(x-M),    iy-Uk),    {z-Nh)\~A/{x,s,z), 

=  —  Ah  -jrfi^!,  y,  z)  +  terms  containing  A*. 

If  we  now  diminish  i  and  increase  A  without  limits  their  pro- 
duct continuing  fiaite  and  equal  to  J^,  the  ultimate  value  of  the 
potential  of  the  pair  of  points  will  be 

'"=-^'^r(^.  )■.»)•  (8> 

\i/{x,  y,  z)  satisGes  Laplace's  equation,  then,  since  this  equation 
is  linear,  V,  which  is  the  difference  of  two  functions,  each  of  which 
separately  satisiieB  the  equation,  must  itself  Batisfy  it. 

129  c]  Now  the  potential  due  to  an  infinite  point  of  order  zero 

y.=^.\'  (9) 

satisfies  Laplace's  equation,  therefore  every  function  formed  from 
this  by  differentiation  with  respect  to  any  number  of  axes  in  soc- 
ceaeion  must  also  satisfy  that  equation. 

A  point  of  the  first  order  may  be  formed  by  taking  two  points 
of  order  zero,  having  equal  and  opposite  charges  —  A^  and  A^,  and 
placing  the  first  at  the  origin  and  the  second  at  the  extremity 
of  the  axis  h-^.  The  value  of  4,  is  then  diminished  and  that  of  A^ 
increased  indefinitely,  but  so  that  the  product  A^  k^  is  always  equal 
to  A^,  The  ultimate  result  of  this  process,  when  the  two  points 
coincide,  is  a  point  of  the  first  order  whose  moment  is  A^  and 
whose  axis  Vih-^.  A  point  of  the  first  order  is  therefore  a  doable 
point.    Its  potential  is 

=  4&.  (10) 

By  placing  a  point  of  the  first  order  at  the  origin,  whose  moment 
ia  —Ai,  and  another  at  the  extremity  of  the  axis  i^  whose  moment 
is  Ai,  and  then  diminishing  k^  and  increasing  A^,  so  that 
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we  obtain  a  point  of  the  second  order,  whose  potential  is 

We  may  call  a  point  of  the  second  order  a  quadniple  point 
because  it  ie  constracted  by  making  four  points  of  order  zero  ap- 
proach each  other.  It  has  two  asee  ii  and  A^  and  a  moment  J^. 
The  directions  of  these  axes  and  the  magnitude  of  the  moment 
completely  define  the  nature  of  the  point. 

By  differentiating  with  respect  to  u  axes  in  suocession  we  obtain 
the  potential  due  to  a  point  of  the  ft*"  order.  It  will  be  the 
product  of  three  factors,  a  constant,  a  certain  combination  of 
cosines,  and  r~t"*".  It  is  convenient,  for  reasons  which  will  appear 
08  we  go  on,  to  make  the  numerical  value  of  the  constant  such 
that  when  all  the  axes  coincide  with  the  vector,  the  coefficient  of 
the  moment  is  r"'"*'*.  We  therefore  divide  by  n  when  we  differ- 
entiate with  respect  to  4„. 

In  this  way  we  obtain  a  definite  numerical  value  for  a  particular 
potential,  to  which  we  restrict  the  name  of  The  Solid  Harmonic  of 
degree  —(»+!),  namely 

■~^     '    1.2.3. ..ndJi^  dh^'- dk,    r  ^     -' 

If  this  quantity  is  multiplied  by  a  constant  it  is  still  the  poten- 
tial due  to  a  certain  point  of  the  «***  order. 

129  if.]  The  result  of  the  operation  (13)  is  of  the  form 

r=  r,»-t"+»),  (14) 

where  J^^  is  a  function  of  the  n  cosines  fii . . .  fi^  of  the  angles 
between  t  and  the  n  axes,  and  of  the  \  n  (»—  l)  cosines  X,j,  &c.  of 
the  angles  between  purs  of  the  axes. 

If  we  consider  the  directions  of  r  and  the  ft  axes  as  determined 
by  points  on  a  spherical  surface,  we  may  regard  i^  as  a  quantity 
varying  from  point  to  point  on  that  sorface,  being  a  function  of  the 
I  » (»  + 1)  distances  between  the  »  poles  of  the  axes  and  the  pole 
of  the  vector.  We  therefore  call  J,  the  Sur&ce  Harmonic  of 
order  «. 

130  a.]  We  have  next  to  shew  that  to  every  surface-harmonic 
of  order  a  there  corresponds  not  only  a  solid  harmonic  of  degree 
— (n  +  l)  but  another  of  degree  «,  or  that 

5.=  Y„T'=r,r^'*^  (15)^ 

satisfies  Laplace's  equation, 
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^  =  (a«+l)[(2«-l)«'  +  r']f'-»(i+2(2«+l),>-i,g 

Hence 

d'H.      PB.     d'B.     ,,         .,  ,  ,    ,, 

ST  + -^  +  1/ =  (2"+l)(2»  +  2)r'->. 

^2(2»+. ),.-.(.§+,<  +4) 

Now,  Bince  ^  is  a  homo^neons  fanotioa  of  x,  y,  and  z,  of 
negative  degree  »+ 1, 

The  first  two  terms  therefore  of  the  right-hand  member  of 
equation  (16)  destroy  each  other,  and,  since  V^  satisfies  Laplace's 
equation,  the  third  term  ie  zero,  so  that  H,  ^^  satisfies  Laplace's 
equation,  and  is  therefore  a  solid  harmonic  of  degree  «. 

This  is  a  particular  case  of  the  more  ^neral  theorem  of  electrical 
inversion,  which  asserts  that  if  F  («,  y,  z)  ia  a  funotion  of  m,  y, 
and  2:  which  satisfies  Laplace's  equation,  then  there  exists  another 

fuDCtio.,  „  .,      „.j      ... 

which  also  satisfies  Laplace's  equation.     See  Art.  162. 

130  d.]  The  Burface  harmonic  7,  contains  2n  arbitrary  variables, 
for  it  is  defined  by  the  positions  of  its  n  poles  on  the  sphere,  and 
each  of  these  is  defined  by  two  coordinates. 

Hence  the  solid  harmonics  ^  and  IT^  also  contain  2  n  arbitrary 
variables.  Each  of  these  quantities,  however,  when  multiplied  by 
a  constautj  will  still  satisfy  Laplace's  equation. 

To  prove  that  All,  is  the  most  general  rational  homo^neous 
function  of  degree  n  which  can  satisfy  Laplace's  equation,  we 
observe  that  K,  the  general  rational  homogeneons  function  of 
degree  «,  contains  ^(n+l){n+2)  (enns.  Bnt  V'f  is  a  homo- 
geneous function  of  degree  «— 2,  and  therefore  contains  1m(«— 1) 
terms,  and  the  condition  ?'£=  0  requires  that  each  of  these  must 
Tanisb.     There  are  therefore  \n(n—l)  equations  between   the 
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coefficieutB  of  the  )  (»  +  1 )  («  +  2)  terms  of  the  function  K,  leaving 
2n+l  independent  constants  in  the  most  general  form  of  the  homo- 
geneous function  of  degree  n  which  sati^ifies  Laplace's  equation, 
But  11^,  when  multiplied  by  an  arbitrary  constant,  satisfies  the 
required  conditionB,  and  has  2 » + 1  arbitrary  constants.  It  is 
therefore  of  the  most  general  form, 

131  a.]  We  are  now  able  to  form  a  distribution  of  potential  such 
that  neither  the  potential  itself  nor  ita  first  derivatives  become 
infinite  at  any  point. 

The  function  ?;  =  r,r"-("+*'  satififiea  the  condition  of  vanishing 
at  infinity,  but  becomes  infinite  at  the  origin. 

The  function  Il,=T^r'  is  finite  and  continuous  at  finite  dis- 
tances from  the  origin,  hut  does  not  vanish  at  an  infinite  distance. 

But  if  we  make  a*Y^r~^**^^  the  potential  at  all  points  outside 
a  sphere  whose  centre  is  the  origin,  and  whose  radios  is  a,  and 
ii-l"+i)}'^r"  the  potential  at  all  points  within  the  sphere,  and  if 
on  the  sphere  itself  we  suppose  electricity  spread  with  a  surface 
diinsity  a  such  that 

4jr<rfl*  =  (2«+l)r„  (18) 

then  all  the  conditions  vrill  be  satisfied  for  the  potential  due  to  a 
shell  charged  in  this  manner. 

For  the  potential  is  everywhere  finite  and  continuous,  and 
vanishes  at  an  infinite  distance ;  it«  first  derivatives  are  everywhere 
finite  and  are  continuous  except  at  the  charged  surface,  whei-e  they 
satisfy  the  equation 

£+^-^*"='''  (") 

and  Laplace's  equation  is  satisfied  at  all  points  both  inside  and 
outside  of  the  sphere. 

This,  therefore,  is  a  distribution  of  potential  which  satisfies  the 
conditions,  and  by  Art.  100  a  it  is  the  only  distribution  which  can 
satisfy  them. 

ISl  £.]  The  potential  due  to  a  sphere  of  radius  a  whose  sur&ce 
density  is  given  by  the  equation 

47raV  =  {2a+l)7„  (20) 

is,  at  all  points  external  to  the  sphere,  identical  with  that  due  to 
the  corresponding  singular  point  of  order  n. 

Let  us  now  suppose  that  there  is  an  electrical  ^stem  which 
we  may  call  E,  external  to  the  sphere,  and  that  4*  is  the  potential 
due  to  this  system,  and  let  ns  find  the  value  of  2(4'^}  for  the 
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eingiilar  point.  This  is  the  part  of  the  electric  energy  depending 
on  the  action  of  the  external  system  on  the  singular  point. 

If  A^  is  the  charge  of  a  single  point  of  order  zero,  then  the 
potential  energy  in  question  is 

'^  =  A*-  (21) 

If  there  are  two  such  points,  a  negative  one  at  the  origin  and  a 
positive  one  of  equal  numerical  value  at  the  extremity  of  the  axis 
k^,  then  the  potential  energy  will  be 

and  when  A^  increaees  and  h^  diminishes  indefiQitely,  but  so  that 
A^k^  =  Ai,  the  value  of  the  potential  energy  for  a,  point  of  the  first 
order  will  be 

Similuly  for  a  point  of  order  » the  potential  energy  will  he 

181  c]  If  we  suppose  the  external  system  to  be  made  up  ef 
parts,  any  one  of  which  is  denoted  by  dE,  and  the  singular  point 
to  be  made  up  of  parte  any  one  of  which  is  de,  then 

*  =  S(-d£).  (24) 

But  if  ^  is  the  potential  due  to  the  singular  point, 

r.  =  S(I&),  (25) 

and  the  potential  energy  due  to  the  action  of  ^  on  o  is 

»^=  2  {*de)  =  2S  (-  dEde)  =  :LV,dE,  (26) 

the  last  expression  being  the  potential  energy  due  to  the  action  of 
«on  E. 

Similarly,  if  vds  is  an  element  of  electricity  on  the  shell,  since 
the  potential  due  to  the  shell  at  the  external  system  E  ia  V^, 
we  have 

jr=^{KdE)  =  SS(-rf^<rrf»)=  2(*ffrfi).  (27) 

The  last  term  contains  a  summation  to  be  extended  over  the 
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surface  of  the  sphera.    Equating  it  to  the  first  expression  for  ir, 
we  have 


//* 


//■ 


(28) 

If  we  remember  that  ivaa^  x  {2it+l)Yg,  and  that  A,  =  a",  this 
becomes 

*r^d>=  —p. .  a'*'   Tjr^-^-  (29) 

This  equation  reduces  the  operation  of  taking  the  snr&ce  integral 
of  *r,(fo  over  every  element  of  the  surface  of  a  sphere  of  radias  a, 
to  that  of  differentiating  *  with  respect  to  the  »  axes  of  the 
harmonic  and  taking  the  value  of  the  differential  coefficient  at 
the  centre  of  the  sphere,  provided  that  '1'  satiafieB  Laplace's  equa- 
tion at  all  points  within  the  sphere,  and  Jj,  is  a  sur&ce  harmonic  of 
order  », 

132.]  Let  us  now  suppose  that  'I'  is  a  solid  harmonic  of  positive 
degree  m  of  the  form 

'I'  =  fl-"7^r",  (30) 

At  the  spherical  surface,  r^  a,  and  ^  =  T^,  60  that  equation 
(29)  becomes  in  this  case 

where  the  value  of  the  differential  coefficient  is  to  be  taken  at  the 
centre  of  the  sphere. 

When  n  is  less  than  m,  the  result  of  tbe  differentiation  is  a 
homogeneous  function  of  tx,  y  and  z  of  degree  m—n,  the  value  of 
which  at  the  centre  of  the  sphere  is  zero.  If  n  is  equal  to  m  the 
result  of  the  differentiation  is  a  constant,  the  value  of  which  we 
shall  determine   in  Art.  134  d.     If  the  differentiation  is  carried 

further,  the  result  is  zero.     Hence  the  surface-integral  j  j  T^T^di 

vanishes  whenever  m  and  n  are  different. 

The  steps  by  which  we  have  arrived  at  this  result  are  all  of 
them  purely  mathematical,  for  though  we  have  made  use  of  terms 
having  a  physical  meaning,  such  as  electrical  energy,  each  of  these 
terms  is  regarded  not  as  a  physical  phenomenon  to  be  investigated, 
but  as  a  definite  mathematical  expression.  A  mathematician  has 
as  much  right  to  make  ose  of  these  as  of  any  other  mathematical 
functions  which  he  may  find  useful,  and  a  physicist,  when  he  has 


// 


DigiLizedbyGoOJ^lc 


I33-]  TBiaONOMETElCAL  BSPEESSION.  187 

to  follow  a  mathematicsl  calculation,  will  anderetaDd  it  all  the 
better  if  each  of  the  steps  of  the  calcnlatioa  admita  of  a  physical 
interprebitioa. 

133.]  We  shal]  now  determine  the  form  of  the  surface  harmonic 
J*,  as  a  function  of  the  position  of  a  point  P  on  the  sphere  with 
respect  to  the  n  poles  of  the  harmooic. 

We  have 

Yo  =  1,     Ti  =  ft,     Tj  =  |fii(i,-iX,j, ) 

and  so  on. 

Every  term  of  f,  therefore  consists  of  products  of  cosines,  those 
of  the  form  ix,  with  a  single  snffiz,  being  cosines  of  the  angles 
between  P  and  the  different  poles,  and  those  of  the  form  A,  with 
double  suffixes,  being  cosines  of  the  angles  between  the  poles. 

Since  each  axis  is  introduced  by  one  of  the  n  differentiations,  the 
symbol  of  that  axis  mast  occar  once  and  only  once  among  the 
snffixes  of  the  cosines  of  each  term. 

Hence  if  in  any  term  there  are  s  cosines  with  double  suffixes, 
there  must  be  n—2t  cosines  with  single  suffixes. 

Let  the  sum  of  all  products  of  cosines  in  which  s  of  them  have 
double  suffixes  be  written  in  the  abbreviated  form 
S(^— •V). 

In  every  one  of  the  products  all  the  suffixes  occur  once,  and  none 
is  repeated. 

If  we  wish  to  express  that  a  particular  suffix,  m,  occurs  among 
the  fi'a  only  or  among  the  A's  only,  we  write  it  as  a  suffix  to  the  fi 
or  the  A.     Thus  the  equation 

S  {„-'■  V)  =  S  (ft.—  V)  +  s  O^'—  ».•)  (S3) 

expresses  that  the  whole  set  of  products  may  be  divided  into  two 
parts,  in  one  of  which  the  suffix  m  occurs  among  the  direction 
cosines  of  the  variable  point  P,  and  in  the  other  among  the  cosines 
of  the  angles  between  the  poles. 

Let  us  DOW  assume  that  for  a  particular  value  of  n 

+  aJ..  S  (/i—'*  A')  4  &c.,  (34) 

when  the  A'b  are  numerical  coefficients.  We  may  write  the  series 
in  the  abbreviated  form 

1;  =  «[A..2(k-'-V)],  (36) 

nhen  8  indicates  a  summation  in  which  all  values  of  i,  including 
zero,  not  greater  than  i»,  are  to  be  taken. 
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To  obtain  the  corresponding  solid  harmonic  of  negative  degree 
(n+  1)  and  order  n,  we  multiply  by  r-^**^l,  and  obtain 

;;=5[.4,.,?^-«->2(j3"-a'A')];  (36) 

putting  Tfi  =  p,  as  in  equation  (3). 

If  we  difierenttate  ^  with  respect  to  a  new  axis  h„  we  obtain 
—(''+'^)K+i,  and  therefore 

-A,.r^'-'"'2(p'-^'~KK:*')l     (37) 

If  we  wish  to  obtain  the  terms  containing  s  cosines  with  doable 

suffixes,  we  must  diminish  *  by  unity  in  the  last  term,  and  we  find 

-A..-,s(i>"-"*'M}]-  (3») 

Now  the  two  classes  of  products  are  not  distinguished  from  each 
other  in  any  way  except  that  the  suffix  m  occurs  among  the  j^a 
in  one  and  among  the  K'e  in  the  other.  Hence  their  coefficients 
must  be  the  same,  and  since  we  ought  to  be  able  to  obtain  the 
same  result  by  putting  n  +  l  for  n  in  the  expiessioQ  for  f^  and 
multiplying  by  n+ 1,  we  obtain  the  following  equations, 

(»+l)^,+i  ,  =  (2m-2»+I)J,  ,  =  — ^,,_j.  (39) 

If  we  put  3  =  0,  we  obtain 

(»+l)^„,  =  (2»+l)^.i  (40) 

and  therefore,  since  '^1.0=  I, 

^...-^■.  (") 

and  from  this  we  obtain  the  general  value  of  the  coeSicient 

,     ,.      (2»-2.)l      .  ,     , 

'«...-(  r 2— „,(„_,,,■  («) 

and  finally  the  trigonometrical  expression  for  the  surface  harmonic, 
as 

This  expression  gives  the  value  of  the  surface  harmonic  at  any 
point  P  of  the  spherical  surface  in  terms  of  the  cosines  of  the 
distances  of  P  from  the  different  poles  and  of  the  distances  of  the 
poles  from  each  other. 

It  is  easy  to  see  that  if  any  one  of  the  poles  be  removed  to 
the  opposite  point  of  the  spherical  surface,  the  value  of  the 
harmonic  will  have  its  sign  reversed.     For  any  cosine  involving 
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the  index  of  this  pole  will  have  its  sign  reversed^  and  in  each 
term  of  the  harmonic  the  index  of  the  pole  occure  once  and  only 
once. 

Hence  if  two  or  any  even  nmnber  of  poles  are  removed  to  the 
points  respectively  opposite  to  them,  the  valae  of  the  harmonic 
will  be  unaltered. 

Professor  Sylvester,  however,  has  shewn  {Phil.  May.,  Oct.  1876) 
that  when  the  harmonic  is  given,  the  problem  of  finding  the  n 
lines  which  coincide  with  the  axes  has  one  and  only  one  solution, 
thongh,  as  we  have  joat  seen,  the  directions  to  be  reckoned  positive 
along  these  axes  may  he  reversed  in  pairs. 

184.]  We  are  dow  able  to  determine  the  value  of  the  surface 

integral  I  f  ^n  ^n^*  when  the  order  of  the  two  surface  harmonics 

is  the  same,  though  the  directions  of  their  axes  may  be  in  general 
different. 

For  this  purpose  we  have  to  form  the  solid  harmonic  Y^r*  and 
to  differentiate  it  with  respect  to  each  of  the  n  axes  of  Jj,. 

Any  term  of  T^r^  of  the  form  r"^"~''A'  may  he  written 
^'J'm^~''^mm''  Differentiating  this  a  times  in  saccession  with 
respect  to  the  n  axes  of  J,,  we  find  that  in  differentiating  r^' 
with  respect  to  «  of  these  axes  we  introdu(%  »  of  the  p„'b,  and 
the  numerical  factor 

2*(2a— 2)...2,  or  2'«1 
In  continuing  the  differentiation  with  respect  to  the  next  s  axes, 
the  p^a  become  converted  into  A^n's,  hut  no  numerical  factor  is 
introduced,  and  in  differentiating  with  respect  to  the  remaining 
ft— 2«  axes,  the  p^'a  become  converted  into  X^^b,  so  that  the 
result  is  2'al  A„*X„„*A,„"~*'. 

We  have  therefore,  by  equation  (31), 

r.T.d,=   ,,"    .^--'fl'S^'.  (44) 

■   "  «l(2a+l)  dii...dA,  ^    ' 

and  by  equation  (43), 

Hence  performing  the  differentiations  and  remembering  that 
M  =  »,  we  find 
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185  a.]  The  expression  (46)  for  the  sur&ce-iDtegral  of  the 
product  of  two  Burface-hatmonicB  assames  &  remarkable  form  if 
■we  suppose  all  the  axes  of  one  of  the  harmonics,  r„,  to  coincide 
with  each  other,  so  that  J_  hecomes  what  we  shall  afterwards 
define  as  the  zonal  harmonic  of  order  m,  denoted  hj  the  s^bol  P^. 

In  this  ca£e  all  the  cosines  of  the  form  X.^  ^^J  ^  written  fi,, 
where  jn.  denotes  the  cosine  of  the  angle  between  the  common 
axis  of  P_  and  one  of  the  axes  of  J,.  The  cbsines  of  the  form 
A„n  will  all  beoome  equal  to  onitj,  so  that  for  SA'.^  we  mnst 
put  the  number  of  combinations  of  *  symbols,  each  of  which  is 
distinguished  by  two  suffixes  out  of  «,  no  suffix  being  repeated. 
Hence 

^^-  =  ,:,'n-2,r:  (") 

The  number  of  permutations  of  the  remaining  n—2»  indices  of 
the  axes  of  P.  is  (n  —  2g)  I     Hence 

2(a::^*')  =  C«-2«)I^—.  (48) 

Equation  (46)  therefore  becomes,  when  all  the  axes  of  T^  coincide 
with  each  other, 

=  2^  ■^■''^'  ^^  ^l"""^**"  (^3),  (50) 

where  J^m  denotes  the  value  of  T^  at  the  pole  of  P_. 

We  may  obtain  the  same  result  by  the  following  shorter  pro- 
cess;— 

Let  a  syston  of  rectangular  coordinates  be  taken  so  that  the 
axis  of  z  coincides  with  the  axis  of  P.,  and  let  F,«*  be  expanded 
as  a  homogeneous  iimctiou  of  s,  y,  z  of  d^ree  «. 

At  the  pole  of  i*.,  g  =y  =  0  and  z  =  r,eo  that  if  Cz"  is  the 
term  not  invoWug  »  or  y,  C  is  the  value  of  T",  at  the  pole  of  P„. 

Equation  (31)  becomes  is  this  case 

"^■--*=^^  £(--■)• 

If  m  is  equal  to  n,  the  result  of  difierenlaating  Ce'  ianl  C,  and 
is  zero  for  the  other  terms.    Hence 


Ifr 


II 


Y^P,d,=.p^C, 


2n+l 

C  being  the  value  of  T^  at  the  pole  of  P„. 
135  d.]  This  result  is  a  very  importiuit  one  in  the  theory  of 
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epherical  harmonics,  as  it  shews  hovi  to  determine  a  series  of 
spherical  harmonics  which  expresses  the  value  of  a  quantity  havings 
any  arbitrarily  assigned  finite  and  eontinuoos  value  at  each  point 
of  a  spherical  surface. 

For  let  F  be  the  value  of  the  quantity  and  dt  the  element  of 
Burfoce  at  a  point  Q  of  the  spherical  surface,  then  if  we  multiply 
Fd»  by  P,,  the  zonal  harmonic  whose  pole  is  the  point  P  of  the 
same  snrfece,  and  integrate  over  the  anrfiice,  the  result,  since 
it  depends  on  the  position  of  the  point  P,  may  be  considered  as 
a  function  of  the  position  of  P. 

But  since  the  value  at  P  of  the  zonal  harmonic  whose  pole  is  Q 
is  equal  to  the  value  at  Q  of  the  zonal  harmonic  of  the  same  order 
whose  pole  is  P,  we  may  suppose  that  for  every  element  d»  of  the 
surface  a  zonal  harmonic  is  constructed  bavii^  ite  pole  at  Q  and 
having  a  coefficient  Fdt, 

We  shall  thus  have  a  system  of  zonal  harmomcs  snperposed  on 
each  other  with  their  poles  at  every  point  of  the  sphere  where  F 
has  a  value.  Since  each  of  these  is  a  multiple  of  a  suriace  harmonic 
of  order  n,  their  sum  ia  a  multiple  of  a  surfoce  harmonic  (not 
necessarily  zonal)  of  order  n. 

The  surface  integral  /  /  FP^dt  conmdered  as  a  function  of  the 

point  P  is  therefore  a  multiple  of  a  surfaee  harmonic  T,;  so  that 


2«+l  fC 


FPJa 


is  also  that  particular  snr&ce  harmonic  of  the  «"■  order  which 
belongs  to  the  series  of  harmonies  which  egresses  F,  provided  F 
can  be  so  expressed. 

For  if  F  can  be  expressed  in  the  form 

then  if  we  multiply  by  P^d«  and  take  the  sarfitee  integral  over  the 
whole  sphere,  all  terms  involving  prodncte  of  harmonios  of  difilerent 
orders  will  vanish,  leaving 

ff  FP.it  =  ^^,A,r,. 

J  J        ■  211+1 

Henoe  the  only  possible  expansion  of  ^  in  spherioal  harmonios  is 

F=-^,[JfFP^di+kc.  +  i2n+l)fjFP.dt  +  8K.]-        (51) 
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Conjugate  Harmonics. 

136.]  We  have  seen  that  the  Burface  integral  of  the  product  of 
two  harmonics  of  different  orders  is  always  zero.  But  eveu  when 
the  two  harmonics  are  of  the  same  order,  the  surface  integral  of 
their  product  may  be  zero.  The  two  harmonics  are  then  said  to 
be  conjugate  to  each  other.  The  condition  of  two  harmocics  of  the 
same  order  being  conjugate  to  each  other  is  expressed  in  terms  of 
equation  (46)  by  making  its  members  equal  to  zero. 

If  one  of  the  harmonics  is  zonal,  the  condition  of  coig'ugacy  is 
that  the  value  of  the  other  harmonic  at  the  pole  of  the  zonal 
harmonic  must  be  zero. 

If  we  begin  with  a  given  harmonic  of  the  n*^  order,  then,  in 
order  that  a  second  harmonic  may  he  conjugate  to  it,  its  2» 
variables  must  satisfy  one  condition. 

If  a  third  harmonic  is  to  be  conjugate  to  both,  its  2fl  variables 
must  satisfy  two  conditions.  If  we  go  on  constructing  harmonics, 
each  of  which  is  conjugate  to  all  those  before  it,  the  number  of 
conditions  for  each  will  be  equal  to  the  number  of  harmonics 
already  in  existence,  so  that  the  (2 «+!)*''  harmonic  will  have  2» 
conditions  to  satisfy  by  means  of  its  2  «  variables,  and  will  therefore 
be  completely  determined. 

Any  multiple  AF^  of  a  surface  harmonic  of  the  n*"  order  can 
be  expressed  as  the  sum  of  multiples  of  any  set  of  2  n  4- 1  conjugate 
harmonics  of  the  same  order,  for  the  coefficients  of  the  2n+l 
conjugate  harmonics  are  a  set  of  disposable  quantities  equal  in 
number  to  the  2«  variables  of  J,  and  the  coefficient  A. 

In  order  to  find  the  coefficient  of  any  one  of  the  conjugate 
harmonics,  say  J',',  suppose  that 

^  J,  =  ^0  V  +  &c.  +  ^  r/ +  &c. 
Multiply  by  T^'dt  and  find  the  surface  Integral  over  the  sphere. 
All  the  terms  involving  products  of  harmonics  conjugate  to  each 
other  will  vanish,  leaving 

AfJT.T-d.  =  A.fj{T/)'d,,  (52) 

an  equation  which  determines  A„. 

Hence  if  we  suppose  a  set  of  2«+ 1  conjugate  harmonics  given, 
any  other  harmonic  of  the  n*  order  can  be  expressed  in  terms  of 
them,  and  this  only  in  one  way.  Hence  no  other  harmoDie  can  be 
conjugate  to  all  of  them. 

137.]  We  have  seen  that  if  a  complete  system  of  2a+l  har- 
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monies  of  the  «**■  order,  oU  conjngate  to  each  other,  be  given, 
any  other  harmonic  of  that  order  can  be  expressed  in  terms  of 
these.  In  saeh  a  system  of  2 «+  1  harmonics  there  are  2 » (2 »+ 1 ) 
variables  connected  by  b(2m+1)  equations,  «(2»+l)  of  the 
variables  may  therefore  be  regarded  as  arbitrary. 

We  might,  as  Thomson  and  Tait  have  suggested,  select  as  a 
system  of  conjugate  harmonics  one  in  which  each  harmonic  has 
its  «  poles  distributed  so  that  j  of  them  coincide  at  the  pole  of  the 
axis  of  X,  k  at  the  pole  of  g,  and  l{=  n—j—i)  at  the  pole  of  a. 
The  «+l  dietributions  for  which  ^=0  and  the  n  distributions 
for  which  ^  =  1  being  given,  all  tiie  others  may  be  expressed  in 
terms  of  these. 

Tlie  system  which  has  been  aotnally  adopted  by  all  mathe- 
maticians (including  Thomson  and  Tait)  is  that  in  which  n—v  of 
the  poles  are  made  to  coincide  at  a  point  which  we  may  call  the 
Positive  Pole  of  the  sphere,  and  the  remaining  tr  poles  are  placed  at 
equal  distances  roond  the  equator  when  their  number  is  odd,  or 
at  equal  distances  round  one  half  of  the  equator  when  their  number 
is  even. 

In  this  que  ^j,  ^2,...^_,  are  each  of  them  equal  to  cos  0,  which 
we  shall  denote  by  j^.  If  we  idso  write  v  for  sinfl,  ft,_»+i--.*'it  are 
of  the  form  vcos(^— ^),  where  ^  is  the  azimuth  of  one  of  the  poles 
on  the  equate. 

Also  the  value  of  A^,  is  unity,  \ip  and  q  are  both  less  than  n— <t, 
zero  when  one  is  greater  and  the  other  less  than  this  number,  ani 
coBf  tt/o-  wh^i  both  are  greatw,  r  being  an  integral  number  less 

188.]  When  all  the  poles  coincide  at  the  pole  of  the  sphere, 
<r  =  0,  and  the  harmonic  is  called  a  Zonal  harmonic.  As  the 
zonal  harmonic  is  of  great  importance  we  shall  reserve  for  it  the 
symbol  J,. 

We  may  obtain  its  valne  either  from  the  trigonometrical  ex- 
pression (43)  or  more  directly  by  differentiation,  thns 


_  l.3.ii...(2.-l) r        .(.-1)    _, 

1.2.3... «        L        2.(2«-l)'^ 


.(.-l)(.-2)(. 
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where  we  must  give  to  p  every  integral  value  from  zero  to  the 
greatest  intoger  which  does  cot  exceed  i  n. 

It  IB  sometimes  convenient  to  express  ij,  as  a  homogeneous 
function  of  cos  S  and  sin  S,  or,  as  we  write  them,  ju  and  v, 

=4'-)'2"(..;(.-2rt.'--"-"]-       '"> 

It  is  shewn  in  the  mathematical  treatises  on  this  sahject  that 
P^  (n)M  the  coefficient  of  A'  in  the  expansion  of  (1  — 2/iA  +  A*)-*. 
l]he  surface  integral  of  the  square  of  the  zonal  harmonic,  or 

//(P.f  d.  =  i,a'J_"  (P.  M)M^  =  ^ .  (55) 

189.]*  If  we  concider  a  zonal  harmonic  simply  as  a  fiinction  of  fx, 
and  without  any  explicit  reference  to  a  spherical  sur&ce,  it  may  be 
called  a  Legendre's  Coefficient. 

If  we  consider  Uie  zonal  humonic  as  esistio^  on  a  spherical 
surface  the  points  of  which  are  defined  by  the  coordinates  9  and  0, 
and  if  we  suppose  the  pole  of  the  zonal  harmoTtio  to  be-air  the  point 
(^,  ^'),  then  the  value  of  the  zonal  harmonic  at  the  point  [0,  ^) 
is  a  function  of  the  four  angles  0',  ij>';  6,  ^,  Mid  because  it  is  a 
function  of  ft,  the  cosine  of  the  arc  joining  the  points  (0,  tp)  ond 
(0',  <t>%  it  will  be  unchanged  in  valae  if  0  and  0^,  andalso  <(>  and  ^', 
are  made  to  change  places.  The  zonal  harmonic  so  expressed  has 
been  called  Laplace's  Coefficient.  Thomson  and  Tait  call  it  the 
Biaxal  Harmonic. 

Any  homogeneous  function  of  ar,y,  ^  which  satisfies  Laplace's  equa- 
tion may  be  called  a  Solid  humonic,  and  the  value  of  a  solid 
harmonic  at  tiie  surface  of  a  sphere  whose  centre  is  the  origin  may 
be  called  a  Surface  harmonic.  In  this  book  we  have  defined  a  - 
surface  harmonic  by  means  of  its  «  poles,  so  that  it  has  only  2n 
variables.  The  more  gener^  snr&ce  harmonic,  which  has  2  n  + 1 
variables,  is  the  more  restricted  surface  harmonic  multiplied  by  an 
arbitral^  constant.  The  more  general  surfooe  harmonic,  when 
expressed  to  terms  of  $  and  <^,  is  called  a  Laplace's  Function. 

140  a.]  To  obtain  the  other  harmonics  of  the  symmetrical  system, 
we  have  to  differentiate  with  respect  to  v  axes  in  the  plane  of  xy 
iaclined  to  each  other  at  angles  equal  to  tt/it.     This  may  be  most 
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conveniently  done  by  means  of  the  system  of  ima^nary  coordinates 
given  in  Thomson  and  Tail's  Natural  Piiloaoj/Ay,  vol.  I,  p.  148  (or 
p.  185  of  2nd  edition). 
If  we  write 

i=x+ijf,         r}  =  x—iy,  (57) 

where  i  denotes  */—  1,  the  operation  of  differentiating  with  respect 
to  the  <r  axes  may  be  written 

if  one  of  the  axes  coincides  with  the  axis  ofy,  and 

if  the  axis  of  ^  bisects  the  angle  between  two  of  the  axes. 

We  shall  Gnd  it  convenient  to  express  these  operations  by  the 
abbreviated  symbols  of  operation  Ss  and  Dc,  respectively.  They 
are,  of  course,  real  operations,  and  may  be  expressed  witboat  the 
use  of  imaginary  eymbols  thus — 

W         d'-^    i  a{<r-l)(<r-2)  rf'-"    d^         .  ,,„, 

''-'^'='^d^^~      ^     1.2   3        ^^^^+'^-'     t«^> 

dx/*  1.2      dX'^  dy'  ^     ' 

We  shall  also  write 

to  that  Ds  and  De  denote  the  operations  of  differentiating  with 

respect  to  m  axes,  «  — <r  of  which  coincide  with  the  axis  of  z,  while 

the  remaining  <r  make  angles  v/c  ^''^  ®^^  other  in  the  plane  of 

Xif,  J)»  being  need  when  the  axis  of  jr  coincides  with  one  of  the 

W 
axes,  and  De  when  the  axis  of  y  bisects  the  angle  between  tiro 

of  the  axes. 

The  two  teaaeral  surface  harmonics  of  order  »  and  type  <r  may 
now  be  written 
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WritiDg        fi  =  COS  C,     V  =  ein  i,    p*  =  jb*  +y*, 
BO  that        z  ss  ftr,    />  =  it,     «  =:  p  cos  ^,    y  =  p  ein  ^, 

welm»e  J>?i  =  (-l)-i|^i(l'-«pk'  («=) 

in  which  we  may  write 

li'f-i')  =  p-sin-r*,  J(f'+.,')  =p'coB<r0.        (67) 

We  have  now  only  to  difiereatiate  with  respect  to  z,  which  we 
may  do  either  so  as  t«  obtain  the  result  in  terms  of  r  and  z,  or  as  a 
homogeneous  function  of  z  and  p  divided  by  a  power  of  r, 

rfj...  ,i.ti-l      ')        r«l   (2.r)l  r""' 

['—'-4':::)-''-'-''+H'  (-) 

|-.._,_il=|fc^,.-.-y  +  te,.].  (69) 
If  we  write 

■    -"L"^  2.(2»-l)       ' 

(„_.)(.-^-l)(,-,_2)fa-,-3)  _       1 

*  2.4.(2«-l)(2«-3)  '^  sc-J,  ('"; 


and 


-&c. 


]-  (") 


3r=^[>--'-:'/::;r"^-'-'-' 

(„-,)(.-,-l)(.-„_2)(.-,-3) 
4.8.(o-+l){»  +  2)  '' 

"■-.  ^"=%'.'/uT''-Sl"-  (") 

BO  that  these  two  functions  differ  only  by  a  constant  factor. 

We  may  now  write  the  expressions  for  the  two  tesseral  harmonics 
of  order  n  and  type  <r  in  terms  either  of  0  or  j^, 

^•'=  2-S^<^"'*=  2^£^,Si"^-^"*-       <") 
We  must  remember  that  when  v^O,  siniT^=  0  and  coair<f>=l. 
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For  every  value  of  a  from  I  to  n  iDclusive  there  is  a  pair  of 
(0)  (0) 

narmonies,  but  when  ^  =  0,  7«  =  0  and  Yc  =  2?,,  the  zonal  har- 

iDoDic.  The  whole  number  of  harmonics  of  order  n  is  therefore 
2  »  + 1,  as  it  ought  to  be. 

140  d.]  The  numerical  value  of  f  adopted  in  this  treatise  is  that 
which  we  find  by  differentiating  r-^  vrith  respect  to  the  »  axes  and 
dividing  by  m  I  It  is  the  product  of  four  factors,  the  sine  or  cosine 
of  a^,  if,  a  function  of  ft  (or  of  ^  and  v),  and  a  numerical  co- 
efficient. 

The  product  of  the  second  and  third  factors,  that  is  to  say,  the 
part  depending  on  (9,  has  been  expressed  in  terms  of  three  different 
symbols  which  differ  from  each  other  only  by  their  numerical 
factors.  When  it  is  expressed  as  the  product  of  if  into  a  series  of 
descending  powers  of  f^  the  first  term  being  ft"~",  it  is  the  function 
which  we,  following  Thomson  and  Tait,  denote  by  3. 

The  function  which  Heine  ^IlandiucA  der  Kugelfvnctionen,  ^  47) 
denotes  by  P*-"'^  and  calls  eine  zugeordnete  Function  enter  Art,  or,  as 
Todhunter  translates  it,  an  '  Associated  Function  of  the  First  Kind,' 
is  related  to  &f  by  the  equation 

e«=(-)5pf.  (75) 

The  series  of  descending  powers  of  ju,  beginning  with  ii.*~',  is 

expressed  by  Heine  by  the  symbol  *pj^',  and  by  Todhunter  by  the 

symbol  -a  {v,  n). 

Iliis  series  may  also  be  expressed  in  two  other  formsj 

(2JJI ^■^-    <'"' 

The  last  of  these,  in  which  the  series  is  obtained  by  differentiating 
the  zonal  harmonic  with  respect  to  ft,  seems  td  have  suggested  the 
symbol  adopted  by  Ferrers,  who  defines  it  thus 

When  the  same  quantity  is  expressed  ae  a  homogeneous  function 
of  ft  and  V,  and  divided  by  the  coefficient  of  ft"~'  V,  it  is  what  we 
have  already  denoted  by  3*"'. 

140<;.]  The  harmonics  of  the  symmetrical  system  have  been 
classified  by  Thomson  and  Tait  with  reference  to  the  form  of  the 
spherical  curves  at  which  they  become  zero. 
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The  value  of  the  zod^  harmooic  at  aaj  point  of  the  sphere  is 
a  function  of  the  cosine  of  the  polar  distance,  which  if  equated 
to  zero  gives  an  equation  of  the  »"•  degree,  all  whose  roots  lie 
between  —I  and  +1,  and  therefore  correspond  to  n  parallels  of 
latitude  on  the  sphere. 

The  zones  included  between  these  parallels  are  alternately  positive 
and  negative,  the  circle  surrounding  the  pole  being  always  positive. 

The  zonal  harmonic  is  therefore  suitable  for  expressing  a  function 
which  becomes  zero  at  certain  parallels  of  latitude  on  the  sphere, 
or  at  certain  conical  surfaces  in  space. 

The  other  harmonics  of  the  symmetrical  system  occur  in  pairs, 
one  involving  the  cosine  and  the  other  the  sine  of  <r^.  They 
therefore  hecome  zero  at  <r  meridian  circles  on  the  sphere  and  also 
at  n— o-  parallels  of  latitnde,  so  that  the  spherical  snr&ce  is  divided 
into  2ir(n—v—l)  quadrilaterals  or  tesserae,  together  with  ia 
triangles  at  the  poles.  They  are  therefore  osefnl  in  investigations 
relating  to  quadrilaterals  or  tesserae  on  the  sphere  bounded  by 
meridian  circles  and  parallels  of  latitude. 

They  are  all  called  Tesseral  harmonics  except  the  last  pMr,  which 
becomes  zero  at  n  meridian  circles  only,  which  divide  the  spherical 
surface  into  2m  sectors.  This  pair  are  therefore  called  Sectorial 
harmonics. 

141.]  We  have  next  to  find  the  surface  integral  of  the  square  of 
any  tesseral  harmonic  taken  over  the  sphere.  This  we  may  do  by 
the  method  of  Art,  134.  "We  convert  the  surface  harmonic  T^''into 
a  solid  harmonic  of  positive  degree  by  multiplying  it  by  r",  we 
differentiate  this  solid  harmonic  with  respect  to  the  n  axes  of  the 
harmonic  itself,  and  then  make  x  =y  =  s=0,  and  we  multiply  the 


result  by  — r-; r  ■ 

These  operations  are  indicated  in  otir  notation  by 

JJ  \     "  ■/  «1{2«  +  1)     "    ^       "   -' 

Writing  the  solid  harmonic  in  the  form  of  a  homogeneons  ftinc- 
tion  of  z  and  £,  1),  viz., 


(78) 


<ns  with  respect  to  z, 
ppear,  and  the  factor 
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we  find  that  on  performing  the  diSerentiations  with  respect  to  z 
all  the  terms  of  the  series  except  the  first  disappear,  and  the  factor 
(«  — (t)1  is  introduced. 
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Continuing  the  differentiation  with  reBpect  to  f  and  ij  we  get  rid 
also  of  these  Tariables  and  introduce  the  factor  o-I,  so  that  the  final 
result  ii 

'^    »-'  2«  +  l         2^'nln\  ^     ' 

We  shall  denote  the  second  member  of  this  equation  by  the 

abbreviated  symbol  [«,  a]. 

This  expression  is  correct  for  all  values  of  o-  from  1  to  a  inclusive, 

but  there  is  no  harmouio  in  sin  trip  cdrre^nding  to  tr  =  0. 
In  the  Bame  way  we  can  shew  that 

JJ  ^    n^  2n+l        2*'mU1  ^     ' 

for  all  values  of  a  from  4  to  a  inclusive. 

When  <r  =  0,  the  harmonic  becomes  the  zonal  hannonic,  and 

a  result  which  may  be  obtained  direcftly  from  equation  (60)  by 
putting  J,  =  ^  and  remembering  that  the  value  of  the  zonal 
harmonic  at  its  pole  is  unity. 

142(1.]  We  can  now  apply  the  method  of  Art.  136  to  determine 
the  coefficient  of  any  given  tesseral  surface  harmonic  in  the 
expansion  of  any  arbitraty  function  of  the  position  of  a  point  on 
a  sphere.  For  let  F  be  the  arbitrary  function,  and  let  A^  be  the 
coefficient  of  J^''  in  the  expansion  of  this  fonction  in  surface 
harmonics  of  the  symmetrical  system 

where  [«,  ir]  is  the  abbreviation  for  the  valoe  of  the  sur&ce  integral 
given  in  equation  (BO). 

142  &.]  Let  4'  be  any  function  which  satisfies  I^place's  equation, 
and  which  has  no  singular  values  within  a  distance  a  of  a  point  0, 
which  we  may  take  as  the  origin  of  coordinates.  It  is  always 
possible  to  expand  such  a  function  in  a  series  of  solid  harmonics 
of  positive  degree,  having  their  origin  at  0. 

One  way  of  doing  this  is  to  describe  a  sphere  about  0  as  centre 
with  a  radius  less  than  a,  and  to  expand  the  value  of  the  potential 
at  the  sarface  of  the  sphere  in  a  series  of  surface  harmonics. 
Multiplying  each  of  these  harmonics  by  r/a  raised  to  a  power 
equal  to  the  order  of  the  surface  harmonic,  we  obtain  the  solid 
harmonics  of  nbicb  the  given  function  is  the  sum. 
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But  a  more  eonvenieot  method,  and  one  whicb  does  not  involve 
integration,  is  by  diSerentation  with  respect  to  the  axes  of  the 
harmonicB  of  the  symmetrical  Byetem. 

For  instance,  let  hs  sappose  that  in  the  expression  of  4*,  there  is 

a  term  of  the  form  Ae  Yc  *•". 

If  we  perform  on  4'  and  on  its  expansion  the  operation 
d*-^    ,d'        d'  . 

dz'-'  Wf'  "•"  dify 

and  put  J!,  y,  z  eqnal  to  zero  after  diSerentiating,  all  the  terms 
of  the  expansion  vanish  except  that  contaiDing  Ac. 

Expressing  the  operator  on  4*  in  terms  of  differentiators  with 
respect  to  the  real  axes,  we  obtain  the  equation 

dz—^dif  1.2      dif-'df^      > 

from  which  we  can  determine  the  coefficient  of  any  harmonic  of  the 
series  in  terms  of  the  difTerential  coefficients  of  *  with  respect  to 
X,  y,  z  at  the  origin. 

143.]  It  appears  from  equation  (50)  that  it  is  always  possible 
to  express  a  harmonic  as  the  som  of  a  system  of  zonal  harmonics 
of  the  same  order,  having  their  poles  distributed  over  the  surface 
of  the  sphere.  The  simplification  of  this  system,  however,  does  not 
appear  easy.  I  have,  however,  for  the  sake  of  exhibiting  to  the 
eye  some  of  the  features  of  spherical  harmonics,  calculated  the  zonal 
harmonics  of  the  third  and  fourth  orders,  and  drawn,  by  the 
method  already  described  for  the  addition  of  functions,  the  equi- 
potential  lines  on  the  sphere  for  harmonics  which  are  the  sums  of 
two  zonal  harmonics.  See  Figures  VI  to  IX  at  the  end  of  this 
volume. 

Fig.  VI  represents  the  difference  of  two  zonal  harmonics  of  the 
third  order  whose  axes  are  inclined  120°  in  the  plane  of  the  paper, 
and  this  difference  is  the  harmonic  of  the  second  type  in  which  <r=  1, 
the  axis  being  perpendicular  to  the  paper. 

In  Fig.  VII  the  harmonic  is  also  of  the  third  order,  hut  the 
axes  of  the  zonal  harmonics  of  which  it  is  the  som  are  inclined 
90°,  and  the  reenlt  is  not  of  any  type  of  the  symmetrical  system. 
One  of  the  nodal  lines  is  a  great  circle,  bnt  the  other  two  which  are 
intersected  by  it  are  not  circles. 

Fig.  VIII  representa  the  difference  of  two  zonal  harmonics  of 
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the  fourth  order  whose  axes  are  at  right  angles.  The  result  is  a 
tessersl  harmonic  for  which  »  =  4,  <r  =  2. 

Fig.  IX  represents  the  sum  of  the  same  zonal  harmonics.  The 
result  gives  some  notioD  of  one  type  of  the  more  general  har- 
monic of  the  fourth  order.  In  this  type  the  nodal  line  on  the 
sphere  consists  of  six  ovals  not  intersecting  each  other.  Within 
these  ovals  the  harmonic  is  positive,  and  in  the  sextuplj  connected 
part  of  the  spherical  aur&ee  wfaii^  lies  outside  the  ovals,  the  har- 
monic is  negative. 

All  tliese  figures  are  orthogonal  projectiens  of  the  spherical 
snr&ce. 

I  have  also  drawn  in  Fig.  V  a  plane  section  through  the  axis 
of  a  sphere,  to  shew  the  equipotential  sur&ees  and  lines  of  force 
due  to  a  spherical  surface  electrified  according  te  the  values  of  a 
spherical  harmonic  of  the  first  otiex. 

Within  the  sphere  the  equipotential  sur&ces  are  equidistant 
planes,  and  the  lines  of  force  are  straight  lines  parallel  to  the  axis, 
their  distances  from  the  axis  being  as  the  square  roots  of  the 
natural  numbers.  The  lines  outside  the  sphere  may  be  taken  as  a 
representation  of  those  which  would  be  due  to  the  earth's  magnetism 
if  it  were  distribnted  according  to  the  most  simple  type. 

144  a.]  We  are  now  able  to  determine  the  distribation  of 
electricity  on  a  spherical  conductor  under  the  action  of  electric 
forces  whose  potential  is  given. 

By  the  methods  already  given  we  expand  *,  the  potential  due 
to  the  given  forcee,  in  a  series  of  solid  harmonics  of  positive 
degree  having  their  origin  at  the  centre  of  the  sphere. 

Let  ^.r*r,  be  one  of  these,  then  since  within  the  conducting 

sphere  the  potential  is  uniform,  there  must  be  a  term  —A^r'Y^ 

arising  from  the  distribution  of  electricity  on  the  surface  of  the 

sphere,  and  therefore  in  the  expansion  of  4  to-  there  most  be  a  term 

4ir(r,  =  (2»+ l)a— 1^,7,. 

In  this  way  we  can  determine  the  coefficients  of  the  harmonics  of 
all  orders  except  zero  in  the  expression  for  the  aurfiice  density. 
The  coefficient  corresponding  to  order  zero  depends  on  the  charge, 
e,  of  the  sphere,  and  is  given  by  iirtr^  =  a-'e. 

The  potential  of  the  sphere  is 

14i^.]  Let  us  next  suppose  that  the  sphere  is  placed  in  the 
neighbourhood  of  conductors  connected  with  the  earth,  and  that 
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Green's  FnnctioQ,  G,  has  been  determined  in  terms  of  x,  y,  z  and 
of,  y,  /,  the  coordinates  of  aay  two  .pointa  in  tlie  re^on  in  which 
the  sphere  is  placed. 
.  If  the  surface  densitiy  on  the  sphere  m  expressed  in  a  series 
of  spherical  harmonica,  then  the  dectrical  phenomena  outside  the 
sphere,  arising  from  this  charge  on  the  sphere,  are  identical  with 
those  arising  friHn  an  iinaginary  series  of  singular  points  all 
at  the  centre  of  the  sphere,  the  first  of  which  is  a  single  point 
having  a  charge  equal  to  that  of  the  sphere  and  the  others  are 
multiple  points  of  different  orders  corresponding  to  the  harmonics 
which  express  the  surface  density. 

Let  Green's  futctioo  he  denoted  by  G^^^  where  p  indicates  the 
point  whose  coordinates  are  «,  ^,  z,  and  p'  the  point  whose  co- 
ordinates are  *',  y,  /. 

If  a  charge  ^  is  placed  at  the  point  y,  then,  considering 
af,^,^9a  constants,  G^  becomes  a  function  of  «,  y,  z  and  the 
potential  arising  Irom  the  electricity  induced  on  sonounding  bodies 
by  ^0  i«  *  =  ^G,^.  (1) 

If,  instead  of  placing  the  charge  A^  at  the  point  p',  it  were 
distributed  uniformly  over  a  sphere  of  radins  a  having  its  centre 
at  y,  the  value  of  4'  at  points  outside  the  sphere  would  be  the 
same. 

If  the  charge  on  the  sphere  is  not  uniformly  distributed,  left 
its  surface  density  be  expressed,  as  it  always  can,  in  a^series  of 
spherical  barmoQics,  thus 

The  potentjal  arising  irom  any  term  of  this  distribution,  say 

4gra«(r,  =  (2«+I)J,r.,  (3) 

r*  a" 

will  be r  AJC.  for  points  inside  the  mhere,  and  --tt-  A.Y.  for 

pointo  oatside  the  sphere. 

Now  the  latter  expression,  by  eqaations  (13),  (14),  Art.  129,  is 
eqoal  to  /     ,  %.  ^  <*"       ^       i 

or  the  potential  outside  the  sphere,  due  to  the  charge  on  the 
surface  of  the  sphere,  is  equivalent  to  that  due  to  a  certain 
multiple  point  whose  axes  are  k^ ...  h^  and  whose  moment  is 
J, a". 

Hence  the  distribution  of  electricity  on  the  snrronnding  con- 
dactors  and  the  potential  due  to  this  distribution  is  the  same  as 
that  which  would  be  due  to  auch  a  multiple  point. 
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The  potential,  therefore,  at  the  point  p,  or  (2,  y,  z),  due  to  the 
induced  electrification  of  BorrouDding-  bodies,  is 

where  the  accent  over  the  i^'b  indicates  that  the  differentiations  are 
to  be  performed  with  respect  to  ai',  y,  «'.  These  coordinates  are 
afterwards  to  be  made  eqoal  to  those  of  the  centre  of  the  sphere. 

It  is  convenient  to  suppose  Y,  broken  up  into  its  2n+  1  con- 
stituents of  the  Bf  mmetrical  sT^tem.     Let  A^^  Y^^  be  one  of  theee, 

i-i,...d-i.--"'  >'' 

It  is  nnnecGssary  here  to  supply  the  affix  «  or  e,  which  indicates 
whether  sin  a<f)  01  cob  o-^  occurs  in  the  harmonic 
We  may  now  write  the  complete  expression  for  % 

+  =  ^.e+SS  r^'*  ~J/^;^  g].  <6) 

Bnt  within  the  sphere  the  potential  is  constant,  or 

*+  i^^+Ssf^^^'^rH  =  constant.  (7) 

Now  perform  on  this  expression  the  operation  i)  ,  where  the 
differentiations  are  to  be  with  respect  to  m  y,  z,  and  the  values 
of  ffj  and  ir^  are  independent  of  those  of  «  and  tr.  All  the  terms  of 
(7)  will  disappear  except  that  in  Y^\  and  we  find 

o(«l+«^l)'(«l-<^l)'        '         >■)' 

=  A^if;;^G+ss\r~if;;;*iy^j*G].  (a) 

We  thus  obtain  a  setof  «qnation8,  the  first  member  of  each  of 
which  contains  one  of  the  coefficients  which  we  wish  to  determine. 
The  first  term  of  the  second  member  contains  A^,  the  charge  of 
the  sphere,  and  we  may  n^rd  this  as  the  principal  term. 

Neglecting^,  for  the  present,  the  otlier  terms,  we  obtain  as  a 
first  approximation 

If  the  shortest  distance  from  the  centre  of  the  sphere  to  the 
nearest  of  the  surronnditig  conductors  is  denoted  by  l>, 

.-." /.!?'«<  (If". 
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If,  therefore,  6  is  large  compared  with  a,  the  radios  of  the  sphere, 
the  coefficients  of  the  other  spherical  harmonics  are  very  small 
compared  with  Aq.  The  terms  afler  the  firet  on  the  right-hand 
side  of  eqnatioo  (8)  will  therefore  be  of  an  order  of  magnitude 

similar  to  (-^ 

We  maj  therefore  neglect  them  in  a  first  approximation,  and  in 
a  second  approximation  we  may  insert  in  these  terms  the  values 
of  the  coefficients  obtaiued  by  the  first  approximation,  and  so  on 
till  we  arriTe  at  the  degree  of  approximation  required, 

DiglrHution  of  electricity  on  a  nearly  tpkerical  conductor, 
145  a,]  Let  the  equation  of  the  surbce  of  the  conductor  be 

r  =  a(l+r),  (1) 

where  ^  is  a  function  of  the  direction  of  r,  that  is  to  say  of  6  and  ^, 
and  is  a  quantity  the  square  of  which  may  be  neglected  in  this 
investigation. 
Let  F  be  expanded  iin  the  form  of  a  series  of  surface  harmonics 

?=/.+/.i',+/A+«'»-+/.n.  (2) 

Of  these  termsj  the  first  depends  oa  the  excess  of  the  mean 
radios  above  a.  If  therefore  we  assume  that  a  is  the  mean  radius, 
that  is  to  say,  approximately  the  radius  of  a  sphere  whose  volume 
is  equal  to  that  of  tho  given  conductor,  the  coefficient  ^  will 
disappear. 

The  second  term,  that  in^,  depends  on  the  distance  of  the 
centre  of  mass  of  the  conductor,  supposed  of  uniform  density,  from 
the  origin.  If  therefore  we  take  that  centre  for  origin,  the 
CO  efficient /"i  will  also  disappear. 

We  shall  begin  by  supposing  that  the  conductor  has  a  charge  A^^ 
and  that  no  external  electrical  force  acts  on  it.  The  potential 
outside  the  conductor  must  therefore  be  of  the  form 

r  =  A„-  +4  r,'4  +  &e.+ ^,r,'-^.  (3) 

where  the  sur&ce  harmonics  are  not  assumed  to  be  of  the  same 
types  as  in  the  expansion  of  F. 

At  the  surface  of  the  conductor  the  potential  is  that  of  the 
conductor,  namely,  the  constAnt  quantity  a. 

Hence,  expanding  the  powers  of  r  in  terms  of  a  and  F,  and 
neglecting  the  square  and  higher  powers  of  F,  we  have 
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o  =  Al(l-/')  +  A-^r'(l-2J')  +  &o. 

+d.^r:(i-{n+i)ri.    (4) 

Since  the  coefficients  A^,  Sec.  are  evidently  small  compared  with 
Jj,  we  may  begin  by  neglecting  producte  of  tbeae  coefficients 
into  F. 

If  we  then  write  for  F  m  iiM  first  term  ita  expansion  in  spherical 
harmonics,  and  equate  to  zero  the  terms  involving  harmonics  of 
the  same  order,  we  find 

^,r,'  =  j,a/,r,  =  0,  (6) 


A.r:=4,a-/.r..  (7) 

It  follows  from  these  equations  that  the  T"b  miist  be  of  the 
same  type  as  the  T'e,  and  therefore  identical  with  them,  and  that 
^1  =  0  and  A^  =  A^a'/,. 

To  determine  the  density  at  aoy  point  of  the  snr&ce,  we  have 
tlie  equation  dF         dV 

where  p  is  the  normal  and  t  is  the  angle  which  the  normal  makes 
with  the  radins.  Since  in  this  investigation  we  suppose  F  and  its 
first  differential  coefficients  with  respect  to  6  and  ^  to  be  small, 
we  may  put  cos  c  =  1,  so  that 

4»<r  =  -^=^l+&c.  +  {«+l)AJ.^.  (a) 

Expanding  the  powers  of  r  in  terms  of  a  and  F,  and  neglecting 
products  of  f  into  A^,  we  find 

4)r<r  =  ^^(l-2i^J  +  fiMJ.  +  («  +  l)^^r,.  (lO) 

Ei^onding  F  in  spherical  harmonics  and  giving  A,  its  value 
as  already  foond,  we  obtain 

4»<7  =  ^^[i+/,r,+  2/,rg+&o.+{«-i)/,i;].      (n) 

Hence,  if  the  surface  differs  from  that  of  a  sphere  by  a  thin 
stratum  whose  depth  varies  according  to  the  values  of  a  spherical 
harmonic  of  order  n,  the  ratio  of  the  difference  of  the  surface 
densities  at  any  two  points  to  their  sum  will  be  »— 1  times 
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the  ratio  of  the  diSerence  of  the  radii  at  the  same  two  points  to 
their  Bum. 

145  b.]  If  a  nearlj'  spheric^  conductor  is  acted  on  hy  external 
electric  forces,  let  the  potential,  U,  arising  from  these  forces  be 
expanded  in.  a  series  of  epherical  harmonics  of  positive  degree, 
having  their  origin  at  the  centre  of  volome  of  the  conductor 

U=B„+Sirr{_+B^r'Y^'+8K.  +  S^r'r:.  (12) 

where  the  accent  over  T  indicates  that  this  harmonic  is  not 
necessarily  of  the  same  type  as  the  harmonic  of  the  same  order 
in  the  expansion  of  F. 

If  the  conductor  had  been  acoorately  spherical,  the  potential 
aiieing  &om  its  surface  charge  at  a  point  outside  the  conductor 
would  have  been 

Let  the  actual  potwitial  arising  from  the  surface  charge  be 
r+  W,  where 

the  harmonics  with  a  doable  accent  being  different  from  those 
occurring  either  in  ^  or  in  U,  and  the  coefficients  C  beiog  small 
because  F  is  small. 

The  condition  to  be  fulfilled  is  that,  when  r  =  a  (1 +F), 

tr+ r+ r  =  oonstaot  =  4,  -  +  ^0, 
the  potential  of  the  coDdnctw. 

Expanding  the  powers  of  r  in  terms  of  a  and  F,  and  retaining 
the  first  power  of  J^  when  it  is  miJtiplied  by^  or  £,  but  neglecting 
it  when  it  is  multiplied  by  the  small  quantity  C,  we  find 

/■r_^i  +  3J,a»};'  +  5V'^'  +  &«-  +  (2»+l)-B,«'"*'^.'] 

+  A,  J  +  0,^  Tr  +  &c.  +  C^-^Z:'=  0.  (15) 

To  determine  the  coefficients  C,  we  most  perform  the  multipli- 
cation indicated  in  the  first  term,  and  express  the  result  in  a  series 
of  spherical  hanDOoics.  This  series,  with  the  signs  reversed,  will  be 
the  series  for  JT  at  the  surface  of  the  conductor. 

The  prodnot  of  two  spherical  harmonics  <^  orders  n  and  m,  Ja 
a  rational  function  of  degree  « + «  in  x/r,  y/r,  and  «/r,  and  can 
therefore  be  expanded  in  a  series  of  spherical  harmonics  of  orders 
not  exceeding  M-f  tt.     If,  therefore,  ^can  be  expanded  in  spherical 
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harmonics  of  orders,  not  exceeding  m,  and  if  the  potential  due  to 
external  forces  can  be  expanded  in  spherical  harmonics  of  orders 
not  exceeding  «,  the  potential  arising  from  the  surface  charge  will 
involve  spherical  harmonics  of  orders  not  exceeding  m  +  n. 

This  snr&ce  density  can  then  be  foond  &ora  the .  potential  by 
the  equation  . 

4^^+|.(jr+r+r)=o,  (16) 

145  c]  A  nearly  spAerieal  eonditeior  encloted  in  a  nearly  tpherieal 
and  nearly  concentric  vestel. 

Let  the  equation  of  the  sni&fie-  of  the  conductor  be 

r  =  a{\+F),  {ny 

where                      -^  =»/i3'i  +  ftc-+^*'*J'i"-  (IS) 
Let  the  equation  of  the  inner  surface  of  the  vessel.be. 

r  =  fi(l  +  (?),  (19) 

where                     «  z=  ^,  7,  +  &c.  +^'*  7^^\  (20) 

the  f's  and'  /s  being  small  compared  with  imity,  and  Y^^  being 
the  surfaoe  harmonic  of  order  n  and  type  <r. 

Let  the  potential  of  the  conduetor  be  a,  and  that  of  the  vessel  ^. 
Let  the  potential  at  aoy  point  between  the  conductor  and  the 
vessel  be  expanded  in  spherical  harmonics,  thua. 

+  *4  +  *>^ii^+**-  +  *^*^";ir'         (21) 

then  we  have  to  determine  the  constimts  of  the  forms  h  and  k  so 
that  when»-  =  a(l+Jf7,  *  =  o,  and  when  r  =  l{\-\-ff),<9  =  p. 

It  is  manifest,  irom  our  former  investigation,  that  all  the  h'& 
and  ji's  except  h^  and  kg  will  be  small  quantities,  the  products  of 
which  into  F  may  be  neglected.     We  may,  therefore,  write 

a  =  i„+i„l(l_J')+  4c.  +  (iI;'V  +  *^*-^)rJ"',     (22) 

^  =  4„+*,J(l-G)  +  &c.+  (V;*«-  +  ^'g^)ri".      (23) 

We  have  therefore  j      ►  1  /» ,  * 

a  =  «(,  +  *o-'  (24J 

P  =  Khl'  (2«) 
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i.i/«  =  i«.-+i;-'^.,  (26) 

t<,ij;"  =  tf's-+irjir.  (2') 

whence  we  find  for  the  charge  of  the  inner  conductor 

*"  =  ('-«j^'  (28) 

and  for  the  coefficients  of  the  harmonics  of  order  n 

■V. 


.  ■■..i"V.-"V. 


(29) 
(30) 

where  we  must  remember  that  the  coefficients  jT,,  ;„,  A^,  £_  are 
those  belonging  to  the  same  tf  pe  as  well  as  order. 

The  surface  density  on  the  inner  conductor  is  given  hj  the 
equation 

146.]  As  an  example  of  the  application  of  zonal  harmonics, 
let  US  investigate  the  equilibrium  of  electricity  on  two  spherical 
conductors. 

Let  a  and  b  he  the  radii  of  the  spheres,  and  e  the  distance 
between  their  centres.  We  shall  also,  for  the  sake  of  brevity, 
write  a  =  ex,  and  b  =  cy,  aa  that  x  and^  are  numerical  quantities 
less  than  nnil^. 

Let  the  line  joining  the  centres  of  the  spheres  be  taken  as 
the  axis  of  the  zonal  harmonics,  and  let  the  pole  of  the  zonal 
harmonics  belonging  to  either  sphere  he  the  point  of  that  sphere 
nearest  to  the  other. 

Let  r  be  the  distance  of  any  point  &om  tiie  centre  of  the  first 
sphere,  and  a  the  distance  of  the  same  point  from  that  of  the  second 
sphere. 

Let  the  surface  density,  tr^,  of  the  first  sphere  be  given  by  the 
equation 

4ir<T,a«=  .4  + J,^+3-ij^+&C  +  (2M+l).4,^,  (l) 

so  that  A  is  the  total  charge  of  the  ^here,  and  Ay,  &c.  are  the 
coefficients  of  the  zonal  harmonics  TJ ,  &c 
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The  poteDtial  doe  to  this  distribution  of  charge  may  be  r^te- 
sented  by 

U'='-[Ai.d,P,^+A,P,^+&o.+A.P.g,]  (2) 

for  points  inside  the  sphere,  and  by 

for  points  outside. 

Similarly,  if  the  Bnr&ce  density  on  the  second  sphere  is  given 
by  the  equation 

iiTff^b'  =  £+S^P,  +  S[e.  + (2a +  1}£,  P.,  (4) 

the  potential  inside  and  ontside  this  sphere  may  be  represented 
by  equations  of  the  form 

r=i[5+5,P,j  +  &c.  +  J.P.^].  (6) 

r=^^S+£,P^j+kc.  +  B,P,^y  (6) 

where  the  general  harmonics  are  related  to  the  secoud  sphere. 

The  charges  of  the  sphere  are  A  and  B  respectively. 

Hie  potential  at  every  poict  within  the  first  sphere  is  constant 
and  eqnal  to  a,  the  potential  of  that  sphere,  so  that  within  the 
first  sphere  U'+r=a.  (7) 

Similarly^  if  the  potential  of  the  second  sphere  is  ^,  for  points 
within  that  sphere,  U+  f"=  j9.  (8) 

For  pointfl  outside  both  spheres  the  potential  is  4',  where 

U+r=if.  (9) 

On  the  axis,  between  the  centres  of  the  spheres, 

r+s=e.  (10) 

Hence,  differentiating  with  respect  to  r,  and  after  differentiation 
making  r  =  0,  and   remembering  that  at  the  pole  each  of  the 
zonal  harmonics  is  unity,  we  find 
-    1        dF 


=  0, 


(») 


where,  afler  differentiation,  #  is  to  he  made  equal  to  c. 

VOL.  1.  P  '      /—  I 
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If  we  perfona  the  diETcrentaationB,  and  write  «/c  =  «  and  h/c  =  y, 
these  equations  become 

By  the  correspoDdin^  operations  for  the  second  sphere  we  fiodj 


K'2) 


^«rj," 


(13) 


To  determioe  the  potentials,  a  and  ^,  of  the  two  Spheres  we  have 
the  eqoations  (7)  and  (8),  which  we  may  now  write 

«o=^^+J+Jiy+Jj^*  +  &c.  +  5.y-,  (14) 

c^  =  J-  +J  +  Jja!+^flj*  +  Stc.+  .i,fl!-.  (15) 

If,  therefore,  we  confine  our  attention  to  the  coe£SoientB  A^  to  A^ 
and  ^1  to  il,,  we  have  f»  +  «  equatione  from  which  to  determine 
theee  quantities  in  terms  of  A  and  B,  the  charg«8  of  the  two 
spheres,  and  by  inserting  the  valnes  of  these  coefficients  in  (14) 
and  (16)  we  may  express  the  potentiate  of  the  spheres  in  tenns  of 
their  charges. 

These  operations  may  be  expressed  in  the  form  of  determinants, 
bat  for  purposes  of  calculation  it  is  more  oonrenient  to  proceed  as 
follows. 

Inserting  in  equations  (l2j  the  values  of  J3,  ...£,  from  equa- 
tions (13),  we  find 

J,=-Jiii>+J  a!*/[2.1+3.1jr"  +  4.1y*  +  fi.l/  +  6.1^« 
+  ^,«'/[2.2  +  S.3/  +  4.4j^+5.6j^ 
+^i,**J^[2.3  +  3.6/  +  4.10/ 
+  -*,*»/[2.4  +  3.10j'» 
+  A^sfif\2.i.  (16) 
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^,  =  -£«'+^  «»>•[».  1+6.1^+10. 1^  +  15. Ij* 

+^l»'y[3.2  +  6.35'  +  I0.4/< 

+^*'j."[8.S  +  6.8j* 

+  A,t'}'l3.4.  (17) 

A^  =  -Sl!*+A  iir*^[4.1  +  10.1y'  +  20.1/* 

+A,,>fli.S.  <1«) 

A^  =  -Baf+A  »'.^[i+15/ 

+  4^/15.2.  (19) 

By  mbstituting  in  the  second  nembera  of  these  eqtntiolis  the 
approximate  values  of  ^  &c.,  and  repeating  the  prooeae  for  ioxther 
approximations,  we  may  cany  the  approximation  to  the  eoefficient 
to  any  extent  in  ascending  powers  and  prodncts  of  »  and  y.  If 
we  write  ^=    r,A-t,B, 

B,=-r,A  +  t.B; 
we  find 

ft  =  «'>'P  +     V+     4J*+     6y+     6/+?/»+8)''"+9j"  +  *c. 
+«»/[8  +   S0^+   76/+J54y'  +  280y'+&o. 
+«y[18+   90/*+288/*  +  735/  +  &c 
+«•>«  [32 +200^  +  780/ 4  &c. 
+»'y[60  +  S76y"+ftc 
+  «"y  [72  +  40. 

+a^/[82  +  192/ 
+«r"j«ru4  +  Ja!. 
(20) 

+»'j'[4   +   9)«+   16/+  S5/+  >6y«+  49jrl«+61y>'  +  &0. 

+  aiVC6   +18y"+   40/+   75/  +  126/+ ISe/'  +  Sc. 

+  «"/[8    +80/+    80/+17S/  +  886/+4O. 

+«»/[10  +  45/+ 140/+3»/  +  &<!. 

+»"/ [1 2  +  63/ +  224/+&C 

+»"/[14  +  84/+&0. 

+  •"/['«  +  *»• 
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+afiy*[  16+     72y»+   209^+488j(«  +  &e. 
+«*y[  60+    342jf'+1222^  +  &c. 
+ai"y[150  +  1060^+&c. 
+*'V[308+&c. 


+"a»y»[  64  +  &C.  (21) 

It  will  be  more  conTenient  in  sabeeqaent  openttiona  to  write 
these  coefficientB  in  terms  of  a,  b,  and  c,  and  to  arran^  the  terms 
according  to  their  dimeneioos  in  e.    This  will  make  it  easier  to 
differentiate  with  respect  to  a.    We  thus  find 
;),=  2a*  «8£r'>  +  3a»i«c-T  +  4a«iTc-»  +  (5a''i»+8a'' *•)<:-" 
+  (6<»'i"  +  30a'>fr«+18aTje)c-i3 
+  (7a*4"+75a''5"'  +  90a'd*  +  32o»5»)c-" 

+  (eo*J"+154a'>A"  +  288flTjio  +  32a»je  +  200a»J»+60a"fi«)c-" 
+  (9o»i"  +  280a»A"  +  735af5i?  +  i92a»iii+780a»J" 

+  144a"J''  +  375fl"fiS  +  72a"J»)<T-'».     (22) 
jj  =  «»<!-«+ 4a>J3<r'  +  (6o'J'+9a»fr«)e-»'» 
+  (8a»5»+18aTJs+i6a»iTjc-ii 
+  (10a"a^+30a»J»+16a«6«  +  40a'«'+26o»i«)e->* 
+  (l2(i"*>  +  45<»"A>  +  60a"4«+80a»J'' 

+  72oBi»+ 75o'6''  + aea'ji'jfr" 
+  (14<*"5'+63a"*»  +  180a"S«+140a"«''  +  342a"i8 

+  ir5fl»6»  +  209a*5^''+126a''ii»+*9«''i")<^" 
+(l6o"fi'  +  84a'»6*  +  308a"«"+224a"J'  +  1060ai»i» 

+  414a"6»+1222i»"'J"  +  836a*5"+488a'S"  +  196a''i" 
+  64a''S")<r-".  (23) 

p,=  3fl''i3c-«  +  6fl»i*c-«  +  10fl»J'c-M  +  (l2a"}*+15fl»5»)e-" 
+  (27a'i«  +  54a«i8  +  21  (»^5")c-" 
+(48o"A'+162aSJ8+168a«i"+.28«>5»3je-ie 

+  (76fl"j«  +  360aWA»+48o''4»+606o»fi'<' 

+  S72fl«i"  +  36a"4"'}c-".     (24) 
y,=:a'c-»+6a«a>.r-»+(9a»i8+18fl«i»)c-" 
+  (12a»i»  +  36fl''i»  +  40a«i')c-w 
+  (16o"6«  +  60«»i'+24a»6«+100o'if  +  75<i»4*)(!-" 
+{i8o^*i'  +  90a"4<'+90«i"a«+200oMS'' 

+  126a''i«  +  225a»fi»  +  126a«a")c-" 
+  (21a"4'+126a"A»+225a'»i«+350a"J^+594a"6« 

+  626a"i»  +  418»'i^''  +  441a«i"  +  196fl«i")c-".     (25) 
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ji,=  4o<J><r-»+10«'i'5-'  +  20a'«'c-«+(16a'i«  +  S5il'S')i!-» 
+(36o' J«  + 84o'J'+ S6o'S>")o-" 
+(6ia''i'  +  2Ni/'i'  +  2S2i,'l"+itaH")e-".  (26) 

+  (16a"ff'+ 60fl»j''  + eOa'fiTJc-i* 

+  (20a'«J*+ 100a"  5>+ 32fl"«"  + 200  a' a^^- 175aTi8)c-M 

+  (24a"A>  +  I50a^3JHI20a"i»  +  400o"4'+192a»5' 

+  626o»J«  +  336«'J")o-''.     (27) 
A=S«'i"c-'+I«rj"i'<r-»  +  35a'S'e-n  +  (20o'4»+7(»o»J')e-'<. 
+  (46o'»i«+120o«}>+  126o"jn)c-".  (28) 

}.=  o«ir-«  +  I0o'S><r"+(16o"J'+4»'>' *•)«"" 

+  (20«"J"  +  90a»  J" +  H0o' «")(!-■• 

+  (25<i"J«  +  I50o"'i'+40o"4'  +  350a'"8'  +  380<!'J»)c-".  (29) 
/!,=  6o«J»«-'+21o"J"«-"  +  56o'J'ir'' 

+  (24fl«j«  +  126a«4'')ff-".  (30) 
yB=(I«c-*+12a''J3c-ia  +  (18a"J3  +  63o»3»)ir" 

+  (24a»J'  +  126a"J'  +  224a»4')o-".  (31) 

p,=  7a'J».^»+28a'S»^"  +  B4a'J'e-».  (32) 

},=  «'«-'+ 14a»4>e-'"+(21a»S«+84a>»4')»-».  (33) 

ft=8a«J'e-"  +  36a'S»o-'«.  (34) 

j,=  a'«-«+16a«J>ir-".  (35) 

(..rsOa'Pc-".  (36) 

,,  =  a>o^.  (37) 

The  TBloes  of  the  r'e  and  «'&  may  be  vritten  down  by  exchanging 
a  and  i  in  the  q'a  and  ^'a  respectively. 

If  we  now  calcalate  the  potentiala  of  the  two  apheree  in  terms 
of  theae  coefScienta  in  the  form 

a  =  U  +  iitS,  (38) 

fi=iiiA  +  nB,  (39) 

then  /,  fa,  a  are  the  coefficients  of  potential  (Art.  87),  and  of  these 

i«  =  c-*+jj,B<!-'+jjja'c->+&c,  (40) 

«  =  *-*-Jiac-*-jja"c-'— &c,  (41) 
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or,  expanding  in  terms  of  a,  i,  e, 

+  a"i»[6a»+15<i«6'  +  30B''i'+20a*i* 

+  a'5»t7a"'  +  2Ia»Ji'+76a'J>  +  36a:»J*+144a*A* 

+  446a»i^  +  B6a*i»+154B>5»  +  28fl*5'o  +  8i"]<!-" 
4«»4'[9tf'*  +  36fl"i»  +  380o"i»  +  84a"4*+1107«»S»+318a»fi» 
+  1668fl''a''  +  318fl*i«+lI07«*i»  +  84a*4><'+280fl'a" 
+  36««i"  +  9S"]c-".  (42) 

»  =  A-'— j'c-*— «»(r*— a'c-*— (<iH4S'')fl!*<rW 
-(fl»+12a>5S+95*)<»«C-"-(a''  +  25a*63  +  36o»6''+16iTKc-" 
-(a'  +  44««J'+96a*J*+16o>a«  +  80a*a''+25i»)a'c-" 
— {a"  +  70ffl'is+2I0a8i»+84a''A*  +  2G0a*4' 

+  72a»fi'+150a«i«  +  «6«")a«tf-» 
— (a»  +  104a«'43  +  4064«i"  +  272o'««  +  680a«J»  +  4«8a»«* 

+  676a*a»  +  209<^A"  +  262^J"  +  494")«»(;-" 
-(a»+147a»4»+720o"»4«+693o»5*+1548a84i+J836a'i» 
+  1814a«A»+1640oS4"'  +  IllSa*4"  +  488a'4" 
+  392a'4"+644")a»c-*',  (43) 

The  value  of  /  can  be  obtained  &om  that  of  »  by  excbaoging:  a 
and  d. 

The  potential  energy  of  the  eystem  is,  by  Art.  87, 

r=  iW»+fl..i5+i«S*,  (44) 

and  the  repulfdon  between- the  two  ^heres  is,  by  Art  93  a, 

dW       ,   ,,  dl       .-ndm     ,  -n^dn  ,     , 

The  fiur&ce  denmty  at  any  point  of  either  sphere  is  given  hy 
equations  (1)  and  (4)  in  terms  of  the  coefficients  A,  and  £,, 
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CHAPTEB  X. 

CONFOOAI,  QDADBIO  aUBFAOBS*. 
147.]  Let  the  ^eoeml  equation  of  a  ooafooal  system  be 

where  X  Ib  a  variable  parameter,  which  we  shall  distinguish  by  a 
Boffiz  for  the  species  of  quadric,  viz.  we  shall  take  Aj  for  the  hyper- 
boloids  of  two  sheets,  A^  for  the  hyperboloids  of  one  sheet,  and  A, 
for  the  ellipsoids.    The  quantities 

tf,  Aj,  b,  Aj,  c,  Ag 
ara  in  ascending  order  of  magnitude.    The  qoantity  a  is  introduced 
for  the  sake  of  symmetry,  but  in  onr  results  we  shall  always  suppose 
•  =  0. 

If  we  consider  the  three  sur&ces  whose  parameters  are  A,,  A^,  A,, 
we  find,  by  elimination  between  their  equations,  that  the  value  of 
n^  at  their  point  of  intersection  satisfies  the  equation 

«'(«'-«')(«'—')  =  (V-«')(V->*)(V— ")•         (2) 

The  values  of  j^  and  z^  may  be  found  by  transposing  a,  b,  c 
symmetrically. 

Difierentiating;  this  equation  with  respect  to  Aj,  we  find 

If  i/f,  is  the  length  of  the  intercept  of  the  curve  of  intersection  of 
A,  and  A,  cut  off  between  the  surfaces  A,  and  Ai+i^Ai,  then 


rfxj  ~dA,|  "•"rfA,!  "^rfA,|  ''(A,«-rt»)(A,»-a>)(A,*-c»)' 

*  'Rkk  inradgmtioB  u  oUafly  borrowtd  from  • 
Itt  FonetloHt  Invtrtt*  del  Tratucendaiatt  tt  let  S 


(*) 
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The  denominator  of  this  fraction  is  the  product  of  the  EqaAres  of 
the  semi-axes  of  the  sarface  Xj. 
If  we  pat 

2),»  =  V-V,    A' =  Aa'-Ai«,     and    i>3'=A,*~V.      (5) 
and  if  we  make  a  =  0,  then 

_^ (e) 

It  is  easy  to  see  that  D^  and  i),  are  the  semi-axes  of  the  central 
section  of  A,  which  is  conjugate  to  the  diameter  passing  through 
the  ^ven  point,  and  that  Bj  is  parallel  to  dt^,  and  i),  to  dt,. 

If  we  also  snbstitnte  for  the  three  parameters  A„  A,,  A,  their 
values  in  terms  of  three  fonctions  a,  /3,  y,  defined  b;  the  equations 

cdXi 

'Jo   y(6»-A,«)(c«-Ai*)' 


-s: 


(?) 


then       <&,  =  ii?j2>3rfa,   d*^  =  - DgBidfi,  d>3  =  -D^I)^dy.     (8) 

148.]  Now  let  V  be  the  potential  at  any  point  a,  j3,  y,  then  the 
resultant  force  in  the  direction  otdtj  is 

'~       di,-       dai,,-       da  D,D,'  '"' 

Since  dt^,  dt^,  and  <2(^  are  at  right  angles  to  each  other,  the 
surEiK«-iiit«graI  over  the  element  of  area  A,  dt^  is 

D  J   J  dV     c      D,J),   D.J),    .„  , 

Now  consider  the  element  of  Tolnme  intercepted  between  the 
sur&ces  a,  p,  y,  and  a  +  da,  p  +  dp,  y  +  dy.  Tliere  will  be  eight 
such  elements,  one  in  each  octant  of  space. 

We  have  found  the  surface-integral  of  the  normal  component  of 
the  force  (measured  inwards)  for  liie  element  of  sor&ce  intercepted 
from  the  surface  a  by  the  surfaces  fi  and  /9+  rfyS,  y  and  y+dy. 
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The  snr&ce-int^^  for  the  correepondisg  element  of  tlie  eorfacd 
a+da  will  be 

Bince  Dj  is  iDdependent  of  a.  The  Borfsce-integrsl  for  the  two 
opposite  faces  of  the  element  of  volome  will  be  the  atm^  of  these 
quantities,  or 

Similarly  the  sarfaoe-integralB  for  the  other  two  pairs  of  faces 
will  be 

^-f-dad^dy     and     ^^dad^dy. 

These  six  faces  enclose  an  element  whoae  volume  is 
ns  n  a  ni 
^,  (foa  <fos  =      '      *      °  da  dp  dy, 

and  if  p  is  the  Tolnme-density  within  that  element,  we  find  by 
Art.  77  that  the  total  sur&ce-integral  of  the  element,  toother  with 
the  qnantity  of  electricify  within  it,  multiplied  by  4ir  is  zero,  or, 
dividing  by  da  dfi  dy, 

'^A'.%^.'.'^A'.^^.^iJ^  =  o.       (u, 

which  is  the  form  of  Poisson's  extension  of  Laplace's  equation  re- 
ferred to  ellipsoidal  coordinates. 

If  p  =  0  the  fourth  t«nn  vanishes,  and  the  equation  is  equivalent 
to  that  of  Laplace. 

For  the  gener^  discuBsion  of  this  equation  the  reader  is  referred 
to  the  work  of  Lam£  already  mentioned. 

149.]  To  determine  the  quantities  a,  j3,  y,  we  may  put  them  in 
the  Form  of  ordinaty  elliptic  integrals  by  introducing  the  auxiliary 
angles  B,  0,  and  ^,  where 

Ai  =  dsin0,  (12) 

Aj=  N/c*sin»^  +  i"coff'0,  (13) 

A,  =  «6ec+.  (14) 

If  we  put  i  =  ic,  and  i^  +  i^  =  1,  we  may  call  i  and  i*  the  two 

complemeataiy  moduli  of  the  confocal  system,  and  we  find 

,      "'  ,  (.5) 


'-i: 


DigiLizedbyGoOJ^lc 
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an  dliptio  iategrsl  of  the  firat  kind,  whicli  we  naj  write  according 
to  the  nsoal  notation  F^i,6). 
In  the  same  way  we  find 

-'0  VI— (f'cos*^ 
where  F{Xr)  is  the  complete  function  for  modalos  i', 

r  =  r-7=4==-i'(*)-P(*,+)-  (") 

■'0  vl— A^eoe*^ 

Here  a  ia  represented  aa  a  foaction  of  the  angle  fl,  which  is  ac- 
cordingly a  Amotion  of  the  parameter  X,,  j3  as  a  function  of  ^  and 
thence  of  A^,  and  y  as  a  function  of  ^  and  thenca  of  Ag. 

Bat  these  angles  and  parameters  may  be  considered  as  functions 
of  a,  p,  y.  The  properties  of  such  inverse  functions,  and  of  those 
connected  with  them,  are  explained  in  the  treatise  of  M.  Lam£  on 
that  subject. 

It  is  easy  to  see  that  since  the  parameters  are  periodic  fimctionB 
of  the  auxiliary  angles,  they  will  be  periodic  fnnctions  of  the 
qoantitiee  a,^,y:  the  periods  of  A^  and  A,  are  *F(i),  and  that  of  A, 

Parlicular  SolutioHi, 
IBO.]  If  r  is  a  linear  function  of  a,  ^,  or  y,  the  equation  is 
satisfied.  Hence  we  may  deduce  from  the  equation  the  distribution 
of  electricity  on  any  two  confocal  surfaces  of  the  same  family 
maintained  at  given  potentials,  and  the  potential  at  any  point 
between  them. 

ne  Syperbolmdt  of  Tmo  Sieett. 

'When  a  is  constant  the  corresponding  snr&oe  is  a  hyperboloid 
of  two  sheets.  Let  ub  make  the  sign  of  a  the  same  as  that  of  «  in 
the  sheet  under  consideration.  We  shall  thus  be  able  to  study  one 
of  these  sheets  at  a  time. 

Let  oj,  og  be  the  values  of  a  corresponding  to  two  single  sheets, 
whether  of  different  hyperboloids  or  of  the  same  one,  and  let  f[,  ^ 
be  the  potentials  at  which  they  are  maintained.     Then,  if  we  make 

r=?iiis5±i(t:S.  (,e) 

«,  — Oj 

the  conditions  will  be  satisfied  at  the  two  surfaces  and  throughout 
the  space  between  them.  If  we  make  F  constant  and  equal  to  fi 
in  the  space  beyond  the  aur&ce  a^jaud  constant  and  equal  to  P^ 
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ID  the  space  beyond  the  sorfiKe  a,.  w«  shall  have  obtained  the 
oon^lete  solotion  of  this  particular  case. 
The  resultant  force  at  anj  point  of  either  sheet  is 

If  J),  be  the  perpendicnlar  from  the  centre  on  the  tan^nt  plane 
at  any  point,  and  P^  the  product  of  the  Bemi-axes  of  the  Bvuface, 
then_p,i?,2)j  =  P,. 

Hence  we  find  „       K~K  "Px  in-,\ 

or  tlie  force  at  any  point  of  the  sor&ce  is  proportional  to  the  per- 
pendicular from  the  centre  on  the  tangent  plane. 

The  Burfeee-deneity  v  may  be  found  from  the  equation 

4»ff=.i?,.  (22) 

The  total  quantity  of  electricity  on  a  s^pnent  cut  off  by  a  plane 
whose  equation  \»»  =  a  from  one  sheet  of  the  hyperboloid  is 

1).  (S3) 

The  quantity  on  the  whole  infinite  sheet  is  therefore  infinite. 

The  limiting  forms  of  the  sorface  are  :— 

(1)  When  a  =  F{k)  the  surface  is  the  part  of  the  p]ane  of  kz  on 
the  poeitiTe  iide  of  the  positive  bisnch  of  the  hyperbola  whose 
equation  is  xS  e* 

(3)  When  a^sQ  the  snrface  is  the  plane  fttga. 
(3)  When  a  '=—F{Jk)  the  snrface  is  the  part  of  the  plane  of  me 
on  the  negative  side  of  the  negative  branch  of  the  same  hyperboU. 

TA»  Hgperbohid  0/  One  Skeei. 
By  making  /9  constant  we  obtain  the  equation  of  the  hyperboloid 
of  one  sheet.  The  two  surfiices  which  form  the  boundaries  of  the 
eleotrio  field  must  therefore  belong  to  two  different  hyperboloids. 
Tb*  investigation  will  in  other  respects  be  the  same  as  for  the 
hyperboloids  of  two  sheets,  and  when  the  difference  of  potentials 
is  given  the  density  at  any  point  of  the  surface  will  be  proportional 
to  the  perpendiealar  from  the  centre  on  the  tangent  plane,  and 
the  whole  qoantity  on  the  infinite  sheet  will  be  infinite. 
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Zimitisff  Formt. 

( 1 )  When  $=0  the  enr&ce  is  the  part  of  the  plane  of  xx 
between  the  two  branches  of  the  hyperbola  whose  equation  is 
written  above,  (24). 

(2)  When  p=F{i^  the  snr&ce  is  the  part  of  the  plane  of  osy 
which  is  on  the  ontside  of  the  focal  ellipse  whose  equation  is 

?  +  ^='-  •  p") 

The  Elliptoida. 
For  any  given  ellipsoid  y  is  constant.     If  two  ellipsoids,  y^  and 
7„  be  maintained  at  potentials  7^  and  ^,  then,  for  any  point  y  in 
the  space  between  them,  we  hare 

The  Bui&ce-density  at  any  point  is 

where  p^  is  the  perpendicular  from  the  centre  on  the  tangent  plane, 
and  i'j  is  the  prodact  of  the  semi-axes. 

The  whole  charge  of  electricity  on  either  suriace  is  given  by 

«.='^.=-«..  («) 

and  is  finite. 

When  y  =  F{i:)  the  surface  of  the  ellipsoid  is  at  an  infinite 
distance  in  all  directions. 

If  we  make  f,  =  0  and  y,  =  F{i),  we  find  for  the  quantity  of 
electricity  on  an  ellipsoid  maintained  at  potential  ^  in  an  infinitely 
extended  field,  V 

The  limiting  form  of  the  ellipsoids  occars  when  7  =  0,  in  which 
case  the  snr&ce  is  the  part  of  the  plane  of  xy  within  the  focal 
ellipse,  whose  equation  Is  written  above,  (2S). 

The  surface-density  on  either  aide  of  the  elliptic  plate  whose 
equation  is  (25),  and  whose  eccentricity  is  l,  is 

r  1  1 


(30) 
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and  its  charge  is  Q  =  e  ^ .  (3^ 
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Particular  Cata. 

151.]  If  e  remaiiiB  finite,  while  i  and  tlierefore  i  is  dinuDiBbed 
till  it  becomes  nltimately  zero,  the  STstem  of  surfoces  beeomee 
transfoTined  in  the  following  manner  : — 

The  Tttil  axis  and  one  of  the  imaginary  axes  of  each  of  the 
hyperboloids  of  two  sheets  are  indefinitely  diminished,  and  the 
Bur&ce  ultimately  coincides  with  two  planes  iiit«reeoting  in  the 
axis  of  z. 

The  qnaotity  a  becomes  identical  with  0,  and  the  equation  of  the 
system  of  meridional  planes  to  which  the  first  system  is  reduced  is 

r--Ti--r-^  =  o.  (32) 

(sma)^       (COB  a)*  '      ' 

As  re^rds  the  quantity  p,  if  we  take  the  definition  given  in 

page  216  (7)  we  shall  be  led  to  an  infinite  value  of  the  integral  at 

the  lower  limit.     In   order  to  avoid  this  we  defijae  j3  in  this 

particular  case  as  the  value  of  the  integral 

f'       cdAg 

If  we  now  put  A,  =  c  sin  ^,  j3  becomes 

/      .    .  I         i.  e.  log  cot  i  *. 

y*  sin^  *        *^ 

.^  ef—e-f 

Whence  cos  ^  =  'ifi'1'f-fi ' 

2 
and  therefore  sin 0  =    ,■     -^  • 

If  we  call  the  exponential  quantity  1  (*'+«"^)  the  hyperbolic 
cosine  of  0,  or  more  concisely  the  hypocosine  of  ;9,  or  cosh  fi,  and  if 
we  call  i  {^—e~*)  the  hyposine  of  j3,  or  sinh  /3,  and  if  in  the  same 
way  we  employ  functions  of  a  similar  character  analogous  to  the 
other  simple  trigonometrical  ratios,  then  A^  =  e  seoh  /3,  and  tiie 
equation  of  the  ^stem  of  hyperboloids  of  one  sheet  is 

^+y'        ^'     -,.  (35) 

{Beoh^)«       (tanhj9)»  ~     '  ^     ^ 

The  quantity  y  is  reduced  to  ^,  so  that  X^ssceoaecy,  and  the 
equation  of  the  system  of  ellipsoids  is 

Ellipsoids  of  this  kind,  which  are  figures  of  revolution  about  their 
conjugate  axes,  are  called  planetary  ellipsoids. 
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The  quantity  of  electricity  on  a  planetary  ellipsoid  maintained  at 
potential  ^  in  an  infinite  field,  is 

where  c  sec  y  is  the  equatorial  radius,  and  c  tan  y  is  the  polar  saditis. 
If  y  =  0,  the  fignre  ii  a  circular  disk  of  radins  e,  and 

(38) 


C  =  .^.  (89) 

152.]  8e<mtd  Caie.    Let  2  =  c,  then  £  =  1  and  li*  =  0, 

a  =  log  tan  — ~ — ,  whence  A,  =  e  tanha,  (iO) 

and  the  equation  of  the  hyperboloida  of  revolation  of  two  aheeis 
becomea  g^  f  +  ^    _  ^ 

(tanha)*       (Becha)»  ~  ^     ■' 

The  quantity  j3  beoomee  reduced  to  ^  and  each  of  the  hyper- 
boloids  of  one  sheet  is  rednced  to  a  pair  «f  planes  intersecting  in 
the  axis  of  m  whose  equation  is 

(sin^)»  "  (cosj3j«  =  °-  (^^* 

This  is  a  system  of  meridional  planes  in  which  p  is  the  longitude. 

The  quantity  y  as  defined  in  page  216,  (7)  becomes  in  this  case 
infinite  at  the  lower  limit.    To  avoid  this  let  as  define  it  as  the 

value  of  the  integral         /    ■;  ;,      ,  • 

If  we  then  pat  A,  =  e  aec  ^,  we  find  y  =  /    -■ — r  i  *rhence 
•^        ^  T.  '      ^^   Bin  + 

X,  =  tf  coth  y,  and  the  equation  of  the  &mity  of  ellipsoids  is . 

(cothy)*  "^  (cosechy)^  *  ^"' 

Hose  ellipsoids,  in  which  t^e  transrerae  axis  is  the  axis  of  revo- 
lution, are  called  ovary  ellipsoids. 

The  quantity  of  electricity  on  an  ovary  ellipsoid  maintained  at 
potential  r  in  an  infinite  field  becomes  in  this  case,  by  (29), 

J^,8m+  ^     ' 

where  e  sec  ^^  is  the  polar  radins. 

If  we  denote  the  polar  radios  by  A  and  the  equatorial  by  £,  the 
result  just  found  becomes 
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(45) 


S 

If  tlie  equatorial  radius  is  very  small  Ooinpared  to  tbe  pohu 
tadias,  as  in  a  wire  witb  roaoded  ends, 

^hen  both  b  and  e  become  zero,  their  ratio  remaining  finite, 
the  Bystem  of  anriaoes  becomes  two  systems  of  coafocal  cones,  and 
a  system  of  spherical  sur&ces  of  which  the  radius  is  inversely 
proportional  to  y. 

If  the  rafno  of  i  to  c  is  zero  or  nnity^  the  system  of  surfaees 
becomes  one  system  of  meridian  planes,  one  ByBtwa  of  right  cones 
haTing  a  common  axis,  and  a  system  of  concentric  spherical  snr&ces 
of  which  the  radios  is  inversely  proportitmal  to  y.  This  is  the 
ordinary  system  of  spherical  polar  coordinates. 
Cj/Undnc  Sur/aeet. 

1 53.]  When  e  is  infinite  the  surfaces  are  cylindric,  the  generating 
lines  being  parallel  to  the  axes  of  s.  One  system  of  cylinders  ie 
hyperbolic,  viz.  that  into  which  the  hyperboloids  of  two  sheets 
degenerate.  Since,  when  e  is  infinite,  k  is  zero,  and  tiierefbre  0  =  a, 
it  follows  that  the  equation  of  this  tjystem  is 

ein'o      cos'a  '     ' 

The  other  system  is  elliptic,  and  since  when  il  =  0,  /3  becomes 

/     --   — — -1  or  X,  =  A coshfl, 

the  equation  of  this  system  is 

'^  V* 

(cofih^J*  "•■  {8inh;9)»  =  *'■  t*** 

These  two  systems  are  represented  in  Fig.  X  at  the  end  of  tiiis 
Tolnme. 

Coj^ocal  Paraholoidt. 

1B4.]  If  in  the  general  equations  we  transfer  the  origin  of  co- 
ordinates to  a  point  on  the  axis  of  »  distant  t  from  the  centre  of 
the  sfiAx!ta,  and  if  for  a,  \,b,  and  c  we  enbetitnte  t-\-t,  t-¥K  t+b, 
and  i+e  respectively.  Mid  then  make  i  mcrease  indefinitely,  we 
obbutt,  in  the  limit,  the  equation  of  a  system  of  paraboloids  whose 
fod  are  at  the  points  ass  b  and  «  »  c,  viz.  the  equation  is 

,{._X)+ 3^+^  =  0.  (49) 
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If  the  variable  parameter  is  A  for  the  first  system  of  elliptic 
paraboloids,  ft  for  the  hyperbolic  paraboloids^  and  r  for  the  second 
system  of  elliptic  paraboloids,  we  have  k,  i,  fi,  c,  v  in  ascending 
order  of  magnitude,  and 


w  =  \  +  n  +  p—e—i, 
,.       ,(i-»)0.-i)(»-i) 


c-4 


(50) 


la  order  to  avoid  inGnite  values  in  the  integrals  (7)  the  cor- 
responding integrals  in  the  paraboloidal  system  are  taken  between 
different  limits. 

We  write  in  this  case 

dK 


I  •(J_i){«_X) 

^f     d. 

From  these  we  find 

A  =  J(c  +  i)— l((j— i)coeho,\ 
^  =  i(c+iJ-4(c_6)coe;9,  j 
V  =  \{c+b)  +  \{e—h)iMBhy;) 

a=  i(c  +  J)  +  i(c— i)(co8h)'— C08/3— cosho), 

jf  s=  2  {e—i)  ash  -  sin  -  cosh  ^  > 

t  =  2((!— i)co8h^cos^Binh  ^- 


(51) 


(52) 


When  i  ssowe  have  the  case  of  paraboloids  of  revolution  abont 
the  axis  of  m,  and  «  :=  a  l^»—^y), 

y=  2ae'+Tcosj3,  (53) 

*=  2<i«'+i'Bin;3. 

The  Borfaces  for  whioh  fi  is  constant  are  planes  through  the  axis, 
p  being  the  angle  which  such  a  plane  makes  with  a  fixed  plane 
through  the  azie. 

The  BurfiwKS  for  which  a  is  constant  are  oonfbcal  paraboloids. 
"When  a=  —00  the  paraboloid  is  reduced  to  a  straight  line  terminat- 
ing at  the  origin. 
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We  may  also  find  the  values  of  a,  j3,  y  in  tenna  of  r,  6,  and  0, 
the  spherical  polar  coordinates  referred  to  the  focus  as  orgin,  and 
the  axis  of  the  parabolas  as  axis  of  the  sphere, 
o  =  log(/-*cos4tf}, 

^  =  *,  (54) 

y  =  log(j'*siii  J0). 

We  may  compare  the  case  in  which  the  potential  is  equal  to  a, 
with  the  zonal  solid  harmonic  r^  Qf.  Both  satUfy  Lapkce'e  equa- 
tion, and  are  homogeQeons  functions  of  x,  y,  z,  but  in  the  case 
derived  from  the  paraboloid  there  is  a  discontinuity  at  the  axis,  and 
i  has  a  value  not  differing  by  any  finite  quantity  from  zero. 

The  sur&ce-density  on  an  electrified  paraboloid  in  an  infinite 
field  (including  the  cose  of  a  straight  line  infinite  in  one  direction) 
is  inversely  as  the  square  root  of  the  distance  from  the  focus,  or, 
in  the  case  of  the  line,  from  the  extremity  of  the  line. 
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CHAPTER  XI. 


TUBORT  OF  BLBCTBIC  IHAQES  AND  ELECTBIC  INTEB810N. 

156.]  We  have  already  eliewa  that  when  a  condncting  sphere 
is  under  the  inflnence  of  a  known  distribation  of  electricity,  the 
distribution  of  electricity  on  the  surface  of  the  sphere  can  be 
determined  by  the  method  of  spherical  harmODics. 

For  this  purpose  we  require  to  exptmd  the  potential  of  the  in- 
flneocing  system  in  a  series  of  solid  harmonics  of  positive  d^^ree, 
having  the  centre  of  the  sphere  as  origin,  and  we  then  find  a 
corresponding  series  of  solid  harmonics  of  negative  degree,  which 
express  the  potential  due  to  the  electriScation  of  the  sphere. 

By  the  ase  of  this  very  powerful  method  of  analysiB,  Foisson 
determined  the  electrification  of  a  sphere  ander  the  influence  of 
a  given  electrical  system,  and  he  also  solved  the  more  difficnlt 
problem  to  determine  the  distribution  of  electricity  on  two  con- 
ducting spheres  in  presence  of  each  other.  These  investigations 
have  been  pursued  at  great  length  by  Plana  and  others,  who  have 
confirmed  the  accuracy  of  Foisson. 

In  applying  this  method  to  the  most  elementary  case  of  a  sphere 
nnder  the  influence  of  a  single  electrified  point,  we  require  to  expand 
the  potential  dae  to  the  electrified  point  in  a  series  of  solid  bar^ 
monies,  and  to  determine  a  second  series  of  solid  harmonics  which 
exproEB  the  potential,  due  to  the  electrification  of  the  sphere,  in  the 
space  outside. 

It  does  not  appear  that  any  of  these  mathematicians  observed 
that  this  second  series  expresses  the  potential  due  to  an  imaginaiy 
electrified  point,  which  has  no  physical  existence  as  an  electrified 
point,  bat  which  may  be  called  an  electrical  image,  because  the 
action  of  the  surface  on  external  points  is  the  same  as  that  which 
woold  be  produced  by  the  imaginary  electrified  point  if  the  spherics! 
Bur&ce  were  removed. 
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This  discovery  seems  to  hare  been  Teserred  for  Sir  W.  Thomson, 
who  has  developed  it  into  a  method  of  great  power  for  the  solution 
of  electrical  problems,  and  at  the  same  time  capable  of  being  pre- 
sented in  an  elementary  geometrical  form. 

His  origioal  investigations,  which  are  contained  in  the  Camhri4^ 
andl>ublin  Matkematical  Journal,  1848,  are  expressed  in  terms  of 
the  ordinary  theory  of  attraction  at  a  distance,  and  make  no  use  of 
the  method  of  potenUals  and  of  the  general  theorems  of  Chapter  IV, 
tbongh  they  were  probably  discovered  by  these  methods.  Instead, 
however,  of  following  the  method  of  the  author,  I  shall  make  free 
me  of  the  idea  of  the  potential  and  of  equipotential  surfaces,  when- 
ever  the  investigation  can  be  rendered  more  intelligible  by  sach 
means. 

Theory  ^  Eteetric  Image*. 

156.]  Let  A  and  3,  Figure  7,  represent  two  points  in  a  aniform 
dielectric  medium  of  infinite  extent. 
Xiet  the  chafes  of  A  and  B  be  e, 
and  ffg  respectively.  Let  P  be  any 
point  in  space  whose  distances  from 
A  and  B  are  r^  and  r^  respectively. 
Then  the  value  of  the  potential  at  P 
»mbe         ^^£,^^.  (jj 

'^       *"'  Fig.  7. 

The  eqnipotential  snrlaces  due  to 
this  distribntion  of  electricity  are  represented  in  Fig.  I  (at  the  end 
of  this  volume)  when  «,  and  e^  are  of  the  same  sign,  and  in  Fig.  II 
when  they  are  of  opposite  signs.  We  have  now  to  consider  that 
Bor&ce  for  which  V-=  0,  which  is  the  only  spherical  surface  in 
the  system.  When  ej  and  ^  are  of  the  same  sign,  this  surface  is 
eutirdy  at  an  infinite  distance,  but  when  they  are  of  opposite  signs 
there  is  a  plane  or  spherical  surface  at  a  finite  distance  for  which 
the  potential  is  zero. 

llie  equation  of  this  surface  is 

i  +  ^  =  „.        .  (2) 

Its  centre  is  at  a  point  C  in  AB  prodnced,  such  that 

AC:BC::eT,^:e^, 
and  the  radius  of  the  sphere  is 

The  two  points  A  and  B  are  inverse  points  with  respect  to  this 
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sphere,  that  is  to  Bay,  they  lie  in  the  same  radiuB,  aad  the  ladins  ie 
a  mean  proportional  between  their  distances  from  the  centre. 

Since  this  spherical  sarface  is  at  potential  zero,  if  ve  suppose 
it  constructed  of  thin  metal  and  connected  with  the  earth,  there 
will  be  no  alteration  of  the  potential  at  any  point  either  outside  or 
inside,  but  the  electrical  action  everywhere  will  remain  that  due  to 
the  two  electrified  points  A  and  S. 

If  we  now  keep  the  metallic  shell  in  connection  with  the  earth 
and  remove  the  point  £,  the  potential  within  the  sphere  will  become 
everywhere  zero,  but  oatside  it  will  remain  the  same  as  before. 
For  the  surface  of  the  sphere  still  remains  at  the  same  potential, 
and  no  change  has  been  made  in  the  exterior  electrification. 

Hence,  if  an  electrified  point  A  he  placed  outside  a  spherical 
conductor  which  is  at  potential  zero,  the  electrical  action  at  all 
points  outside  the  sphere  will  be  that  due  to  the  point  A  together 
with  another  point  £  within  the  sphere,  which  we  may  call  the 
electrical  image  of  A. 

In  the  same  way  we  may  shew  that  if  ^  is  a  point  placed  inside 
the  spherical  shell,  the  electrical  action  within  the  sphere  is  that 
due  to  S,  together  with  ita  image  A. 

157.]  Definition  of  an  Electrical  Image.  An  electrical  image  is 
an  electrified  point  or  system  of  points  on  one  side  of  a  sur&ce 
which  would  produce  on  the  other  side  of  that  surface  the  same 
electrical  action  which  the  actual  electrification  of  that  surface 
really  does  produce. 

In  Optics  a  point  or  system  of  points  on  one  side  of  a  mirror 
or  lens  which  if  it  existed  would  emit  the  system  of  rays  which 
actually  exists  on  the  other  side  of  the  mirror  or  lens,  is  called  a 
virtual  image. 

Electrical  images  correspond  to  virtual  images  in  Optics  in  being 
related  to  the  space  on  the  other  side  of  the  surface.  They  do  not 
correspond  to  them  in  actual  position,  or  in  the  merely  approximate 
character  of  optical  foci. 

There  are  no  real  electrical  images,  that  is,  imaginary  electrified 
points  which  would  produce,  in  the  region  on  the  same  side  of  the 
electrified  surface,  an  effect  equivalent  to  that  of  the  electrified  sar&ce. 

For  if  the  potential  in  any  region  of  space  is  equal  to  that  doe 
to  a  certain  electrification  in  the  same  region  it  mast  be  actually 
produced  by  that  electrification.  In  fact,  the  electrification  at  any 
point  may  be  found  from  the  potential  near  that  point  by  the 
application  of  Poisson's  equation. 
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Let  a  be  the  radius  of  the  sphere. 

Let^  be  the  distance  of  the  electrified  point  A  from  the  centre  C. 

Let  e  be  the  charge  of  this  point. 

Then  the  image  of  the  point  is  at  B,  on  tiie  same  radius  of  the 

sphere  at  a  distance  — ,  and  the  charge  of  the  image  ie  —e  -^  ■ 

We  hare  shewn  that  this  image 
will  produce  the  same  effect  on  the 
opposite  side  of  the  surface  as  the 
actual  electrificatioQ  of  the  surface 
does.  We  shall  next  determine  the 
surface-density  of  this  electrification 
at  any  point  P  of  the  spherical  sur- 
face,  and  for  this  purpose  we  shall  l^„_ ; 

make  use  of  the  theorem  of  Coulomb, 
Art.  80,  that  if  B  is  the  resultant  force  at  the  surface  of  a  con- 
ductor, and  a  the  superficial  density, 

R  =    4W<T, 

R  being  measured  away  from  the  surface. 

We  may  consider  R  as  the  resultant  of  two  forces,  a  repulsion 

-jj^  acting  along  AP,  and  an  attraction  e  ^  -^^  actjng  along  PB. 

Resolving  these  forces  in  the  directions  of  AC  and  CP,  we  find 
that  the  components  of  the  repulsion  are 

^  along  AC,  and  -^  along  CP. 

Those  of  the  attraction  are 


Now  BP  =  ^  AP,  and  BC 

the  attraction  may  be  written 

-«/2^  along  ^C,  and  -e-^-^  along  CP. 

The  components  of  the  attraction  and  the  repulsion  in  the 
direction  of  AC  are  equal  and  opposite,  and  therefore  the  resultant 
force  is  entirely  in  the  direction  of  the  radius  CP.  This  only 
coniirmB  what  we  have  already  proved,  that  the  sphere  is  an  equi- 
potential  surface,  and  therefore  a  surface  to  which  the  resultant 
force  is  everywhere  perpendicular. 
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The  resQltant  force  meoBured  along  CP,  the  nonnal  to  the  surface 
in  the  direction  towards  the  aide  on  which  A  is  placed,  is 
f^  —  a^     1 

If  A  is  taken  ineide  the  sphere  /  is  less  than  a,  and  we  must 
measure  R  inwards.     For  this  cas«  therefore 

a       AP'  ^  ' 

In  all  cases  we  ma;  write 

J,  AD. Ad     1    '  ,„. 

fi  =  ---Cp-27^'  (5) 

where  AB,  Ad  are  the  segments  of  any  line  through  A  cutting  the 
sphere,  and  their  product  is  to  be  taken  positive  in  all  cases. 

158.]  From  this  it  follows,  by  Coulomb's  theorem.  Art.  80,  that 
the  surface-density  at  P  is 

AB.Ad     1  .  , 

"^'U-^.CP  AP^'  t^^ 

The  density  of  the  electricity  at  any  point  of  the  sphere  varies 
inversely  as  the  cube  of  its  distance  from  the  point  A. 

The  effect  of  this  superficial  distribution,  together  with  that  of 
the  point  A,  is  to  produce  on  the  same  side  of  the  sur&ce  as  the 
point  A  a  potential  equivalent  to  that  due  to  e  at  A,  and  its  ima^ 


everywhere  zero.     Hence  the  effect  of  the  superficial  distribution 
by  itself  is  to  produce  a  potential  on  the  side  of  A  equivalent  to 

that  due  to  the  image  —€-%  at  f ,  and  on  the  opposite  side  a 

potential  equal  and  opposite  to  that  of  e  at  A. 

The  whole  charge  on  the  sur&ce  of  the  sphere  is  evidently  — e-^ 
since  it  is  equivalent  to  the  image  at  B. 

We  have  therefore  arrived  at  the  following  theorems  on  the 
action  of  a  distribution  of  electricity  on  a  spherical  surface,  the 
surface-density  being  inversely  as  the  ,cube  of  the  distance  fiom 
a  point  A  either  without  or  within  the  sphere. 

Let  the  density  be  given  by  the  equation 

where  C  is  some  constant  quantity,  then  by  equation  (6) 

c^-,q^.  (8) 
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The  action  of  thia  superficial  distribation  on  any  point  separated 
from  d  hj  the  Burfkce  is  eqnal  to  that  of  a  quantity  of  electricity 
— «,or  J5f£ 

AD.Jd 
concentrated  at  A. 

Its  action  on  any  point  on  the  same  Bide  of  the  enrface  with  A  is 
equal  to  that  of  a  quantity  of  electricity 
ivCa' 
/AD.  Ad 
concentrated  at  B  the  image  of  ^. 

The  whole  qoantity  of  electricity  on  the  sphere  is  equal  to  the 
first  of  these  quantities  i^A  is  within  the  sphere,  and  to  the  second 
if  A  is  without  the  sphere. 

These  propositions  were  established  by  Sir  W.  Thomson  in  his 
ori^nal  geometrical  investigations  with  reference  to  the  distribution 
of  electricity  on  spherical  conductors,  to  which  the  student  ought 
to  refer. 

159.]  If  a  eystem  in  which  the  distrihulaoD  of  electricity  is 
known  is  placed  in  the  neighbourhood  of  a  conducting  sphere  of 
radius  a,  which  is  maintained  at  potential  zero  by  connection  with 
the  earth,  then  the  electrifications  due  to  the  eereral  parts  of  the 
system  will  be  superposed. 

Let  A^,  A^,  &c.  be  the  electrified  points  of  the  system,^,, ^,  &c. 
their  distances  from  the  centre  of  the  sphere,  e,,  e^,  &c.  their 
charges,  tiien  the  images  S^,  B^,  &c.  of  these  points  will  be  in  the 


from  the  centre  of  the  sphere,  and  their  chaises  will  be 

"  "a. 

— e,-T-'      — ej-pr,&c. 

The  potential  on  the  outside  of  the  sphere  due  to  the  superficial 
electrification  will  be  the  same  as  that  which  would  be  produced  by 
the  system  of  images  Sj,£^,  &c<  This  system  is  therefore  called 
the  electrical  image  of  the  system  A^,  A^,  &c. 

If  the  sphere  instead  of  being  at  potential  zero  is  at  potential  F, 
we  must  superpose  a  distribution  of  electricity  on  its  outer  snriace 
~  having  the  uniform  surface-density 

r_ 

*^  ~  4wo' 
The  effect  of  this  at  all  points  outside  the  sphere  will  be  equal  to 
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that  of  a  quantity  Va  of  electricity  placed  at  ita  ceDtre,  aod  at 
all  pointe  inside  the  sphere  the  potential  will  he  Bimply  ioereaeed 

hy  r. 

The  whole  charge  on  the  sphere  doe  to  an  external  system  of 
inflnencing  points,  A-^,  A^,  &c.  is 

^=  ra-e,^-f,-^-&c,  (9) 

from  which  either  the  charge  E  or  the  potential  V  may  be  cal- 
cuUted  when  the  other  is  given. 

When  the  electrified  system  is  within  the  spherical  surfitce  the 
induced  charge  on  the  surface  is  equal  and  of  opposite  sign  to  the 
inducing  charge,  as  we  have  hefore  proved  it  to  be  for  every  closed 
surface,  with  respect  to  points  within  it. 

*160.]  The  energy  due  to  the  mutual  action  between  an  elec- 
trified point  e,  at  a  distancey  from  the  centre  of  the  sphere  greater 
than  a  the  radius,  and  the  electrification  of  the  spherical  surface 
due  to  the  influence  of  the  electrified  point  and  the  charge  of  the 
sphere,  ia 

Ee       1  e'a* 

^=/-5/T7w5'  CO) 

where  V  is  the  potential,  and  E  the  charge  of  the  sphere. 

The  repulsion  between  the  electrified  point  and  the  sphere  is 
therefore,  hy  Art.  92, 

*  fThe  diBouwioD  In  the  teit  will  perlupi  be  mere  easily  nndentood  if  Uie  proUem 
be  regiuded  u  an  example  of  Act.  Sfl.  Let  ua  then  luppoie  that  what  ia  deacribad 
as  an  electrifiBd  point  ja  really  a  iniall  apherical  conductor,  (ha  radiiu  of  which  ia  b 
and  ihe  potential  v.  We  have  thua  a  particular  cbh  of  the  problem  of  two  apberee  of 
which  one  aolution  haa  already  been  given  in  Art.  I4S,  and  another  will  be  given  in 
Art.  173.  In  (he  caae  before  ua  however  the  radiui  b  ii  ao  nmall  that  wa  may 
conaider  the  electricity  of  the  small  conductor  to  be  uniformly  diatiibuted  over  iti 
■urface  and  all  the  electric  images  except  the  Gnt  image  of  the  amall  conductor  to 
be  diar^mrdaJ. 

We  thui  have  V  =  -  +  j, 

,    ""'     «  .• 

T~      f'-a'      h' 
The  energy  of  the  ayttem  ia  therefbre.  Art.  SC, 

F       ft       ^.1  J 

By  meaoi  of  Ihe  above  eqnatdona  ive  may  alao  expren  the  etuoigy  in  tenna  of  the 
potential :  to  the  same  order  of  i^rozimation  It  ia 

aV      ab„       1  ,,         o6'   1    ,T 
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Hence  the  force  between  tlie  point  and  the  sphere  is  always  an 
attraction  in  the  following  ctises — 

(1)  When  the  sphere  is  uninsulated. 

(2)  When  the  sphere  has  no  charge. 

(3)  When  the  electrified  point  is  very  near  the  sur&oe. 

In  order  that  the  force  may  be  repnlsive,  the  potential  of  the 

Q  -z—^ jrj ,  and  the 

charge  of  the  sphere  mast  be  of  the  same  sign  as  e  and  greater 

At  the  point  of  equilibrium  the  equilibrium  is  unstable,  the  force 
being  an  attraction  when  the  bodies  are  nearer  and  a  repulsion 
when  tbey  are  farther  off. 

When  the  electrified  point  is  within  the  spherical  surface  the 
force  on  the  electrified  point  is  always  away  from  the  centre  of 
the  sphere,  and  is  equal  to 

The  surface-density  at  the  point  of  the  sphere  nearest  to  the 
electrified  point  where  it  lies  outside  the  sphere  is 

-4l^P-V(/-»)'    )•  '     ' 

The  surface-density  at  the  point  of  the  sphere  farthest  from  the 
electrified  point  is 


'■(3/+°)  ) 


(13) 


When  E,  the  chai^  of  the  sphere,  lies  between 
J(3/-»)  a'(3f+a) 

/(/—)•      "^  fW+'Y 

the  electnficatioD  will  be  n^ative  next  the  electrified  point  and 
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positiYe  on  tlie  opposite  side.  There  will  be  a  circular  line  of  divisioD 
between  the  positively  and  the  negatively  electrified  parts  of  the 
surface,  and  this  line  will  be  a  line  of  equilibriam. . 

If  E=«(^^==-i),  (14) 


the  equipotential  surface  which  cuts  tbe  sphere  in  the  line  of  equi- 
librium is  a  sphere  whose  centre  is  the  electrified  point  and  whose 
radius  is  -%//'*— a*. 

The  lines  of  foroe  and  equipotential  sar&ces  belonging  to  a  case 
of  this  bind  are  given  in  Figure  IV  at  the  end  of  this  volume. 

Inu^et  in  an  htJinUe  Plane  Conducting  Sur/aee. 
161.]   If  the  two  electrified  points  A  and  B  in  Art.  156  are 
electrified  with  equal  charges  of  electricity  of  opposite  signs,  the 
snr&ces  of  zero  potential  will  be  the  plane,  eveiy  point  of  which  is 
equidistant  from  A  and  B. 

Hence,  V  A  he  tai  electrified  point  whose  charge  is  «,  and  AD 
a  perpendicular  on  the  plane,  produce  AD 
to  5  BO  that  J)B  =  AB,  and  place  at  B 
a  charge  equal  to  —  e,  then  this  charge 
at  B  will  be  the  image  of  A,  and  will 
produce  at  all  points  on  the  same  side  of 
the  plane  as  if,  an  effect  equal  to  that 
of  the  actual  electrification  of  the  plane. 
For  the  potential  on  the  side  of  A  due 
to  A  and  B  fulfils  the  conditions  that 
y*r=  0  everywhere  except  at  A,  and  that 
^  =  0  at  the  plane,  and  there  is  only  one 
form  of  f  which  can  fulfil  these  conditions. 
To  determine  tlie  resultant  force  at  the  point  B  of  the  plane,  we 

observe  that  it  is  compounded  of  two  forces  each  equal  to      „  ^ 

one  acting  along  AP  and  the  other  along  PB.     Hence  the  resultant 
of  these  forces  is  in  a  direction  parallel  to  AB  and  equal  to 
e      A3 
AP*'  AP' 
Hence  B,  the  resoltant  force  measured  from  the  surface  towards 
the  space  in  which  A  lies,  is 

2«^Z>  ,     . 


Kg.  8. 
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and  the  density  at  the  point  i*  ia 


(.6) 


On  EUetrical  Inveriion, 

162.]  1^  method  of  electrical  images  leads  directly  to  a  method 
of  transfoTmatioD  by  which  we  may  derive  from  any  electrical 
problem  of  which  we  know  the  solution  any  nnmher  of  other 
problems  with  their  solutions. 

We  have  seen  that  the  image  of  a  point  at  a  distance  r  from  the 
centre  of  a  sphere  of  radios  R  is  in  the  same  radius  and  at  a  distance 
/  such  that  r/=  S?.  Hence  the  image  of  a  system  of  points,  lines, 
or  surfaces  is  obtained  from  the  original  system  by  the  method 
known  in  pure  geometry  as  the  method  of  inversiou,  aud  described 
by  Chasles,  Salmon,  and  other  mathematicians. 

If  A  and  B  are  two  points,  A'  and  R  their  images,  0  being  the 
centre  of  inversion,  and  S  the  radius  of  the 
sphere  of  inversion,  a 

OA.OA'=Ii?=^  OEMS'. 
Hence  t^e  triangles  OAB,  0£^A'  are  similar, 
and     AS  ■.A'S'::OA:0£'::OA. OBIS'. 

If  a  quantity  of  electricity  e  be  pUced  at  A, 

e  Kg-  0- 

its  potential  at  B  will  be       V^=  -p=  • 

If  ^  be  placed  at  A'  its  potential  at  B"  will  be 

In  the  theory  of  electrical  images 

e:ff::OA:R::R:OA'. 

Hence  F-.V ::  B-.OB,  (17) 

or  the  potential  at  B  dae  to  the  electricity  at  ^  is  to  the  potential 
at  the  image  of  B  due  to  the  electrical  image  of  J  as  ^  is  to  OB. 

Since  this  ratio  depends  only  on  OB  and  not  on  OA,  the  potential 
at  B  due  to  any  system  of  electrified  bodies  is  to  that  at  B^  doe 
to  the  image  of  the  system  as  71  is  to  OB. 

If  r  be  the  distance  of  any  point  A  from  the  centre,  and  /  that 
of  its  image  ^,  and  if  e  be  the  electrificatjon  of  A,  and  /  that  of  A', 
also  if  L,8,K\»  linear,  superficial,  and  solid  elements  at  A^  and 
L',  S',  K'  their  images  at  ^,  and  X,  a,  p,  X',  </,  p'  the  corresponding 
line  eorface  and  volume  densities  of  electricity  at  the  two  poiots, 
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V  the  potential  at  ^  due  to  tKe  original  system,  and  V  the  potential 

at  £  due  to  the  inverse  system,  then 

/  _  £'  _  5"  _  /»        8'  _B*  _/*        K'  _Iif>  _/^, 


■  *(18) 


If  in  the  original  system  a  certain  snrTace  is  that  of  a  conductor, 
and  has  therefore  a  constant  potential  P,  then  in  the  transformed 

system  the  image  of  the  enrface  will  have  a  potential  P  — r  ■      But 

by  placing  at  0,  the  centre  of  inversion,  s  quantity  of  electridty 
eqnal  to  —PR,  the  potential  of  the  transformed  surface  is  reduced 
to  zero. 

Hence,  if  we  know  the  distribntion  of  electricity  on  a  conductor 
when  insulated  in  open  space  and  charged  to  the  potential  P,  we 
can  find  by  inversion  the  distribution  on  a  conductor  whose  form  is 
the  image  of  the  first  under  the  influence  of  an  electrified  point  with 
a  charge  —PR  placed  at  the  centre  of  inversion,  the  conductor 
being  in  connexion  with  the  earth. 

163.]  The  following  geometrical  theorems  are  osefol  in  studying 
oases  of  inversion. 

Every  sphere  becomes,  when  inverted,  another  sphere,  nnless 
it  passes  through  the  centre  of  inversion,  in  which  case  it  becomes 
a  plane. 

If  the  distances  of  the  centres  of  the  spheres  from  the  centre  of 
inversion  are  a  and  a',  and  if  their  radii  are  a  and  a',  and  if  we 
define  the  poieer  of  a  sphere  with  respect  to  the  centre  of  in- 
version to  be  the  product  of  the  segments  cut  ofl^  by  the  sphere 
from  a  line  through  the  centre  of  inversion,  then  the  power  (^  the 
first  sphere  ia  a'  —  a',  and  that  of  the  second  is  a"*— a'*.  We 
have  in  this  case 

or  the  ratio  of  the  distances  of  the  centres  of  the  first  and  second 

spheres  is  equal  to  the  ratio  of  their  radii,  and  to  the  ratio  of  the 

*  9e«  TbomKn  ud  Tut'i  SaitLrdl  PMhtophg,  {  EU. 
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power  of  the  sphere  of  inversion  to  the  power  of  the  first  sphere, 
or  of  the  power  of  the  second  sphere  to  the  power  of  the  sphere 
of  inversion. 

The  image  of  the  centre  of  inversion  with  regard  to  one  sphere 
is  the  inverse  point  of  the  centre  of  the  other  sphere. 

In  the  case  in  which  the  inverse  surfaces  are  a  plane  and  a 
sphere,  the  perpendicular  from  the  centre  of  inversion  on  the  plane 
ia  to  the  radius  of  inversion  as  this  radias  is  to  the  diameter  of 
the  sphere,  and  the  sphere  has  its  centre  on  this  perpendicular  and 
passes  through  the  centre  of  inversion. 

Every  circle  is  inverted  into  another  circle  unless  it  passes 
through  the  centre  of  inversion,  in  which  case  it  becomes  a  straight 
line. 

The  angle  between  two  surfaces,  or  two  lines  at  their  intersec- 
tion, is  not  changed  by  inversion. 

Every  circle  which  passes  through  a  point,  and  the  image  of  that 
point  with  respect  to  a  sphere,  cats  the  sphere  at  right  angles. 

Hence,  any  circle  which  passes  through  a  point  and  cats  ih» 
sphere  at  right  angles  passes  throngh  the  image  of  the  point. 

164.]  We  may  apply  the  method  of  inversion  to  deduce  the 
distribution  of  electricity  on  an  uainsnlated  sphere  under  the  in- 
fluence of  an  electrified  point  from  the  aoiform  distribution  on 
an  insulated  sphere  not  influenced  by  any  other  body. 

If  the  electrified  point  be  at  A,  take  it  for  the  centre  of  inversion, 
and  if  ^  is  at  a  distance  f  from  the  centre  of  the  sphere  whose 
radius  is  a,  the  inverted  figure  will  be  a  sphere  whose  radius  is  «' 
and  whose  centre  is  distant^',  where 

The  centre  of  either  of  these  spheres  corresponds  to  the  inverse 
point  of  the  other  with  respect  to  A,  or  if  C  is  the  centre  and  £  the 
tnverae  point  of  the  first  sphere,  C  will  be  the  inverse  point,  and  £' 
the  centre  of  the  second. 

Now  let  a  quantity  /  of  electricity  be  -communicated  to  the 
second  sphere,  and  let  it  be  uninfluenced  by  external  forces.  It 
will  become  nniformly  distributed  over  the  sphere  with  a  surface- 
deofiity  y 

-         '  (21) 


~  isa"* 


Its  action  at  any  point  outside  the  sphere  will  be  the  t 
that  of  a  charge  e'  placed  at  ff  the  centre  of  the  sphere. 
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At  the  spherical  sarface  and  within  it  the  potential  is 

F-^i,  (22) 

a  constant  qnaotity. 

Now  let  OS  invert  this  sjstem.     The  centre  £^  becomes  in  the 
inverted   sjstem  the   inverse   point  S,  and  the  charge  ^  at  ff 

becomes  /  -^  at  B,  and  at  any  point  separated  from  S  by  the 

surface  the  potential  is  that  due  to  this  charge  at  £. 

The  potential  at  any  point  P  on  the  spherical  Borbce,  or  ou  the 
same  side  as  ^,  is  in  the  inverted  system 

a'AP' 
If  we  now  superpose  on  this  system  a  charge  «  at  A,  where 

e  =  ~^S,  -  (23) 

the  potential  on  the  spherical  eur&ce,  and  at  all  points  on  the  same 
Bide  as  £,  will  be  reduced  to  zero.  At  all  points  on  the  same  side 
as  A  the  potential  will  be  that  due  to  a  charge  e  at  A,  and  a  charge 
fl'-^atA 

But  ^^^^^ej,=  ~A,  (24) 

as  we  found  before  for  the  charge  of  the  image  at  B. 

To  find  the  density  at  any  point  of  the  first  sphere  we  have 

Substituting  for  the  value  of  o'  in  terms  of  the  quantities  be- 
longing to  the  first  sphere,  we  find  the  same  value  as  in  Art.  158, 

,  =  _£(Z!=^.  (26) 


On  Finite  Syftemt  ofSuceemve  Imitjei. 

165.]  If  two  conducting  planes  intersect  at  an  angle  which  is  a 
Bubmaltiple  of  two  right  angles,  there  wiU  be  a  finite  system  of 
images  which  will  completely  determine  the  electrification. 

For  let  AOS  be  a  section  of  the  two  conducting  planes  per- 
pendicular to  their  line  of  iotersection,  and  let  the  angle  of  inter- 
section  AOB  =c  - ,  let  P  be  an  electrified  point,  and  let  FO  =  r, 
and  FOB  =  6.    Then,  if  we  draw  a  circle  with  centre  0  and  radius 
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OP,  and  find  points  which  are  the  sacoeasive  imag:eB  of  P  in  the 
two  planes  beginning'  with  OB,  we  shall  find  Q^  for  the  image  of 
P  in  OB,  P,  for  the  image  of  ^1  in  OA,  Q^  for  that  of  P,  in  OB, 
Pj  for  that  of  Ga  in  OA,  and  Q,  for  that  of  P,  in  OB. 

If  we  bad  began  with  the  image  of  P  in  ^0  we  shoald  have 
found  the  aame  points  in  the  reverse  order  Qj,  Pg,  Q„  P,,  Q^, 
provided  AOS  is  a  submnltiple  of  two  right  angles. 

For  the  alternate  images  P,,P„Pgare  ranged  round  the  circle 
at  angular  intervals  equal  to 
2  AOS,  and  the  intermediate 
iatBgee  Q^,  Q^,  Q,  are  at  inter- 
vals of  the  same  magnitude. 
Heaoe,  if  2A0B  is  a  submultiple 
of  2v,  there  will  be  a  finite 
number  of  images,  and  none  of 
these  will  fiUl  within  the  angle 
AOB.  If,  however,  AOB  ie  not 
a  sabmultiple  of  v,  it  will  be 
impossible  to  represent  the 
actual   electrification   as  the  re-  "*' ''"' 

suit  of  a  finite  series  of  electrified  points, 

li  A0£=  -,  there  will  be  «  negative  images  Q,,  Q,,  &c.,  each 

equal  and  of  opposite  sign  to  P,  and  n  — 1  positive  images  P^, 
P,,  &o.,  each  equal  to  P,  and  of  the  same  sign. 

The  angle  between  successive  images  of  the  same  sign  is 

If  we  consider  either  of  the  conducting  planes  as  a  plane  of  sym- 
metry, we  shall  find  the  positive  and  negative  images  placed 
symmetrically  with  regard  to  that  plane,  so  that  for  every  positive 
image  there  is  a  n^ative  image  in  the  same  normal,  and  at  an 
equal  distance  on  the  opposite  side  of  the  plane. 

If  we  now  invert  this  system  with  respect  to  any  point,  the  two 
planes  become  two  spheres,  or  a  sphere  and  a  plane  intersecting 
at  an  angle  -,  the  influencing  point  P  being  within  this  angle. 

The  successive  images  li^  on  the  circle  which  passes  through  P 
and  intersecte  both  spheres  at  right  angles. 

To  find  the  position  of  the  images  we  may  make  use  of  the 
principle  that  a  point  and  its  image  are  in  the  same  radios  of 
the  sphere,  and  draw  successive  chords  of  the  circle  beginning  at 
P  and  passing  through  the  centres  of  the  two  spheres  alternately. 
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To  find  the  charge  which  must  he  attributed  to  each  image,  take 
any  point  in  the  circle  of  intersection,  then  the  charge  of  each 
image  is  proportional  to  its  distance  from  this  point,  and  its  mga 
is  positive  or  negative  accordiog  as  it  belongs  to  the  first  or  the 
second  system. 

166.]  We  have  thns  found  the  distribution  of  the  images  when 
any  space  bounded  by  a  conductor  coneieting  of  two  spherical  surfaces 
meeting  at  an  angle  - ,  and  kept  at  potential  zero,  is  influenced  by 
an  electrified  point. 

"We  may  by  inversion  deduce  the  case  of  a  conductor  consisting 
of  two  spherical  segments  meeting  at  a'  re-entering  angle  - ,  charged 
to  potential  unity  and  placed  in  free  space. 

For  this  purpose  we  invert  the  system  with  respect  to  P.  The 
circle  on  which  the  images  formerly  lay  now  becomes  a  straight 
line  through  the  centres  of  the  spheres. 

If  the  figure  (ll)  represents 
a  section  through  the  line  of 
centres  AS,  and  if  i>,  Z''  are  the 
points  where  the  circle  of  in- 
tersection cuts  the  plane  of  the 
paper,  then,  to  find  the  suc- 
cessive images,  draw  DA  a 
radius  of  the  first  circle,  and 
draw  DC,   DB,   &c.,   making 

^■"-  angles  '.  — ,  &c.  with  DA. 

The  points  C,  S,  &c.  at  which  they  cut  the  line  of  centres  will 
be  the  positioDS  of  the  positive  images,  and  the  charge  of  each 
will  be  represented  by  its  distances  from  B,  The  last  of  these 
images  will  be  at  the  centre  of  the  second  circle. 

To  find  the  negative  images  draw  ])P,  DQ,  &c.,  making  angles 

-  >  — ,  &c.  with  the  line  of  centres.  The  intersections  of  these 
ft     n 

lines  with  the  line  of  centres  will  give  the  positions  of  the  negative 
images,  and  the  charge  of  each  will  be  represented  by  its  distance 
from  S. 

The  surface-density  at  any  point  of  either  sphere  is  the  sum 
of  the  surface-densities  due  to  the  system  of  images.  For  instance, 
the  surface-density  at  any  point  S  of  the  sphere  whose  centre  is 
A,  is 
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where  A,  B,  C,  &c.  are  the  poaitive  Beriee  of  imagea. 

When  8  is  on  th«  circle  of  intersection  the  density  is  zero. 

To  iind  the  total  charge  on  each  of  the  spherical  segments,  we 
may  find  the  snrface-integral  of  the  induction  through  that  segment 
dae  to  each  of  the  iniages. 

The  total  charge  on  the  segment  whose  centre  is  A  dae  to  the 
image  at  A  whose  charge  is  J)  A  is 

where  0  is  the  centre  of  the  circle  of  intersection. 

In  the  same  way  the  charge  on  the  same  segment  due  to  the 
image  at  if  is  i  {SB  +  OB),  and  so  on,  lines  such  aa  OB  tneaemed 
&om  0  to  the  lefb  being  reckoned  negative. 

Hence  the  total  charge  on  the  segment  whose  centre  is  ^  is 
i(i)J  +  i>5  +  i>C+fcc.)  +  i(0J+0J4  OC+&C.), 

167.]  The  method  of  electrical  images  may  he  applied  to  any 
space  bounded  by  plane  or  spherical  snrfacee  all  of  which  cut  one 
another  in  angles  which  are  snhmaltiples  of  two  right  angles. 

In  order  that  such  a  system  of  spherical  surfaces  may  exist,  every 
solid  angle  of  the  figure  must  be  trihedral,  and  two  of  its  angles 
most  be  right  angles,  and  the  third  either  a  right  ang^e  or  a 
Bubmnltiple  of  two  right  angles. 

Hence  the  cases  in  which  the  number  of  images  is  finite  ar^~— 

(1)  A  single  spherical  surface  or  a  plane. 

(2}  Two  planes,  a  sphere  and  a  plane,  or  two  spheres  intersecting 

at  an  angle  -  ■ 

(3)  These  two  surfaces  with  a  third,  which  may  be  either  plane 
or  spherical,  cutting  both  orthogonally. 

[4)  These  three  surfaces  with  a  fourth  cutting  the  6rst  two 

orthogonally  and  the  third  at  an  angle  — , ,     Of  these  four  surfaces 

one  at  least  must  be  spherical. 

We  hare  already  examined  the  first  and  second  cases.  In  (he 
first  case  we  have  a  single  image.  In  the  second  case  we  have 
2n— I  images  arranged  in  two  series  in  a  circle  which  passes 
through  the  influencing  point  and  is  orthogonal  to  both  sut&oes. 
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Id  the  third  case  we  have,  besides  these  images,  their  images  with 
respect  to  the  third  surface,  that  is,  4  n—  1  images  in  all  besides  the 
influeDcing  point. 

In  the  fourth  esse  we  first  draw  through  the  influeneing  point 
a  circle  orthogonal  to  the  first  two  Burfaces,  and  detennine  on  it 
the  poBitioDB  and  magnitudes  of  the  n  negative  images  and  the 
fl— 1  positive  images.  Then  through  each  of  these  2n  points, 
including  the  infiuencing  point,  we  draw  a  circle  ortliogonal  to 
the  third  and  fourth  surfaces,  and  determine  on  it  two  aeries  of 
images,  n'  in  each  series.  We  shall  obtain  in  this  way,  besides  the 
influencing  point,  2nn'—l  positive  and  2nn'  negative  images. 
These  4nn' points  are  the  interBections  of  n  circles  with  «' other 
circles,  and  these  circles  belong  to  the  two  systems  of  lines  of 
curvature  of  a  cyclide. 

If  each  of  these  points  is  charged  with  the  proper  quantity  of 
electricity,  the  surface  whose  potential  is  zero  will  consist  of  »  +  »' 
Bpberes,  forming  two  series  of  which  the  successive  spheres  of  the 

first  set  intersect  at  angles  - ,  and  those  of  the  second  set  at  angles 

—7 ,  while  every  sphere  of  the  first  set  is  orthogonal  to  every  sphere 

of  the  sevond  set. 


Case  of  Two 


s  cutting  Orthogonally.     See  Fig.  IV  at  the 
end  of  this  volume. 


168.]  Let.i4  and^,  Fig,  12,  be  the  centres  of  two  spheres  cutting 
each  other  orthogonally  iu  D  and 
ly,  and  let  the  straight  line  DI/  cut 
the  line  of  centres  in  C.  Then  C 
is  the  image  of  A  with  respect  to 
the  sphere  B,  and  also  the  image 
of  B  with  respect  to  the  sphere 
whose  centre  is  A.  If  Ali  =  a, 
BD  =  (3,  then  AB=  yi^«+^  and 
if  we  place  at  J,  B,  C  quantities 

of  electricity  equal  to  o,  0,  and r^=^  respectively,  then  both 

spheres  will  be  equipotential  surfaces  whose  potential  is  unity. 

We  may  therefore  determine  from  this  system  the  distribution  (rf 
electricity  in  the  following  cases : 
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(1)  On  the  conductor  PSQ]/  formed  of  the  lar^r  segments  of 
both  spheres.    Its  potential  is  1 ,  and  its  charge  is 

a+fi -^ =AI)  +  SD-C1). 

This  quantity  therefore  measures  the  capacity  of  such  a  figure 
when  free  from  the  inductive  action  of  other  bodies. 

The  density  at  any  point  i*  of  the  sphere  whose  centre  is  J,  and 
the  density  at  any  point  Q  of  the  sphere  whose  centre  is  B,  are 
respectively 

At  the  points  of  intersection,  S,  D",  the  density  is  zero. 

If  one  of  the  spheres  is  very  much  larger  than  the  other,  the 
density  at  the  vertex  of  the  smaller  sphere  is  ultimately  three  times 
that  at  the  vertex  of  the  larger  sphere. 

(2)  The  lens  P'S^I/  formed  by  the  two  smaller  segments  of 

the  spheres,  charged  with  a  quantity  of  electricity  = , 

and  acted  on  by  points  A  and  S,  charged  with  quantities  a  and  /3, 
is  also  at  potential  anity,  and  the  density  at  any  point  is  expressed 
by  the  same  formulae. 

(3)  The  meniscus  DPIf^  formed  by  the  difference  of  the 
segments  chaiged  with  a  quantity  a,  and  acted  on  by  points  £ 

and  C,  charged  respectively  with  quantities  fi  and     .  ,  is  also 

in  equilibrium  at  potential  unity. 

(4)  The  other  meniscus  QBP'jy  under  the  action  of  ^  and  C?. 
We  may  i^so  deduce  the  distribution  of  electricity  on  the  following 

internal  surfaces. 

The  hollow  lens  P'2)(^J)  under  the  influence  of  the  internal 
electrified  point  C  at  the  centre  of  the  circle  DIX, 

The  hollow  meniscus  under  the  influence  of  a  point  at  the  centre 
of  the  concave  suria<%. 

The  hollow  formed  of  the  two  larger  segments  of  both  spheres 
under  the  influence  of  the  three  points  A,  JS,  C. 

But,  instead  of  working  out  the  solutions  of  these  cases,  we  shall 
apply  the  principle  of  electrical  images  to  determine  the  density 
of  the  electricity  induced  at  the  point  P  of  the  external  surface  of 
the  conductor  PDQJ/  by  the  action  of  a  point  at  0  charged  with 
unit  of  electricity. 
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Let         OA  =  a,         OB  =  «,         OV  =  r,         JP  =  jj, 
AJi=ix,        BD=fi,        AB=:  ^/a»+/3^ 

Invert  the  system  with  respect  to  a  sphere  of  radios  unity  koA 
centre  0. 

The  two  spheres  will  remain  spheres,  cutting  each  other  ortho- 
gonally, and  having  their  centres  in  the  same  radii  with  A  and  B. 
If  we  indicate  by  accented  letters  the  quantities  corresponding  to 
the  inverted  systAm, 


i'-0>- 


If,  in  the  inverted  system,  the  potential  of  the  surface  is  unity, 
then  the  density  at  the  point  f  is 

"'=w(-(f)> 

If,  in  the  oii^nal  system,  the  density  at  P  is  <r,  then 

<r'  ~  r* 

and  tiie  potential  is  -.     By  placing  at  0  a  negative  charge  of 

electricity  equal  to  unity,  the  potential  will  become  zero  over  the 
surface,  and  the  density  at  P  will  be 

This  gives  the  distribution  of  electricity  on  one  of  the  spherical 
surfaces  due  to  a  charge  placed  at  0,  The  distribution  on  the 
other  spherical  sur&ee  may  be  found  by  exchanging  a  and  b,  a  and 
j3,  and  putting  g  or  AQ  instead  of  p. 

To  find  the  total  charge  induced  on  the  conductor  hy  the  elec- 
trified point  at  0,  let  us  examine  the  inverted  system. 

In  the  inverted  system  we  have  a  charge  a'  at  J",  and  fi'  at  B", 

and  a  negative  charge  —         —  at  a  point  C  in  the  line  A'B', 
Va'*  +  ^* 

such  that  A'C :  C'B" : :  o'=  :  ^*. 

If  0A:=  a',  Off=  I/,  0C=  c'.  we  find 

,^_a'«^-'  +  J''a"-a-'^ 
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luverting  tbis  syBtem  the  cliarges  become 
a'  _  o        ^       /3   . 


and 


•'^' 


Hence  the  whole  charge  < 
negative  electricity  at  0  is 


1  the  condactoT  due  to  a  nnit  of 


D'ltlnhutwM  of  Electricity  on  Three  Spherical  Surfaeet  Kkieh 
Interiect  at  Rig&t  Anglei. 

169.]  Let  the  radii  of  the  spheres  be  a,  /3,  y,  then 

BC  =  ^/^*+?,     CA  =  7)^+^*,     AB  =  -/^N^. , 

Let  PqR,  Fig.  1 3,  be  the  feet 
of  the  perpendicalars  &om  ABC 
on  the  opposite  rades  of  the  tri- 
angle, aod  let  0  be  the  inter- 
section of  perpendiculars. 

Then  P  is  the  image  of  B  in 
the  sphere  y,  and  also  the  image 
of  C  in  the  sphere  ^.  Also  0  is 
the  image  of  P  in  the  sphere  a. 

Let  chai^ea  a,  0,  and  y  be 
placed  at  A,  B,  and  C. 

Then  the  charge  to  be  placed 
atPis 

Pv      _ 


Elg.  18. 


Al80.4P^ 


,  •/^V  +  y'a'  +  a'jii' 


sidered  as  the  image  of  B,  is 


V^  +  7 

so  that  the  charge  at  0,  con- 


^^5  +  ^  +  7 

In  the  same  way  we  may  find  the  system  of  images  which  are 
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electrically  equivalent  to  four  spherical  sur&ces  at  potential  unity 
iatersecting  at  right  angles. 

If  the  radios  of  the  fourth  sphere  is  3,  and  if  we  make  the  charge 
at  the  centre  of  this  sphere  =  &,  then  the  charge  at  the  intersection 
of  the  line  of  centres  of  any  two  spheres,  say  a  and  ^,  with  their 
plane  of  intersection,  is 

1 


VI 


•  1     1 
V 

The  charge  at  the  intersection  of  the  plane  of  any  three  centres 
ABC  with  the  perpendicular  from  D  is 
1 


Vi. 


and  the  charge  at  the  intersection  of  the  fonr  perpendiculars  is 


/I       i       i      r 

^/:^  +  -^  +  ^  +  ii 

Syglem  of  Four  Spheres  Intersecting  at  Bight  AngUi  under  the 
Action  of  ait  Electrified  Foiut, 

170.]  Let  the  four  spheres  be  A,  S,  C,  S,  and  let  the  electrified 
point  be  0.  Draw  four  spheres  A^,  B^^  C„  B^,  of  which  any  one, 
A^,  passes  through  0  and  cuts  three  of  the  spheres,  in  this  case  B, 
C,  and  D,  at  right  angles.  Draw  six  spheres  {ab),  (ae),  {ad),  {be), 
(&/),  {cd),  of  which  each  passes  through  0  and  through  the  circle 
of  intersection  of  two  of  the  original  spheres. 

The  three  sjAeres  Bj,  C, ,  D^  will  intersect  in  another  point  besides 
0.  Let  this  point  be  called  J',  and  Jet  B'.  C,  and  IT  be  the 
intersections  of  (7,,  i)„  A^,  of  i)„  ^„  5,,  and  of  A^,  Bj,  C^  re- 
spectively. Any  two  of  these  spheres,  A^iSi,  will  intersect  one  of 
the  six  {ed)  in  a  point  {e^if).    There  will  be  six  such  points. 

Any  one  of  the  spheres,  A^,  will  intersect  three  of  the  six  (a£), 
(ac),  {ad)  in  a  point  «'.  There  will  be  four  such  points.  Finally, 
the  six  spheres  {ab),  (ac),  {ad),  {cd),  {db),  (6c),  will  intersect  in  one 
point  S. 

If  we  now  invert  the  system  with  respect  to  a  q>bere  of  radius 
£  and  centre  0,  the  four  spheres  A,  B,  C,  S  will  be  inverted  into 
spheres,  and  the  other  ten  spheres  will  become  planes.  Of  the 
points  c^  interwction  the  first  four  A!,  B',  C,  U  will  become  the 
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centres  of  the  spheres,  and  the  others  will  correspond  to  the  other 
eleven  points  in  the  preceding  article.  These  fifteen  points  form 
the  image  of  0  in  the  ^^tem  of  fonr  spheres; 

At  the  point  J',  which  is  Hie  image  of  0  in  the  sphere  d,  we 

must  place  a  charge  equal  to  the  image  of  0,  that  is, ,  where  a 

is  the  radius  of  the  sphere  A,  and  a  is  the  distance  of  ite  centre 
from  0,  In  the  same  way  we  must  place  the  proper  charges  at 
^,  C,  J/. 

The  charges  for  each  of  the  other  eleven  points  may  be  fonnd  from 
the  expressions  in  the  last  article  by  substituting  a',  ^,  ■/,  ft'  for 
a,  ^,  y,  I,  and  multiplying  the  tesolt  for  each  point  by  the  distance 
of  the  point  from  0,  where 

«'-       "        ff^       ^       «'_       y        v_        ^ 

[The  cases  discussed  in  Arts.  169,  170  may  be  dealt  with  as 
follows :   Taking  three  coordinate  planes  at  right  angles,  let  as 

place  at  the  system  of  eight  points  (+ -—p   ir-ji   +-—)  charges 

+  «,  the  minus  charges  being  at  the  points  which  have  1  or  3 
negative  coordinates.  Then  it  is  obvious  tbe  coordinate  planes  are 
at  potential  zero.  Now  let  us  invert  with  regard  to  any  point  and 
we  have  the  case  of  three  spheres  cutting  orthogonally  under  the 
influence  of  an  electrified  point.  If  we  invert  with  regard  to  one  of 
the  electrified  points,  ne  find  the  solution  for  the  case  of  a  con- 
ductor in  the  form  of  three  spheres  of  radii  o,  /3,  y  catting  ortbo- 
gonally  and  freely  charged. 

If  to  the  above  system  of  electrified  points  we  superadd  their 
images  in  a  sphere  with  its  centre  at  the  origin  we  see  that,  in 
addition  to  tbe  three  coordinate  planes,  the  surface  of  the  sphere 
forma  also  a  part  of  the  surface  of  zero  potential.] 

Two  SpAerei  not  Interiecting. 

171.]  Wben  a  space  is  bounded  by  two  spherical  surfaces  which 
do  not  intersect,  tJbe  soccessive  images  of  an  influencing  point 
within  this  space  form  two  infinite  series,  all  of  which  lie  beyond 
tlie  spherical  snrfkoes,  and  therefore  fulfil  the  oondition  of  the 
applicability  of  the  method  of  electrical  images. 

Any  two  non-intersecting  spheres  may  be  inverted  into  two 
concentric  spheres  by  assuming  as  the  point  of  inversion  either 
of  the  two  common  inverse  points  of  the  pair  of  spheres. 
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[171. 


"We  shall  beg^n,  therefore,  with  the  case  of  two  iiDinsiilated 
concentric  epherical  anr&ces,  sabject  to  the  induction  of  an  elec- 
trified point  placed  between  them. 

Let  the  ladins  of  the  first  be  b,  and  that  of  the  Bocond  b^,  and 
let  the  distance  of  the  influencing  point  &om  tlie  centre  be  r^6^. 

Then  all  the  successive  images  will  be  on  tbe  same  radius  as  the 
influencing  point. 

Let  Qq,  Fig.  14,  be  the  image  of  P  in  tbe  first  sphere,  P,  that 
of  Qo  in  the  second  sphere,  Q^  that  of  Pj  in  the  first  sphere,  and 
so  on ;  then 

op,.oq.  =  i\ 

and    OP..OQ._,  =  AV«', 
also    OQo  =  *«"", 

OQj  =  be-'-'*"^,  &c. 
Hence    OP,  =  be^'*'^, 

If  the  charge  of  i*  is  denoted  by  P, 
then 

P,  =  Pe"',        Q,  =  — Pe-t"+'"0, 
Next,  let  Qi  be  the  image  of  P  in  the  second  sphere,  P^  tliat  of 
Qi'  in  the  first,  Sic., 


Fig.  1*. 


oq:=  be^'^-; 

e/=  -  Pe*"- 


OPi'= 
0P,'= 

op;= 


:  b<r-"^, 
Pe^^. 


Of  these  images  all  the  P'a  ate  positive,  and  all  the  Q's  negative, 
all  the  P"a  and  Q's  belong  to  the  first  sphere,  and  all  the  P's  and 
Q"8  to  the  second. 

The  images  within  the  first  sphere  form  a  converging  series,  the 
enm  of  which  is 


This  therefore  is  the  quantity  of  electricity  on  the  first  or  interior 
sphere.  The  images  outside  the  second  sphere  form  a  diverging 
series,  but  the  surface-integral  of  each  with  respect  to  the  spherical 
surface  is  zero.  The  charge  of  electricity  on  the  exterior  spherical 
Burfiice  is  therefore 


'Ge^-^)- 
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If  we  substitute  for  these  expressions  their  values  in  tenos  of 

OJ,  OB,  and  OP,  we  find 

„  OJ  PB 
charge  on -<^-i>^^. 

charge  on  jS  = 

If  we  suppose  the  ntdii  of  the  spheres  to  become  infioite,  the  case 
becomes  that  of  a  point  placed  between  two  parallel  planes  A  and  B. 
In  this  case  these  expressions  become 

chai^  on  ^  =  —P  -j^  > 

AP 
charge  on  S=  —P-fn' 

172.]  In  order  to  pass  from  this  case  to  that  of  any  two  spheres 
not  intersecting  each 
other,  we  begin  hy 
finding  the  two  com- 
mon inverse  points  0, 
(/  throagh  which  all 
circles  pass  that  are 
orthogonal  tc  both 
spheres.  Then,  if  we 
invert  the  system  with 
respect  to  either  of 
these  points,  the  spheres 
become  concentric,  as 
in  the  first  case. 

If  we  take  the  point  0  in  FJg.  1 5  as  centre  of  inversion,  this 
point  will  be  sitnated  in  Fig.  14  somewhere  between  the  two 
spherical  surfaces. 

Now  in  Art.  171  we  solved  the  case  where  an  electrified  point  is 
placed  between  two  concentric  oondnctors  at  zero  potential.  By 
inversion  of  that  case  with  regard  to  the  point  0  we  shall  therefore 
dednce  the  distribations  on  two  spherical  condnctore  at  potential 
zero,  exterior  to  one  another,  iudaced  by  an  electrified  point  in  their 
ndghbonrhood.  In  Art,  173  it  will  be  shewn  how  the  results  thus 
obtained  may  be  employed  in  finding  the  distribntious  on  two 
spherical  charged  conductors  subject  to  their  mutual  inflnenoe  only. 

The  radius  OAPS  in  Fig.  1 4  on  which  the  sacceesive  images  He 
becomes  in  Fig.  IS  an  arc  of  a  circle  through  0  and  (/,  and  the 
ntio  of  (/P  to  OP  is  equal  to  C^  where  C?  is  a  numerical  quantity. 
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.        .       ,       C^  ,       OTA         ^       ,      t/B 

Kwepat       fl  =  loggjj.       «  =  l«gQ2.      ^  =  %o«' 

then  ^— o  =  flr,        » +  a  =  S. 

All  the  succeesive  images  of  P  will  lie  on  the  arc  OAPB<y. 
The  position  of  the  image  of  P  in  ^  is  Q^,  where 

That  of  Qo  in  B  is  Pi  where 

Similarly 

la  the  same  way  if  the  eucceBsive  images  of  i*  in  B,  A,  B,  &c- 
are  Qo',  Pj',  Qi',  &c., 

9{q^')  =  2^-0,  e(Pi')  =  fl-2«r; 

e{P.')  =  e—2»v,       d{Q,')  =  2p—e+2iv. 

To   find  the  charge   of  any  image  P,  we  observe  that  in  the 
inverted  figure  its  charge  is 


Vi 


../§. 


In  the  original  figure  we  most  multiply  this  by  OP,.     Hence  the 
charge  of  P,  in  the  dipolar  figure  ia 


^v 


OP..(/P, 

op.(/p  ■ 


If  we  make  f  =  VOP.O'P,  and  call  f  the  parameter  of  the 
point  P,  then  we  may  write 

P,  =  ^P, 

or  the  charge  of  any  image  is  proportional  to  its  parameter. 

If  we  make  use  of  the  carvilinear  coordinates  $  and  <^,  such  that 

where  2^  is  the  distance  00',  then 

lisinh^  imn<ft 

~     cosh  fl— cos  1^'  '  ~  cosh  fl— 008  0  ' 

ar'  +  ^y— icot^)*  =  i'  00860*0, 
(a!+Acothflf +y«  =ii*coBecyfl, 
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'^*' — ik—   """'= — ^• 

Since  the  ctar^  of  each  image  is  proportional  to  its  parameter, 
(,  and  is  to  be  takeD  positively  or  negatively  according  ae  it  is  of 
the  fonn  P  or  Q,  we  find 

f  </coah^— COB0 


V00sh(tf4-2«ST)  — COS0 

PVcoah  B—coB<i> 

„  _  -P-y/coBbfl  — coa^ 

V'cofih  (tf — 2»a)  —  cos  ^ 

-  ,_  ■P\/cOBfafl  — COB^ 

'/cosh(2/3— tf  +  2«ar)— COS0 
W«  have  now  obtained  the  positions  and  charges  of  the  two 
infinite  ueriea  of  imi^B.     We  have  next  to  determine  the  total 
charge  on  the  sphere  A  hy  finding  the  snm  of  all  the  images  within 
it  which  are  of  the  form  Q  or  P".    We  may  write  this 

P V cosh fl  — COS*  ^,=1     /,,,„,  ' 

^  ^    '  Veo8h(fl— 2»w)— COS* 

— P^/coshfl  — co8d>  2.-0  ~7"r;'  "  ■;■     »-    \  -  ^=^  ' 
•r  .-*»-«  ycoBh(2o— fl— 2*w)— COB<^ 

In  the  same  way  the  total  indueed  charge  on  2^  is 

P  ^ooeh$~  cos  it  ^.Bi  ~7=  ,,„„■■,  ^ ' 

—  PVoOshtf— COS*   2*-0  ~7~   t.' /»  a        in  ^  ^' 

f  .Mf-D  ^coBh(2^— tf+2««r)— 008^ 
17S.]  We  «hall  apply  these  results  to  the  determination  of  the 


and  Uie  Mmz  fcncticoi  at  $  am  derived  from  time  bjr  the  aune  definitiaiu  u  the 
oorreepondlng  tiigDnometHctt]  functlaiM. 
*~  >  method  of  aoplyjiig  dipolar  ooordii 
iUe'i  Joanud  for  1847.  Sea  lliomK 
Id  tlw  text  I  have  mada  naa  of  the  faivaatlgation  of  Prof.  Betti,  Nuovo  Cimento, 
ml.  IX,  for  Uw  aaaljrtloal  method,  but  I  hare  retained  the  id«a  of  •Uolrwal  inuigM  h. 
KMd  bjr  noowDB  In  hla  oHgiuJ  biveatigataon,  Phil.  Mag-,  1853. 
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coefRciente  of  capacity  and  iaduction  of  two  sphereB  wliose  radii  are 
a  and  b,  and  tlie  distance  between  whoae  centres  is  c. 

Let  the  sphere  ^  be  at  potential  Dnity,  and  the  sphere  B  at 
potential  zero. 

Then  the  successive  images  of  a  charge  a  placed  at  the  centre 
of  the  sphere  A  will  be  those  of  the  actual  distribution  of  electricity. 
All  the  images  will  lie  on  the  axis  between  the  poles  and  the 
centres  of  the  spheres,  and  it  will  be  observed  that  of  the  fbor 
systems  of  images  determined  in  Art.  1 72,  only  the  first  and  fourth 
exist  in  this  case. 

If  we  put 

J  _  ■/fl*  +  &*  +  c*-2^V-2c'a*-r2^^. 
2c  * 

then     sinh  a  = >  sinh  fi  =  t' 

The  values  of  0  and  <j>  for  the  centre  of  the  sphere  J  are 

4  =  2a,  ^  =  0. 

Hence  in  the  equations  we  most  eubstitate  a  or  —I  -.— .—  for  P, 

2  a  for  0  and  0  for  <p,  remembering  that  P  itself  forms  part  of  the 
charge  of  A.     We  thus  find  for  the  coefficient  of  capacity  of  A 

-     tX'="  ' 

?«-     *-^-0  8inh(«or-a)* 

for  the  coefficient  of  induction  of  ^  on  ^  or  of  S  on  J 

"We  may,  in  like  manner,  by  supposing  B  at  potential  nnity  and 
A  at  potential  zero,  determine  the  value  of  g^.  We  shall  find, 
with  our  present  notation, 

t-V«--  1 

To  calcnlate  these  quantities  in  terms  of  a  and  b,  the  radii  of  the 
spheres,  and  of  e  the  distance  between  their  centree,  we  observe 
that  if 

we  may  write 

S      .  ^^       K       .  ,  K 

sinba  = ,  einha=  — ^,  smhsr  =  — 7, 

cosh  a  = (  cosb/3  = — -j >    coshors ^r—, 1 

2ea  ^  2cii  2al» 
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and  make  use  of 

einh(a+0)  =  8ialiacoshj3  +  coehaBiiihj3, 
C08h(a+^)  =  coshacosb/j+siDhaBinli/S. 
By  this  process  or  by  the  direct  calculation  of  the  sacoessive 

jjoageB  as  shewn  in  Sir  W.  Thomson's  paper,  we  find 

174.]  We  hare  then  the  following  equations  to  determine  the 
charts  B^  and  Ej,  of  the  two  spheres  when  electrified  to  potentials 
f^  and  ^  respectively, 

If  we  put  q^q^-qj  =  J>  =  ^ , 

and  p^  =  qttJ/,       p^  =  ~9a^>       J>i*  -  S^^, 

whence  PnPib~P^  —  ^  \ 

then  the  equations  to  determine  the  potentials  in  terms  of  the 
chaises  are  K  =  P<«.^a-i-Pa^bt 

n=P*K-^PikK. 
vaA.p„,p^,  and^  are  the  coefficients  of  potential. 

The  total  energy  of  the  system  is,  by  Art.  85, 

The  repuleion  between  the  spheres  ia  therefore,  by  Arte.  92,  93, 


F  = 


where  e  is  the  distance  between  the  centres  of  the  spheres. 

Of  these   two  expressions   for   the   repulsion,   the  first,  which 
expresses  it  in  terms  of  the  potentials  of  the  spheres   and  the 
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variations  of  the  coefficieote  of  capacity  and  inda<!tion,  is  the  moat 
convenient  for  calcalatioD. 

We  have  therefore  to  differentiate  the  ^b  with  respect  to  c. 
These  quantities  are  expressed  as  functions  of  k,  a,  p,  and  w,  and 
must  be  differentiated  on  the  supposition  that  a  and  6  are  constant. 
From  the  equations 

,  .  ,  ,   .  ,  „  sinhasinhjS 

*  =— dsinha  =  osinhS  =—c r-i » 

Biohra' 
di  _  cosh  g  cosh  ff 
dc  ~       einhv 

-    ,  da       sinh  a  cosh  B 

we  nnd  -j-  =  — ,    .   , t 

dc  k  smh  « 

d^      cosh  a  sinh  ^ 


-^fos,  (w+i  coshff)  cosh  (<tg-— g) 
•^'-o  c(Binh(*i!r-fl))'i  ' 


(sinhfs)^ 


dqti,  __  coshacosh^^u       ^isx(4it— acOBha)coshO+««r) 

~dc  ~       sinh  «r      T  ~  ■^'-»  c(8inh(^+#iff))»  * 

Sir  William  Thomsom   has  calculated  the  force  between   two 

spheres  of  equal  radius  separated  by  any  distance  less  than  the 

diameter  of  one  of  them.     For  greater  distances  it  is  not  necessary 

to  use  more  than  two  or  three  of  the  successive  images. 

The  series  for  the  differential  coefficients  of  the  j's  with  respect 
to  t!  are  easily  obtained  by  direct  differentioD. 

dq^_a6      a'i'(3c'-o'-fta} 

aH^  {(5c'-a'-g«)(e'-a'-i'}-a'i'} 

"*"     c^(c''-a*-6^  +  (iA)'(c>-fl''-6^-a6f  ' 

"57  -  ~  (£jf-a*)»  "  (c*  -a*  +  6cy  (c^  -a^-bcf  ~ 
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Ditiriitttioa  q/"  Eleetriciiy  <m  Tao  Spiereg  in  Contact. 

175.]  If  we  snppOBe  the  two  spheres  at  potential  unity  and  not 
influenced  by  any  other  point,  then,  if  we  invert  the  system  with 
respect  to  the  point  of  contact,  we  Bball  have  two  parallel  planes, 

distant  —  and^  from  the  point  of  inTersion,  and  electrified  by 

the  action  of  a  unit  of  electricity  at  that  point. 

There  will  be  a  series  of  positive  images,  each  equal  to  unity,  at 

distances  »  (-  +  r)  fr<""  ^^^  origin,  where  *  may  have  any  integer 

value  from  —x  to  +  0°  ■ 

There  will  ^so  be  a  series  of  negative  images  each  equal  to  —  1 , 
the  distances  of  which  from  the  origin,  reckoned  in  the  direction  of 

«,are-+.(-  +  j). 

When  this  system  is  inverted  back  again  into  the  form  of  the 
two  spheres  in  contact,  we  have  a  corresponding  series  of  negative 
images,  the  distances  of  which  from  the  point  of  contact  are  of  the 

form  — ~  >  where  i  is  positive  for  the  sphere  A  and  negative 


<-\) 


for  the  sphere  B.  The  charge  of  each  image,  when  the  potential 
of  the  spheres  is  unity,  is  noraerically  equal  to  its  distance  from  the 
point  of  contact,  and  is  always  negative. 

There  will  also  be  a  series  of  positive  images  whose  distances 
from  the  point  of  contact  measured  in  the  direction  of  tlie  centre 

of  a,  are  of  the  form 


1         A      U 


When  I  is  zero,  or  a  positive   integer,  the   image   is   in  the 
sphere  A. 
When  »  is  a  negative  integer  the  image  is  in  the  sphere  B. 
The  charge  of  each  image  is  measured  by  its  distance  from  the 
origin  and  is  always  positive. 

The  total  charge  of  the  sphere  A  is  therefore    - 

_  ^.-«  \  _ai_^.=a.  1 

^.-^-0  I  1      1        a  +  i-^'-i  » 
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Each  of  these  series  is  infinite,  but  if  we  combine  them  in  the  form 
_  ^,..  a'i 

■"•  -  -6-  .(.  +  »){,(«  +  «)-«} 
the  series  becomes  converging. 

In  the  same  way  we  find  for  the  cha^e  of  the  sphere  B, 
P  _  ipia"  ^ ab     ^.=-<.  1 

The  expression  for  £„  is  obvioQsl;  equal  to 

b 


a  +  iJo         1- 


in  which  fonn  the  result  in  this  case  was  given  by  Poissoo. 

It  may  also  be  shewn  (Legendre  Traite  dea  Fone£ioiu  EUipdquea, 
ii,  438}  that  the  above  series  for  E^  is  equal  to 

where  y  = -57712...,     and     *(»)  =  ^logrr(l+»). 

The  values  of  "i  have  been  tabulated  by  Gauss  {Werke,  Baud  iii, 
pp.  161-162.) 

If  we  denote  for  an  instant  b-t-{a+b)  by  x,  we  find  fi>r  the 
difference  of  the  chaises  E^  and  E^, 

-s'"srMr(.-')x^, 

■sah       ,    nh 

=  iCOt r- 

a+b       a+b 
When  the  spheres  are  equal  the  charge  of  each  for  potential  unity 

■"     ■^'=»2»(2*-l)' 
=  «(l-i  +  i-i  +  &c.), 
=  <iIog,2  =  -693147180. 
When  the  sphere  A  is  very  small  compared  with  the  sphere  B 
the  charge  on  ^  is 

E^=s—  2jIi  "s"  approximntely ; 
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The  charge  on  B  is  neaily  the  same  as  if  ^  were  removed,  or 

The  mean  deneity  on  each  sphere  is  foand  bj  dividing  the  charge 
by  the  aurface.     In  this  way  we  get 


Hence,  if  a  very  small  sphere  is  made  to  touch  a  very  large  one, 
the  mean  density  on  the  small  sphere  is  equal  to  that  on  the  large 

sjAere  multiplied  by  — ,  or  1.644936. 

Application  tfEleclncal  Inversion  to  the  caie  of  a  Sp&ericai  Bowl. 

176.]  One  of  the  most  remarkable  illustrstiotiE  of  the  power  of 
Sir  W.  Thomson's  method  of  Electrical  Images  is  furnished  by  bis 
investigation  of  the  distribution  of  electricity  on  a  portion  of  a 
spherical  surface  bounded  by  a  small  circle.  The  results  of  this 
investigation,  without  proof,  were  communicated  to  M.  Liouville 
and  published  in  his  Journal  in  1B47.  The  complete  investigation 
is  given  in  the  reprint  of  Thomson's  Electrical  Papers,  Article  XV. 
I  am  not  aware  that  a  solution  of  the  problem  of  the  distribution 
of  electricity  on  a  finite  portion  of  any  curved  sur&ce  has  been 
given  by  any  other  mathematician. 

As  I  wish  to  explain  the  method  rather  than  to  verify  the 
calculation,  I  shall  not  enter  at  length  into  either  the  geometry 
or  the  integration,  but  refer  my  readers  to  Thomson's  work. 

Diatribttlion  of  Eleclriciiif  on  an  Ellipsoid. 
177.]  It  is  shewn  by  a  well-known  method*  that  the  attraction 
of  a  shell  bounded  by  two  similar  and  similarly  situated  and 
concentric  ellipsoids  is  such  that  there  is  no  resultant  attraction 
on  any  point  within  the  shell.  If  we  suppose  the  thickness  of 
the  shell  to  diminish  indefinitely  while  its  deneity  increases,  we 
ultimately  arrive  at  the  conception  of  a  surEace-density  varying 
as  the  perpendicular  from  the  centre  on  the  tangent  plane,  and 
since  the  resultant  attraction  of  this  superficial  distribution  on  any 
•  lliomaaa  hmI  Tut'*  Nattrol  Pbilowphs,  f  G20,  la  Ait.  ISO  of  IhU  book. 
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point  within  the  ellipsoid  is  zero,  electricity,  if  so  diatribated  on 
tbe  surface,  will  be  in  equilibrium. 

Hence,  the  eur&ec- density  at  any  point  of  an  ellipsoid  ondis- 
turbed  by  external  influence  varies  as  the  distance  of  the  tangent 
plane  from  the  centre. 

Distribution  of  EUetricttj/  on  a  Bisk. 

By  making  two  of  the  axes  of  the  ellipsoid  equal,  and  making* 
tbe  third  vanieh,  we  arrive  at  the  case  of  a  circular  diek,  and  at  an 
expression  for  the  surface-density  at  any  point  P  of  such  a  disk 
when  electrified  to  the  potential  V  and  left  undisturbed  by  external 
influence.  If  <r  be  the  surface-density  on  one  side  of  the  disk, 
and  if  KPL  be  a  chord  drawn  through  the  point  P,  then 


2Tt*'/KP.PL 


Applieation  of  the  Principle  of  Electric  Invertiott. 

178.]  Take  any  point  Q  as  tbe  centre  of  inversion,  and  let  R 
be  the  radius  of  the  sphere  of  inversion.  Then  the  plane  of  tbe 
disk  becomes  a  spherical  surface  passing  through  Q,  and  the  disk 
itself  becomes  a  portion  of  the  spherical  surface  bounded  by  a  cirde. 
We  shall  call  this  portion  of  the  surface  the  bovl. 

If  S'  is  the  disk  electrified  to  potential  T'and  free  from  external 
influence,  then  its  electrical  image  S  will  be  a  spherical  segment  at 
potential  zero,  and  electrified  by  the  influence  of  a  quantity  F'S  of 
electricity  placed  at  Q. 

"We  have  therefore  by  tbe  process  of  inversion  obtained  the  sola- 
tton  of  the  problem  of  the  distribution  of  electricity  on  a  bowl  or  a 
plane  disk  wben  under  the  influence  of  an  electrified  point  in  the 
surface  of  the  sphere  or  plane  produced. 

Influence  of  an  Electrified  Point  placed  on  tie  unoccupied  pari  qf  ike 
Spherical  Surface. 
The  form  of  the  solution,  as  dedaced  by  the  principles  already 
given  and  by  the  geometry  of  inversion,  is  as  follows : 

If  C  is  the  central  point  or  pole  of  the  spherical  bowl  S,  and 
if  a  is  the  distance  from  C  to  any  point  in  the  edge  of  the  segment, 
then,  if  a  quantity  ^  of  electricity  is  placed  at  a  point  Q  in  the 
surface  of  the  sphere  produced,  and  if  the  bowl  S  is  maintained 
at  potential  zero,  the  density  a  at  any  point  P  of  the  bowl  will  be 


V: 


c«>- 


■  2»»  ?/"  'V    a'-CP'' 
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CQ,  CP,  and  QP  being  the  Btraigfat  linee  joining  the  points,  C,  Q, 
mi  P. 

It  is  remarkable  that  this  expreseion  is  independent  of  the  radius 
of  the  spherical  surface  of  which  the  bowl  is  a  part.  It  is  thererore 
ap[dicable  without  alteration  to  the  case  of  s  plane  di^. 

Influence  f^any  Number  cf  EUetrifiei  Poinit. 

Now  let  ua  confiider  the  sphere  as  divided  into  two  part«,  one  of 
which,  the  spherical  segment  on  which  we  have  determined  the 
electric  distribution,  we  shall  call  the  bowi,  and  the  other  the 
remainder,  or  unoccupied  part  of  the  sphere  on  which  the  in- 
fluencing point  Q  is  placed. 

If  any  namber  of  influencing  points  are  placed  on  the  remainder 
of  the  sphere,  the  electricity  induced  by  these  on  any  point  of  the 
bowl  may  be  obtained  by  the  summation  of  the  densities  induced 
by  each  separately. 

179.]  Let  the  whole  of  the  remaining  surface  of  the  sphere  be 
uniformly  electrified,  the  surface-density  being  p,  then  the  density 
at  any  point  of  the  bowl  may  be  obtained  by  ordinary  integration 
over  the  surface  thus  electrified. 

We  shall  thus  obtain  the  solution  of  the  case  in  which  the  bowl 
is  at  potential  zero,  and  electrified  by  the  influence  of  the  remaining 
portion  of  the  spherical  surface  rigidly  electrified  with  density  p. 

Now  let  the  whole  system  be  insulated  and  placed  within  a 
sphere  of  diameter^  and  let  this  sphere  be  uniformly  and  rigidly 
electrified  so  that  its  surface-density  is  p'. 

There  will  be  no  resultant  force  within  this  sphere,  and  therefore 
the  distribution  of  electricity  on  the  bowl  will  be  unaltered,  but 
the  potential  of  all  points  within  the  sphere  will  be  increased  by 
a  quantity  ^  where  f^—  2irp'/". 

Hence  the  potential  at  every  point  of  the  bowl  will  now  be  V, 

Now  let  us  suppose  that  this  sphere  is  concentric  with  the  sphere 
of  which  the  bowl  forme  a  part,  and  that  it«  radius  exceeds  that 
of  the  latter  sphere  by  an  infinitely  small  quantity. 

We  have  now  the  case  of  the  bowl  maintained  at  potential  F  and 
influenced  by  the  remainder  of  the  sphere  rigidly  electrified  with 
superficial  density  p+p'. 

180,]  We  have  now  only  to  suppose  p  +  p'—  0,  and  we  get  the 
cose  of  the  bowl  maintained  at  potential  F  and  free  from  external 
inflaence. 
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If  o-  is  the  density  on  either  snrface  of  the  bowl  at  a  given  point 
when  the  bowl  is  at  potential  zero,  and  is  infiuenced  by  the  rest 
of  the  sphere  electrified  to  density  fs,  then,  when  the  bowl  is  main- 
tained at  potential  F,  we  must  increase  the  density  on  the  outside 
of  the  bowl  by  p',  the  density  on  the  supposed  enrelopingr  sphere. 

The  result  of  this  investigation  is  that  if  y  is  the  diameter  of 
the  sphere,  a  the  chord  of  the  radios  of  the  bowl,  and  r  the  chord 
of  the  distance  of  P  from  the  pole  of  the  bowl,  then  the  surface- 
density  a  on  the  ituide  of  the  bowl  is 

and  the  surface-density  on  the  outside  of  the  bowl  at  the  same 
point  is  ^ 

In  the  calculation  of  this  result  no  operation  is  employed  more 
abstruse  than  ordinary  integration  over  part  of  a  spherical  surface. 
To  complete  the  theory  of  the  electrification  of  a  spherical  bowl  we 
only  require  the  geometry  of  the  inversion  of  spherical  surfaces. 

181.]  Let  it  be  required  to  find  the  suHace-density  induced  at 
any  point  of  the  bowl  by  a  quantity  ^  of  electricity  placed  at  a 
point  Q,  not  now  in  the  spherical  surface  produced. 

Invert  the  bowl  with  respect  to  Q,  the  radius  of  the  sphere  of 
inversion  being  S.  The  bowl  S  will  be  inverted  into  its  image  S* 
and  the  point  P  will  have  P*  for  its  image.  We  have  now  to 
determine  the  density  </  at  P"  when  the  bowl  S'  is  maintained  at 
potential  F',  such  that  </  =V'R,  and  is  not  influenced  by  any 
external  force. 

The  density  <r  at  the  point  P  of  the  original  bowl  is  then 

"-      QP'' 
this  bowl  being  at  potential  zero,  and  influenced  by  a  quantity  q  of 
electricity  placed  at  Q, 

Hie  result  of  this  process  is  as  follows  ; 

Let  the  figure  represent  a  section  through  the  centre,  0,  of  the 
sphere,  the  pole^  C,  of  the  bowl,  and  the  influencing  point  Q. 
D  is  a  point  which  eorrespoods  in  the  inverted  figure  to  the 
unoccupied  pole  of  the  tim  of  the  bowl,  and  may  be  found  by  the 
following  construction. 

Draw  through  Q  the  chords  EQE'  and  FQF",  then  if  we  sup- 
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poBfi  the  radins  of  the  sphere  of  invereioii  to  be  a  mean  propor- 
tiooal  between  the  eegmeate  into  which  a  chord  is  divided  at  Q, 
^'P' will  be  the  image  of  J^-P.  Bisect 
the  arc  rCE'  in  i/,  so  that  ^jy= 
J/E',  and  draw  I/QI)  to  meet  the 
sphere  in  J).  D  is  the  point  re- 
quired. Also  through  0,  the  centre 
of  the  sphere,  and  Q  draw  HOQH' 
meeting  the  sphere  in  jff  and  M'. 
Then  if  P  be  any  point  in  the  bowl, 
the  Burface-densitj  at  P  on  the  side 
which  is  separated  from  Q  bj  the 
completed  ephericat  sarface,  induced 
b;  a  quantity  q  of  electricity  at  Q,  pig.  jg. 

will  be 


°~  2-II'  MH'.Pq'lSQ  U'-CP'- 
where  a  denotes  the  choid  dr&wn  from  C,  the  pole  of  the  bonl, 
to  the  rim  of  the  how]. 
On  the  side  next  to  Q  the  sar&ce^eDsit^  is 

,  qs.QH' 
*  2^  HH'.rcf' 
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THEOBT  or  CONJUQATB  FUNCTIONS  IN   TWO  DIMENSIONS. 


182.]  The  Domber  of  iodependeat  cases  in  which  the  problem 
of  electrical  equilibrium  has  heeB  solved  is  veiy  small.  The  method 
of  spherical  harmonics  has  been  employed  for  spherical  eondnctorSj 
and  the  methods  of  electrical  images  and  of  inversion  are  still  more 
powerful  in  the  cases  to  which  they  can  be  applied.  The  case  of 
enrfaces  of  the  second  degree  is  the  only  one,  as  far  as  I  know, 
in  which  both  the  eqnipotential  surfaces  and  the  lines  of  force  are 
known  when  the  lines  of  force  are  not  plane  curves. 

But  there  is  an  important  class  of  problems  in  the  theory  of 
electrical  equilibrinm,  and  in  that  of  the  conduction  of  cnrrents, 
in  which  we  have  to  consider  space  of  two  dimensions  only. 

For  instance,  if  throughout  the  part  of  the  electric  Geld  under 
consideration,  and  for  a  considerable  distance  beyond  it,  the  surfaces 
of  all  the  conductors  are  generated  by  the  motion  of  straight  lines 
parallel  to  the  axis  of  z,  and  if  the  part  of  the  field  where  this 
ceases  to  be  the  case  is  so  far  from  the  part  considered  that  the 
electrical  action  of  the  distant  part  on  the  field  may  be  neglected, 
then  the  electricity  will  be  uniformly  distributed  along  each  gene- 
rating line,  and  if  we  consider  a  part  of  the  field  bounded  by  two 
planes  perpendicnlar  to  the  axis  of  e  and  at  distance  unity,  the 
potential  and  the  distributions  of  electricity  will  be  functions  of  x 
and  y  only. 

li  pdxdy  denotes  the  quantity  of  electricity  in  an  element  whose 
base  is  dmdi/  and  height  unity,  and  ad»  the  quantity  on  an  element 
of  area  whose  base  is  the  linear  element  dt  and  height  aniiy,  then 
the  equation  of  Foisson  may  be  written 

d^r    d'r 
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When  there  is  no  free  electricity,  thia  is  reduced  to  the  equation 
of  I«placej  ^3y     i'ty 

The  ^neral  problem  of  electric  equilibrium  may  be  stated  as 
follows  :— 

A  continnoas  space  of  two  dimensions,  bounded  by  closed  curves 
C],  £4,  &c  being  given,  to  find  the  form  of  a  function,  T,  such  that 
at  these  bonndaries  its  value  may  be  F^,  ^g,  &c.  respectively,  being 
constant  for  each  bonadary,  and  that  within  this  space  Y  may  be 
everywhere  finite,  continuous,  and  single  valued,  and  may  satisfy 
Laplace's  equation. 

I  am  not  awaie  that  any  perfectly  general  solution  of  even  this 
question  has  been  given,  but  the  method  of  transformation  given  in 
Art.  190  is  applicable  to  this  case,  and  is  much  more  powerful  than 
any  known  method  applicable  to  three  dimensions. 

The  method  depends  on  the  properties  of  conjugate  functions  of 
two  variables. 

Definition  of  Conjugate  Functions. 

183.]  Two  quantities  a  and  j3  are  said  to  be  conjugate  functions 
of  icand;,  ifa-f-V  — l^isa  frinction  of  <»+  v'  — ly. 
It  follows  Irom  this  definition  that 

dx~  dy  dy      dx         '  '  ' 

dx*       ay'  dx*        d}^  '  ' 

Hence  both  functions  satisfy  Laplace's  equation.     Also 

dx  dy      dy  dx      dx\       dy\       dxl        dj/\  "  ^   ' 

If  ai  andy  are  rectangular  coordinates,  and  if  ds^  is  the  intercept 
of  the  curve  (3  =  constant)  between  the  carves  a  and  a  +  da,  and 
f^^  the  intercept  of  a  between  the  curves  ^  and  fi  +  d^,  then 

da      dfi       R  ^  > 

and  the  curves  intersect  at  right  angles. 

If  we  suppose  the  potential  F=  F^  +  ta,  where  i  is  some  con- 
stant, then  F'will  satisfy  Laplace's  equation,  and  the  curves  (a)  wili 
be  eqnipotential  curves.     The  curves  (^)  will  be  lines  of  force,  and 
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the  eur&ce-integral  of  R  over  uoit-length  of  a  cylindrical  surface 
whose  projection  on  the  plane  of  xy  is  the  curve  AS  will  be  i(|8a — fij), 
where  Pa  and  Pa  are  the  values  of  (3  at  the  eitremitiea  of  the  curve. 

If  one  series  of  curves  corresponding  to  values  of  a  in  arithmetical 
progression  be  drawn  on  the  plane,  and  another  senea  corresponding 
to  a  series  of  values  of  $  having  the  same  common  difference,  then 
the  two  series  of  curves  will  everywhere  intersect  at  right  angles, 
and,  if  the  common  difierence  is  small  enough,  the  elements  into 
which  the  plane  is  divided  will  be  ultimately  little  squares,  whose 
sides,  in  different  parts  of  the  (ield,  are  in  different  directions  and  of 
different  magnitudes,  being  inversely  proportional  to  R. 

If  two  or  more  of  the  equipotential  lines  (a)  are  closed  carves 
enclosing  a  continuous  space  between  them,  we  may  take  these  for 
the  surfaces  of  conductors  at  potentials  (^o  +  '^<'i)i  i^o+^'h)'  ^■ 
respectively.  The  quantity  of  electricity  upon  any  one  of  these  be- 
tween the  lines  of  force  ^Sj  and  iS^  will  be  — (;3a— ft). 

The  number  of  equipotential  lines  between  two  condnctors  will 
therefore  indicate  their  difference  of  potential,  and  the  number  of 
lines  of  force  which  emerge  from  a  conductor  will  indicate  .the 
quantity  of  electricity  upon  it. 

"We  must  next  state  some  of  the  most  important  theorems 
relating  to  conjugate  functions,  and  in  proving  them  we  may  use 
either  the  equations  (l),  containing  the  differential  coefficients,  or 
the  original  definition,  which  makes  use  of  imaginary  symbols. 

184.]  Theorem  I.  l/i/  andtf  are  conjugate /nnctiont  wiiA  respect 
to  X  and  y,  and  if  x"  and  y"  are  also  conjugate  Jiinctions  witi 
respect  to  x  and  y,  then  the  fitnctions  ai'  +  i"  and  ^ -\-^'  wOl 
be  conjugate  ^functions  witi  respect  to  x  and  y, 

_  dy      dy         ,  dx"       df 

For  j-  =  T-.  ">*'  ^- =  -3-; 

ax      dy  dx        ay 

dx  dy 

.,  daf  dy  ,    d^'  df 

Also  J-  =  —  -f- ,    and    -=—  = 5—  j 

dg  ax  dy  dx 

dy  dx 

or  x+  x"  and  y  +y  are  conjugate  with  respect  to  *  and  y. 
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Graphic  Repretentatum  of  a  FuncUm  which  w  the  Sam  o/ISbo 
Given  FanctioM. 

Ijet  a  function  (a)  of  a  and  y  be  graphically  represented  by  a 
aeries  of  carves  in  the  plane  of  my,  each  of  tli^e  cnrves  corre- 
eponding  to  a  value  of  a  which  belongs  to  a  series  of  snch  values 
increasing  by  a  common  difference,  8. 

Let  any  other  function,  /3,  of  z  and  y  be  represented  in  the  same 
way  by  a  series  of  curves  corresponding  to  a  series  of  values  of  /3 
having  the  same  common  difference  as  those  of  a. 

Then  to  represent  the  function  o  +  ;3  in  the  same  way,  we  must 
draw  a  series  of  curves  through  the  intersections  of  the  two  former 
seriesj  from  the  intersection  of  the  curves  (a)  and  ($)  to  that  of  the 
curves  (a+S)  and  ((3— S),  then  through  the  intersection  of  (a +2  2} 
and  (fi—2b),  and  so  on.  At  each  of  these  points  the  function  will 
have  the  same  value,  namely  o + /3.  The  next  curve  must  be  drawn 
through  the  points  of  intersection  of  (a)  and  (/9  +  S),  of  (a +  5)  and 
(0),  of  (0  +  2  ft)  and  {/3— B),  and  so  on.  The  function  belonging  to 
this  curve  will  be  a+jS  +  J). 

In  this  way,  when  the  series  of  curves  (a)  and  the  series  {$)  are 
drawn,  the  series  (a+;3)  may  be  constructed.  These  three  series  of 
curves  may  be  drawn  on  separate  pieces  of  transparent  paper,  and 
when  the  first  and  second  have  been  properly  superposed,  the  third 
may  he  drawn. 

The  combination  of  conjugate  functions  by  addition  in  this  way 
enables  us  to  draw  figures  of  many  interesting  cases  with  very 
little  trouble  when  we  know  how  to  draw  the  simpler  cases  of 
which  they  are  componnded.  We  have,  however,  a  far  more 
powerfbl  method  of  transformation  of  solutions,  depending  on  the 
following  theorem. 

185.]  Theorbh  II.  ^  af'  and  y"  are  conjugate  function*  with 
Tttpect  to  the  variable!  sf  and  y,  and  if  ^  and  y  are  cot^ugate 
fuHctiont  with  respect  to  m  and  y,  then  af'  and  y  will  be  con- 
jugate Jvnctiom  with  reepecC  to  x  andy. 

For 


= 

dfdfifd^ 
dj  df*  id  dy' 

d,  • 
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and       —  =       ^^'  +  '*^'^, 
dy  dx'  dy        iy    3y 

_  _  df  d/       df  daf 
dtf  dx       daf  dx 

~      ate  ' 
and  these  are  the  conditions  that  d'  and  y  shonld  be  conjugate 
fuDctiona  of  «  and^. 

This  may  also  be  shewn  from  the  original  definition  of  conjugate 
functions.  For  «"+v'— ly  is  a  function  of  x' +  -/— Ij^,  and 
a«'+  -J^-i/  is  a  function  of  ai+-/—ly.  Hence,  af'+iZ—lj/" 
is  a  function  of  at+ V — ly. 

Id  the  same  way  we  may  shew  that  if  x'  and  y  are  conjugate 
functions  of  x  and  y,  then  x  and  y  are  conjugate  functions  of  x' 
andy. 

This  theorem  may  be  interpreted  graphically  as  follows : — 

Let  a^,  y  be  taken  as  rectangular  coordinateSj  and  let  the  curves 
corresponding  to  values  of  af"  and  of/'  taken  in  regalar  arithmetical 
series  be  drawn  on  paper.  A  double  system  of  curves  will  thns  be 
drawn  cutting  the  paper  into  little  squares.  Let  the  paper  be  also 
ruled  with  horizontal  and  vertical  lines  at  equal  intervals,  and  let 
these  lines  be  marked  with  the  corresponding  values  of  «'  and  y. 

Next,  let  another  piece  of  paper  be  taken  in  which  x  and  y  are 
made  rectangular  coordinates  and  a  double  system  of  curves  af',  / 
is  drawn,  each  curve  being  marked  with  the  corresponding  value 
o£^  or  y.  This  system  of  curvilinear  coordinates  will  correspond, 
point  for  point,  te  the  rectilinear  system  of  coordinates  a^,  y  on  the 
first  piece  of  paper. 

Hence,  if  we  take  any  number  of  points  on  the  curve  x"  on  the 
first  paper,  and  note  the  values  of  of  and  y  at  these  points,  and 
mark  the  corresponding  points  on  the  second  paper,  we  shall  find 
a  number  of  points  on  the  transformed  curve  ic".  If  we  do  the 
same  for  all  the  curves  ^",  y"  on  the  first  paper,  we  shall  obtain  on 
the  second  paper  a  double  series  of  curves  ^',  y"  of  a  different  form, 
but  having  the  same  property  of  cutting  the  paper  into  little 
squares. 
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186.]   Theorkm  ni.  If  Vis  any  function  ^  of  and  /,  and  if  of 
andy  are  confugaie/kncitont  of  a  andy,  Hen 

rr^d^r    d^v.,  ,     ff,dw    dw.,,^, 

J  J  W  +  ^)'^'''^  -J  J  (^=  +  ^)  '''^'^' 

the  intajratioii  being  hetwten  the  lame  limit. 

dV     dVM      ird;/ 

For  J-  =  J-'  :j^  +  jy  :r- ' 

del      at  dn      t^  dx 

rf»>  ~  rf«'"  (<&■'  ■*■    dtld^  dai  dx'*  d/'  dt\ 

dVd'm       dVdY. 
^V  daf   ^  dg'  da?' 

d^_d^'S\'     „  d'r  dx'd/      d'F^l' 
df'  ~  d^^  dy\         djfdi/  dy  dy       dy'^  dy \ 

dFdV     dTdy 
da'  dy'       dy  dy' 

Adding  the  laet  two  equations,  and  remembering  the  conditions 
of  conjugate  functions  (1),  we  find 

d'F     d^_d^l'Sf      dif^     d'F,dyf     d/l's 
d^*  dy  ~  da/'Uxl  *  dy\)''"^ydx\  *  dy\'' 


'  W"       dy")  \dx  dy        dy  dx'' 
S!^V     d'V^.  ,        fr,d'V     d'r^,dx'dy      d>!dy\,  , 


Hence 


=//( 


£f  +  p)*^"'/- 


f  +  si-+*"'  =  »' 


'  dy 

If  F"  is  a  potential,  then,  by  Poiaeon'e  equation 
d^V      d^  . 
dx^       dy* 
and  we  may  write  the  result 

JJpdxdy=Jfp'dard/, 

or  the  quantity  of  electricity  in  corresponding  portions  of  two  sys- 
tems is  the  same  if  the  coordinates  of  one  system  are  conjugate 
ftiDctioaa  of  those  of  the  other, 
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Additional  TKeorema  on  Conjugate  Funclioru. 
187.]    Theobeh  IV,   If  Xi  and  y^,  and  alio  w^  and  y^,  are  eon- 
jugate  functioTU  of  w  and  y,  then,  if 

X  =  XjX^—yjy3,    and     5^=  «iya+*»yi> 
X  and  Y  will  be  conjugate /unctions  (^m  and  y. 
For  X+  ^^T=  {x^^.'/^y^  (aii+  -/^y^. 

Theorem  V.   ^<j>  be  a  solution  of  tie  elation 
dx'  "^  d}'  ~    ' 

andif    ./!  =  ,og(||'+|'),      „d     9=-t»-g, 

^> 

R  and  ©  icill  be  conjugate /unctiont  »fx  and  y. 

For  R  and  ®  are  conjugate  functions  of  ^  and  -j- ,  and  these 
are  conjugate  functions  of  x  and  y.  ' 

Example  I. — Inversion. 

188.]  As  an  example  of  the  general  method  of  traaeformatioQ 
let  us  take  the  case  of  inversion  in  two  dimensions. 

If  0  is  a  fixed  point  in  a  plane,  and  OA  a  fixed  direction,  and 
if  r  =  OP  =  aei',  and  0  =  AOP,  and  if  x,  y  are  the  rectangular 
coordinates  of  P  with  respect  to  0, 

p  =  logi»'??7,       9  =  tai|->|,)  (5) 

X  =  aefcoaS,  y  =  ae^BinB,  ) 

p  and  0  are  conjugate  functions  of  le  and  jr. 

If  p'=  np  and  ff=  nO,  p  and  0^  will  be  conjugate  functions  of  p 
and  0.    In  the  case  in  which  n  =  —  1  we  have 

/=—,    and     e'=~$,  (6) 

which  is  the  case  of  ordinary  inversion  comhined  with  turning  tlie 
figure  ]  80°  roand  OA. 

Inversion  in  Ttoo  Dimensions. 
In  this  case  if  r  and  r'  represent  the  distances  of  correspoading 
points  from  0,  e  and  /  the  total  electrification  of  a  body,  8  and  8' 
superficial  elements,   V  and  V  solid  elements,  a  and  t/  aurfkce- 
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densities,  p  and  p'  Tolnme  densities,  ^  end  ip'  corresponding  po- 
tentials, 

r~  S  ~  f^~  a^'      F  ~  r*~  a*' 

«~    '         <T      a^~  7^'        p  "  a^      /* '    j  ^  ' 

?=■■  > 

ExAUPLE  II. — Electric  Itaagei  in  Two  Dimensions. 
189.]   Let  A  be  the  centre  of  a  circle  of  radius  AQ  =  i,  and  let 
f  be  a  charge  at  A^  then  the  potential 
at  any  point  P  is 

>l>  =  2mog~;  (8) 

and  if  the  circle  is  a  section  of  a  hollov 
conducting  cylinder,  the  surface-density 

at  any  point  §  is  —  — r-  ^-  ^^■ 

Invert  the  system  with  respect  to  a  point  0,  making 
A0=m6,    and     a'  =  {m^~\)li^; 
then  we  have  a  charge  at  J'  equal  to  that  at  A,  where  AA'=  —  ■ 
The  density  at  Q^  is 

"    ""  -Alf 


2-n6     iq^ 

and  the  potential  at  any  point  P"  within  the  circle  is 
0'  =  ^=  2£^(log5-log^P), 

=  affflog  OP'-log^'P'-  logm).  (9) 

This  is  equivalent  to  a  combination  of  a  charge  E  at  A!,  and  a 

charge  —E  at  0,  which  is  the  image  of  A,  with  respect  to  the 

circle.     The  imaginary  charge  at  0  is  equal  and  opposite  to  that 

at^. 

If  the  point  V  is  defined  by  its  polar  coordinates  referred  to  the 
centre  of  the  circle,  and  if  we  put 

p  =  logr— logft,     and     p,,  =  log^4'— log5, 
then  Ay=  be',         AA'=  bei-*,        AO  =  ie-w ;  (10) 

and  the  potential  at  the  point  (p,  0)  is 
^=  E\og{e-'^--2e~''oei'coa0  +  e*f) 

-E\og(^—20^^coB6  +  ^f)-i-2Epo.    (n) 
This  is  the  potential  at  the  point  (p,  0)  due  to  a  charge  E,  placed 
at  the  point  (pg,  0),  with  the  condition  that  when  p  =  0,  ^  =  0. 
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Id  this  case  p  and  6  are  the  coojugate  funcfioDB  in  equations  (5) : 
p  is  the  logarithm  of  the  latio  of  the  radiua  vector  of  a  point  to 
the  radius  of  the  circle,  and  tf  is  an  angle. 

The  centre  is  the  only  singular  point  in  this  system  of  coordinates, 

and  the  line-integral  of  f  -y- dt  round  a  closed  curve  is  zero  or  2v, 
according  ae  the  closed  curve  exdades  or  includes  the  centre. 

Example  III. — Nettmann't  TratttformatioM  ^thU  Que*. 

190.]  Now  let  a  and  p  be  any  conjugate  functions  of  x  and  y, 
such  that  the  curves  (a)  are  equipotentisl  curves,  and  the  curves 
0)  are  lines  of  force  due  to  a  system  consisting  of  a  charge  of  half 
a  unit  at  the  origin,  and  an  electrified  system  disposed  in  any 
manner  at  a  certain  distance  from  the  origin. 

Ijet  us  suppose  that  the  curve  for  which  the  potential  is  %  is 
a  closed  curve,  such  that  no  part  of  the  electrified  system  except  the 
half-unit  at  the  origin  lies  within  this  carve. 

Then  all  the  curves  (a)  between  thb  curve  and  the  origin  will  be 
closed  curves  surrounding  the  origin,  and  all  the  curves  (j3)  will 
meet  in  the  origin,  and  will  cut  the  curves  (a)  orthogonally. 

The  coordinates  of  any  point  witkin  the  curve  (o^)  will  he  deter- 
mined by  the  values  of  a  and  )9  at  that  point,  and  if  the  point 
travels  round  one  of  the  curves  (a)  in  the  positive  direction,  the 
value  of /9  will  increase  by  2v  for  each  complete  circuit. 

If  we  now  suppose  the  curve  (0^)  to  be  the  section  of  the  inner 
surface  of  a  hollow  cylinder  of  any  form  maintained  at  potential 
zero  under  the  influence  of  a  charge  of  linear  density  ^  on  a  line  of 
which  the  origin  is  the  projection,  then  we  may  leave  the  external 
electrified  system  out  of  consideration,  and  we  have  for  the  potential 
at  any  point  (a)  within  the  curve 

*  =  2E(a-a„),  (12) 

and  for  the  quantity  of  electricity  on  any  part  of  the  curve  a^ 
between  the  points  corresponding  to  ^^  and  ^, 

«=^«{ft-ft)-  (13) 

If  in  this  way,  or  in  any  other,  we  have  determined  the  dis- 
tnbution  of  potential  for  the  case  of  a  given  curve  of  section  when 
the  charge  is  placed  at  a  given  point  taken  as  origin,  we  may  pass 
to  the  case  in  which  the  charge  is  placed  at  auy  other  point  by  an 
application  of  the  general  method  of  transformation. 
■  Sob  CreUe'i  Jovmal,  1861. 
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Let  the  values  of  a  and  /3  for  the  point  at  which  the  charge  is 
placed  he  Oj  and  fi^,  then  substituting  in  equation  (11)  a— a,,  for  p, 
and  P—$j  for  0,  we  find  for  the  potential  at  any  point  whose  co- 
ordinates are  a  and  p, 
<t>  =  :Elog  (1  -2(!'+''-«-o  cos{^— ft)  +  e«("+«i-»^)) 

-J'l<^(l-2fl— ^coB()8-/9i)  +  tf«l— ">')-2J'(o,-Oo).  (14) 

This  expression  for  the  potential  becomes  zero  when  0=0^,  and  is 
finite  and  continuous  within  the  cnrve  Oq  except  at  the  point  (o] ,  ft), 
at  which  point  the  second  term  becomes  infinite,  and  in  ite  immediate 
neighbourhood  is  ultimately  equal  to  —2£log  /,  where  r'  is  the 
distance  from  that  point. 

We  have  therefore  obtained  the  means  of  deducing  the  solution 
of  Green's  problem  for  a  charge  at  any  point  within  a  closed  curve 
when  the  solution  for  a  charge  at  any  other  point  is  known. 

The  charge  induced  upon  an  element  of  the  curve  a^  between  the 
points  j3  and  ^  +  d$hy  &  charge  £  placed  at  the  point  (a„  ft)  is, 
with  the  notation  of  Art.  1S3, 

1   d.t> 

where  dt^  is  measured  inwards  and  a  ie  to  be  put  equal  to  o^  after 
diflerentiation. 

This  becomes,  by  (4)  of  Art.  183, 

h'/j^-  («  =  -)= 

E_ i-fa(.i-.J 

'■"•  2w  J_2el'i— )eos(/3-ft)  +  e^('»-o)''^-  ^^^^ 

From  this  expression  we  may  find  the  potential  at  any  point 

(o^,  /9i)  within  the  closed  curve,  when  the  value  of  the  potential  at 

every  point  of  the  closed  curve  is  given  as  a  function  of  ft  and 

there  is  no  electrification  within  the  closed  curve. 

For,  by  Art.  86,  the  part  of  the  potential  at  (oj,  ft),  due  to  the 
maintenance  of  the  portion  dfi  of  the  closed  curve  at  the  potential 
Vie  nV,  where  »  is  the  charge  induced  on  dfi  by  unit  of  electri- 
fication at  (ii,,^,).  Hence,  if  F"\e  the  potential  at  a  point  on  the 
closed  curve  defined  as  a  function  of  j3,  and  ^  the  potential  at 
the  point  (oj ,  ft)  within  the  closed  curve,  there  being  no  electri- 
fication within  the  curve, 

(l-e»(.i-^))rrf^ 


^      2wA     1- 
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Example  IV. — BUfribuiion  of  ElectncHy  near  an  Edge  of  a 

Conductor  formed  bg  Two  Plane  Face». 

191.]  In  the  case  of  an  infinite  plane  &ce  of  a  coaductor  charged 

with  electricity  to  the  Burface-density  a^,  we  find  for  the  potential 

at  a  distance  y  from  the  plane 

where  C  ie  the  value  of  the  potential  of  the  conductor  itself. 

Assume  a  straight  line  in  the  plane  as  a  polar  axis,  and  transform 
into  polar  coordinates,  and  we  find  for  the  potential 

7  =  C~A-Brr^a^s\a8, 
and  for  the  quantity  of  electricity  on  a  parallelogram  of  breadth 
unity,  and  length  ae'  meaenred  from  the  axis 
E  =  tr^aef. 
Now  let  UB  make  p  =  np'  and  0  =  nb',  then,  since  /  and  ff  are 
coujugate  to  p  and  0,  the  equations 

V=  C— 4ir<r(,ac*f^Bin«ff' 
and  E  =  aj^ae'^^ 

express  a  possible  distribution  of  electricity  and  of  potential. 

If  we  write  r  for  ae'',  r  will  be  the  disbince  from  the  axis  ;  we   . 
may  also  put  0  instead  of  ff  for  the  angle.     We  shall  have 

V  will  he  equal  to  C  whenever  «fl  =:  ir  or  a  multiple  of  w. 

Let  the  edge  he  a  salient  angle  of  the  conductor,  the  inclination 
of  the  faces  being  a,  then  the  angle  of  the  dielectric  is  27r— a,  so 
that  when  6  =  2-n—a  the  point  is  in  the  other  face  of  the  con- 
ductor.    We  must  therefore  make 

n(2ir—a)  =  is,    or    «  = 

Then  r=  C-4ir<r,«(^/""6in^^. 

Tbe  surfflce-denBitj  v  at  any  diBtance  r  from  the  edge  is 


'  dr  ~  2»-o"'"© 
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When  the  angle  is  a  salient  one  o  is  less  than  it,  and  the  sarface- 
density  varies  according  to  some  inverse  power  of  the  distance 
from  the  edge,  bo  that  at  the  edge  itself  the  density  becomes 
infinite,  althoQgh  the  whole  charge  reckoned  from  the  edge  to  any 
finite  distance  from  it  is  always  finite. 

Thos,  when  a  =  0  the  edge  is  infinitely  sharp,  like  the  edge  of  a 
mathematical  plane.  In  this  case  the  density  varies  inversely  as 
the  square  root  of  the  distance  from  the  edge. 

When  a  =  -  the  edge  is  like  that  of  an  equilateral  prism,  and 
the  densiiy  varies  inversely  as  the  ^  power  of  the  distance. 

When  a  =  -  the  edge  is  a  right  angle,  and  the  density  is  in- 
versely as  the  cube  root  of  the  distance. 

When  a  =  -—  the  edge  is  like  that  of  a  regalar  hexagonal  prism, 

and  the  density  is  inversely  as  the  fourth  root  of  the  distance. 

When  a  =  IT  the  edge  is  obliterated,  and  the  density  is  constant. 

When  a  =  }  T  the  edge  is  like  that  in  the  inside  of  the  hexagonal 
prism,  and  the  density  is  direct^  as  the  square  root  of  the  distance 
&om  the  edge. 

When  a  =  ^  n  the  edge  is  a  re-entrant  right  angle,  and  the 
density  is  directly  as  the  distance  from  the  edge. 

When  a  =  I  IT  the  edge  is  a  re-entrant  angle  of  60%  and  the 
density  is  directly  as  the  sqnare  of  the  distance  from  the  edge. 

In  reality,  in  all  cases  in  which  the  density  becomes  infinite  at 
any  point,  there  is  a  discharge  of  electricity  into  the  dielectric  at 
that  point,  aa  is  explained  in  Art.  55. 

ExAHPLB  V. — Ellipses  and  Hyperbolas.    Fig.  X. 

192,]   We  have  seen  that  if 

Xj  =  tf^cofl^,        jii  =s  e*Bin^,  (I) 

X  and  y  will  be  conjugate  functions  of  0  and  ^. 

Also,  if  x^  =  e-*  COB  ^,        y^  =  —e~*  sin  ^,  (2) 

«!  and  y^  will  be  conjugate  fanctions.     Hence,  if 
2*  =  a, +  *j  =  («♦  +  *-♦)  COS i(r,    2^  =  y, +J',  =  («♦—»-*)  sin  V*,  (3) 
«  and  y  will  also  be  conjugate  functions  of  <p  and  ^. 

In  this  case  the  points  for  which  <t>  is  constant  lie  in  the  ellipse 
whose  axes  are  c*4  e-*  and  e*—e~*. 
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The  points  for  which  V  is  constant  lie  in  the  hyperbola  whose 
axes  are  2eos^  and  2BiD^. 

On  the  axis  o(x,  between  ar=  — 1  and  mss  +  l, 

<P  =  0,        V  =  oos-^«.  (4) 

On  the  axis  oSx,  beyond  these  limits  on  either  side,  we  have 

«>      1,         V  =  0.         0  =  log(»+Vie*— 1),  (5) 

«<— 1,         f  =  w,         0  =  log('/ic*  — 1— «). 

Hence,  if  ^  is  the  potential  fanction,  and  ^  the  function  of  flow, 
we  have  the  case  of  dectricity  flowing"  from  the  positive  to  the 
negative  side  of  the  axis  of  a  through  the  space  between  the  points 
—  1  and  +1,  the  parts  of  the  axis  beyond  these  limits  being 
impervioos  to  electricity. 

Since,  in  tbis  case,  the  axis  of  ^  is  a  line  of  flow,  we  may  suppose 
it  also  impervious  to  electricity. 

We  may  also  consider  the  ellipses  to  be  sections  of  the  equi- 
potential  surfaces  due  to  an  indefinitely  long  flat  conductor  of 
breadth  2,  charged  with  half  a  unit  of  electricity  per  unit  of  length. 

If  we  make  yft  the  potential  function,  and  (p  the  function  of  Sow, 
the  case  becomes  that  of  an  infinite  plane  from  which  a  strip  of 
breadth  2  has  been  cut  away  and  the  plane  on  one  side  charged  to 
potential  -a  while  the  other  remains  at  zero. 

These  cases  may  be  considered  as  particular  cases  of  the  quadric 
surfaces  treated  of  in  Chapter  X.  The  forms  of  the  curves  are 
given  in  Fig.  X. 

Example  VI.— Pig.  XI. 
193.]  Let  us  next  consider  Jt/  and^as  fuDctionsofiDandjr,  where 
x'=ihg'/^+f,       /=itan->^,  (6) 

x'  and  y'  will  be  also  conjugate  functions  of  4>  and  yjr. 

The  curves  resulting  from  the  transformation  of  Fig.  X  with 

respect  to  these  new  cooidinates  are  given  in  Fig.  XI. 

If  y  and  y  are  rectangular  coordinates,  then  the  properties  of  the 

axis  of  X  in  the  first  figure  will  belong  to  a  series  of  lines  parallel 

to  x'  in  the  second  figure  for  which  y  =  b»'it,  where  n'  is  any 

integer. 

The  positive  values  of  x  on  these  lines  will  correspond  to  valnes 

of  m  greater  than  unity,  for  which,  as  we  have  already  seen, 

i/r  =  »w,         ^  =  log(*+  •/afl—l)  =  \ogW+^e~~  1).    (7) 
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The  negative  valoes  of  (B*  on  the  same  lines  will  coireepond  to 
Tslaea  of  as  less  than  unity,  for  which,  as  we  have  seen, 

0=0,  ^  =  C03-*«  =  COS'^tf*.  (8) 

The  properties  of  the  axis  of;  in  the  first  figure  will  belong  to  a 
eeries  of  lines  in  the  second  figure  parallel  to  af,  for  which 

/=ar(a'+i).  (9) 

The  value  of  ^  along  these  lines  is  V  =  "' ("  +  i)  fo>^  '^^  points 
both  positive  and  negative,  and  

*  =  log(j'+^/y»+l)  =  log  U»  +  V  e~+  l)  .        (10) 

[The  curves  for  which  ^  and  ^  are  constant  may  be  traced 
directly  from  the  ei^uationB 

a<=  lftlogKe»*  +  e-«*  +  2cos2^), 

As  the  figure  repeats  itself  for  intervals  of  w  J  in  the  values  of  y 
it  will  be  sufficient  to  trace  the  lines  for  one  such  interval. 

Now  there  will  be  two  cases,  according  as  ^  or  ^^  changes  sign 
with  /.  Let  us  suppose  that  0  so  chuiges  sign.  Then  any  curve 
for  which  ^  is  constant  will  be  symmetrical  about  the  axis  of  if, 
cutting  that  axis  orthogonally  at  some  point  on  its  negative  side. 
If  we  begin  with  this  point  for  which  0=0,  and  gradually  in- 
crease 0,  the  curve  will  bend  round  from  being  at  first  orthogonal 
to  being,  for  large  values  of  0,  at  length  parallel  to  the  axis  of  s^. 
The  positive  side  of  the  axis  of  /  b  one  of  the  system,  viz.  ^  is 
there  zero,  and  when  j^=  +  \Tsh,  ■f  ^\v.  The  lines  for  which  ^ 
has  constant  values  ranging  from  0  to  ^'ir  form  therefore  a  system 
of  curves  embracing  the  positive  side  of  the  axes  of  of. 

The  curves  for  which  ^  has  constant  values  cut  the  system  i^ 
orthogonally,  the  values  of  0  ranging  from  +ao  to  —so .  For 
any  one  of  the  curves  0  drawn  above  the  axis  of  a  the  value  of  0  is 
positive,  along  the  negative  side  of  the  axis  of  ^  the  value  is  zero, 
and  for  any  curve  below  the  axis  of  of  the  value  is  negative. 

We  have  seen  that  the  eyetem  ^  is  symmetrical  about  the  axis 
of  z ;  let  P(^R  be  any  curve  cutting  that  ^vtem  orthogonally  and 
terminating  in  P  and  B  in  the  lines  ^s:  +  \T!b,  the  point  Q  being 
in  the  axis  of  a'.  Then  the  curve  PQ,B  is  symmetrical  about  the  axis 
of  «',  but  if  c  be  the  value  of  0  along  PQ,  the  value  of  0  aU>ng  QR 
will  be  — c.    Thia  discontinuity  in  the  value  of  0  will  be  accounted 

DigiLizedbyGoOJ^lc 


276  CONJ'POATE  FDNCTIOHS.  [l94- 

for  by  an  electrical  distribotion  in  the  case  which  will  be  discussed 
in  Art.  195. 

If  we  next  suppose  that  i^  and  not  <j>  changes  81^  with  y,  the 
values  of  0  will  range  from  0  to  so .  "When  ^  =  0  we  have  the 
negative  side  of  the  axis  of  a^,  and  when  ^  =  oo  we  have  a  line 
at  an  infinite  distance  perpendicular  to  the  axis  of  ^.  Along  any 
line  PQB  between  these  two  the  value  of  ^  is  constant  throughout 
its  entire  length  and  positive. 

Any  value  ^  now  experiences  an  abrupt  change  at  the  point 
where  the  curve  along  which  it  is  constant  crosses  the  negative 
side  of  the  axis  of  ic',  the  sign  of  ifr  changing  there.  The  sig- 
nificance of  this  discontinuity  will  appear  in  Art.  197. 

The  lines  we  have  shewn  how  to  trace  are  drawn  in 'Fig.  XI 
if  we  limit  ourselves  to  two-thirds  of  that  diagram,  cutting  off  tlie 
uppermost  thirds] 

194.]  If  we  consider  tj>  as  the  potential  function,  and  ^  as  the 
function  of  flow,  we  may  consider  the  case  to  be  that  of  an  in- 
dcBnitely  long  strip  of  metal  of  breadth  -ni  with  a  non-conducting 
division  extending  from  the  ori^n  indefinitely  in  the  positive 
directiouj  and  thus  dividing  the  positive  part  of  the  strip  into  two 
separate  channels.  We  may  suppose  this  division  to  be  a  narrow 
slit  in  the  sheet  of  metal. 

If  a  current  of  electricity  is  made  to  flow  along  one  of  these 
divisions  and  back  again  along  the  other,  the  entrance  and  exit  of 
the  current  being  at  an  indefinite  distance  on  the  positive  side  of 
the  origin,  the  distribution  of  potential  and  of  current  will  be  given 
by  the  funttions  tp  and  ^  respectively. 

Ifj  on  the  other  hand,  we  make  i/r  the  potential,  and  0  the 
function  of  flow,  then  the  case  will  be  that  of  a  current  in  the 
general  direction  of  y.  Sowing  through  a  sheet  in  which  a  number 
of  non-conducting  divisions  are  placed  parallel  to  of,  extending  from 
the  axis  of  ^'  to  an  indefinite  distance  in  the  negative  direction. 

195.]  We  may  also  apply  the  results  to  two  important  cases  in 
statical  electricity. 

(l)  Let  a  conductor  in  the  form  of  a  plane  sheet,  bounded  by  a 
straight  edge  but  otherwise  unlimited,  be  placed  in  the  plane  o?xz 
on  the  positive  side  of  the  origin,  and  let  two  infinite  conducting 
planes  he  placed  parallel  to  it  and  at  distances  \i:b  on  either  side. 
Then,  if  ^  is  the  potential  function,  its  value  is  0  for  the  middle 
conductor  and  ^it  for  the  two  planes. 

Xjet  us  consider  the  quantity  of  electricity  on  a  part  of  the  middle 
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conductor,  extending  to  a  distance  1  in  the  direction  of  z,  and  from 
tlie  origin  to  ib'=  a. 

The  electricity  on  the  part  of  this  strip  extending  from  »(  to  x^ 
is  —  (,^-^). 

Hence  from  the  origin  to  si=-  a  the  amount  is 

-E=~log(flUVc^"-l).  (II) 

If  d  ie  large  compared  with  Ji,  this  hecomeo 


_  a  +  51og,2 


(12) 


Hence  the  qnantity  of  electricity  on  the  plane  bounded  by  the 
straight  edge  is  greater  than  it  would  have  been  if  the  electricity 
had  been  nniformly  distributed  over  it  with  the  same  density  that 
it  baa  at  a  distance  from  the  houodaty,  and  it  is  equal  to  the 
quantity  of  electricity  having  the  same  uniform  surface-density, 
but  extending  to  a  breadth  equal  to  h  log^  2  beyond  the  actual 
boundary  of  the  plate. 

This  imaginary  nniform  distribution  is  indicated  by  the  dotted 
straight  lines  in  Fig.  XI.  Hie  vertical  lines  represent  lines  of 
force,  and  the  horizontal  lines  eqnipotential  surfaces,  on  the  hypo- 
thesis that  the  density  is  uniform  over  both  planes,  produced  to 
infinity  in  all  directions. 

196.]  Electrical  condensers  are  sometimes  formed  of  a  plate 
placed  midway  between  two  parallel  plates  extending  considerably 
beyond  the  intermediate  one  on  all  sides.  If  the  radius  of  curvature 
of  the  boundary  of  the  intermediate  plate  is  great  compared  with 
the  distance  between  the  plat«8,  we  may  treat  the  boundary  as 
approximately  a  straight  line,  and  calculate  the  capacity  of  the 
coudenaer  by  supposing  the  intermediate  plate  to  have  its  area 
extended  by  a  strip  of  uniform  breadth  round  its  boundaiy,  and 
assuming  the  surface-density  on  the  extended  plate  the  same  ns 
it  is  in  the  parts  not  near  the  boundary. 

Thus,  if  £  be  the  actual  area  of  the  plate,  L  its  circumference 
and  B  the  distance  between  the  lai^  plates,  we  have 

4  =  i.B.  (13) 
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and  the  breadtli  of  the  additiooal  strip  is 

.J^.S.  (») 


so  that  the  extended  area  is 


(16) 


The  capacity  of  the  middle  plate  ia 

CoT7ectian/br  the  Thklme»»  of  the  Plate. 

Since  the  middle  plat«  ie  generally  of  a  thicknese  which  cannot 
be  neglected  in  compariBon  with  the  distance  between  the  plates, 
we  may  obtain  a  better  representation  of  the  facts  of  the  case  by 
supposiog  the  section  of  the  intermediate  plate  to  correspond  with 
the  curTe  V  =  ^'• 

The  plate  will  be  of  nearly  uniform  thickness,  j9  =  23^,  at  a 
distance  from  the  botindary,  bat  will  be  ronnded  near  the  edge. 

The  position  of  the  actual  edge  of  the  plate  is  found  by  putting 
/=0,wbence  !e'=  J  log.cosi/''.  (17) 

The  value  of  ^  at  this  edge  is  0,  and  at  a  point  for  which  v's  a 
it  is  g  +  ilog,2 

I 

Hence,  altogether,  the  quantity  of  electricity  on  the  plate  is  the 

same  as  if  a  strip  of  breadth 

■2/1      „     .  wa-. 

-  (log.  2  + log,  cos  ^J). 

i.e.   |-log,(2cos|§).  (18) 

had  been  added  to  the  plate,  the  density  being  assumed  to  be  every> 
where  the  same  as  it  is  at  a  distance  from  the  boundary. 

Density  near  the  Edge. 
The  surface-density  at  any  point  of  the  plate  is 


I  i* 

1           ,^ 

1 

If* 

Digiliz 

i-ndx" 

=  4»J     ,-57- 

-&c.)-          (19) 
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The  quantity  within  bntckete  rapidly  approaches  nnity  as  a/ 
infireases,  bo  that  at  a  distance  from  the  boandary  equal  to  n  tim» 
the  breadth  of  the  strip  a,  the  actual  density  is  greater  than  the 

normal  density  by  about    ,^^  ^-  of  the  normal  density. 

In  like  manner  we  may  calculate  the  density  on  the  infinite  phines 


"4jrJ     ii£^ 


(20) 


When  «^=E  0,  the  density  is  2"*  of  the  normal  dennty. 

At  n  times  the  breadth  of  the  strip  on  the  positive  side,  the 

density  is  less  than  the  normal  density  by  about  — ^  • 

At  *  times  the  breadth  of  the  strip  on  the  negative  side,  the 

density  is  about  —  of  the  normal  density. 

Tbeae  results  indicate  the  degree  of  accuracy  to  be  expected  in 
applying  this  method  to  plates  of  limited  estent,  or  in  which 
irregularities  may  exist  not  very  far  from  the  boundary.  The  same 
distribation  would  exist  in  the  case  of  an  infinite  series  of  similar 
plates  at  equal  distances,  the  potentials  of  these  plates  being 
alternately  +  Tand  —  F.  In  this  case  we  must  take  the  distance 
between  the  plates  eqnal  to  S. 

197.]  (2)  The  second  case  we  shall  consider  is  that  of  an  infinite 
series  of  planes  parallel  to  orz  at  distances  S  =  vb,  and  all  cut  off  by 
the  plane  oigi,  so  that  they  extend  only  on  the  negative  side  of  this 
plane.  If  we  m^e  ^  the  potential  function,  we  may  r^ard  these 
planes  as  conductors  at  potential  zero. 

Let  us  consider  the  curves  for  which  0  is  constant. 

When  y  =  nvh,  that  is,  in  the  prolongation  of  each  of  the  planes, 
we  have  ay's  J  log  i  (a* +  e-*)  (21) 

when  ^s  (a+l)^',  that  is,  in  the  intf^mediate  positions 

(e'=ilogi(tf*-c^).  (22) 

Hence,  when  ^  is  large,  the  curve  for  which  0  is  constant  is 
an  undulating  line  whose  mean  distance  from  the  axis  of  y"  is 
approximately  a  =  b  (*— log,  2),  (23) 

and  the  amplitude  of  the  undulations  on  either  side  of  this  line  is 


,.db,  Google 


280  CONJUGATE  FUNCTIONS.  [198. 

'  Wheo  <p  is  larg^  this  becomes  be~^*,  eo  that  the  carve  approacheB 
to  the  form  of  a  straight  line  parallel  to  the  asie  of  y  at  a  distance 
a  from  that  axis  on  the  positive  side. 

If  we  suppose  a  plane  for  which  y=  a,  kept  at  a  constant 
potential  while  the  system  of  parallel  planes  is  kept  at  a  different 
potential,  then,  since  h<p  =  a+b\og^2,  the  sorfaoe-densitj  of  the 
electricity  induced  on  the  plane  ie  equal  to  that  which  would  have 
been  induced  on  it  by  a  plane  parallel  to  itself  at  a  potential  equal 
to  that  of  the  series  of  planes,  but  at  a  distance  greater  than  that 
of  the  edges  of  the  planes  by  6  log,  2. 

If  S  is  the  distance  between  two  of  the  planes  of  the  series, 
S  =  v6,BQ  that  the  additional  distance  is 

198.]  Let  us  Best  consider  the  space  included  between  two  of 
the  eqiiipotential  snr&ces,  one  of  which  consists  of  a  series  of  parallel 
waves,  while  the  other  corresponds  to  a  large  value  of  tf>,  and  may 
he  considered  as  approximately  plane. 

If  J)  is  the  depth  of  these  undulations  from  the  crest  to  the  trough 
of  each  wave,  then  we  find  for  the  corresponding  value  of  <l>, 

B 

*  =  JIog4ii.  (26) 

The  value  of  a^  at  the  crest  of  the  wave  is 

Slog!  («•+«-•)•  (27) 

*  Hence,  if  A  is  the  distance  from  the  crests  of  the  waves  to  the 
opposite  plane,  the  capacity  of  the  system  composed  of  the  plane 
surface  and  the  undulated  surface  is  the  same  as  that  of  two  planes 
at  a  distance  A  +  a,  where 

a'=Vloff.— ^-  (28) 

*  Let  *  b«  the  potential  of  the  pUne,  ^  of  the  nndDlfttiiiK  nufMe.  The  quMtti^ 
i^  electriciCj  on  the  plane  per  unit  Brcftle  l+iwb.    Heooethe  capacity 

-l  +  *'*(»-»). 
=  1+  iw(A*a'),  nippoee. 
Then  A +a,'- b(,*—ip). 

But  A+bu>eH«*->-*-*)  ~b{9-}oe2)i 

.-.    a' t*  +  6Clog2  +  logJ{^  +  «-*)) 

=  61og(l+<!-**) 


_M<« 5.by{Sfl). 

!  +  «"» 
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199.]  If  a  Bingle  groove  of  this  form  be  made  in  a  conductor 
having  tbe  rest  of  its  eariace  plane,  and  if  the  other  conductor  is 
a  plane  surface  at  a  distance  J,  the  capacity  of  the  one  conductor 
with  respect  to  the  other  will  be  diminished.    The  amount  of  this 

diminution  will  be  less  than  the  -th  part  of  the  diminution  due 

to  »  such  grooves  side  hy  side,  for  in  the  latter  case  the  average 
electrical  force  between  the  conductors  will  be  less  than  in  the 
former  case,  so  that  the  induction  on  the  sur&ce  of  each  groove  will 
be  diminished  on  account  of  the  neighbouring  grooves. 

If  Z  is  the  length,  S  the  breadth,  and  D  the  depth  of  the  groove, 

the  capacity  of  a  portion  of  the  opposite  plane  whose  area  is  S  will  be 

S-ZB  LS        _  _S_  _  LB_     a'  ,     . 

AnA     "*"  4ir(4+a')  ~  4jr^       4.%A.A-\-a''  ^     ' 

If  A  is  lai^  compared  with  B  or  of,  the  correction  becomes  by  (28) 

snd  for  a  slit  of  inliiiite  depth,  putting  D  =  <k,  the  correction  is 
4.' 4' 


log.2.  (31) 

To  find  the  surface-density  on  the  series  of  parallel  plates  we 

(32) 


most  find  «  =  -7--^  when  ^  =  0.    We  find 


The  average  density  on  the  plane  plate  at  distance  A  from  the 

edges  of  the  series  of  plates  is  «  =  — ;  •    Hence,  at  a  distance  firom 
4v6 

the  edge  of  one  of  the  plates  equal  to  na  the  sar&ce-density  is 

■  -  -— -  of  this  average  density. 

200.1  Let  us  next  attempt  to  deduce  from  these  results  tbe 
distribution  of  electricity  in  the  figure  formed  by  rotating  the 
plane  of  the  figure  about  the  axis  ^=  —  R.  In  this  case,  Poisson's 
equation  will  assume  the  form 

Let  ns  assume  f  =  ^  the  fonciioD  given  in  Art.  193,  and  de- 
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termine  the  valae  of  p  from  this  equation.     We  know  that  the  first 
two  tenns  disappear,  and  therefore 

If  we  Buppoae  that,  in  addition  to  the  surface-density  already 
investigated,  there  is  a  distribution  of  electricity  in  space  according 
to  the  law  jnst  stated,  the  distribution  of  potential  will  be  repre- 
sented by  the  carves  in  Pig,  XI. 

Now  from  this  %ure  it  ie  manifest  that  -r?  is  generally  very 
small  except  near  the  boundaries  of  the  pUtes,  so  that  the  new 
distribution  may  be  approximately  represented  by  what  actually 
exists,  namely  a  certain  superficial  distribution  near  the  edges  of 
the  plates, 

Iftherefore  we  integrate  f  fpda^d/  between  the  limit8y=0  and 

/=-i,  and  from  ic'=—ys   to  x  =+00,  we  shall  find  the  whole 

additional  charge  on  one  side  of  the  plates  due  to  the  curvature. 

Since  3-;  =  —  -5-, »  we  have 
dy  daf 


/>=/:^-^^-*' 


4»  £+ydtf 


a: 


'  32  i!  "*"  192  ii"  "* 


Integrating  with  reapect  to  /,  we  find 

,i,iy=-_j_g_l„g_j^  (36) 

(37) 

This  is  half  the  total  quantity  of  electricity  whioh  we  must 
suppose  distributed  in  space  near  the  edge  of  one  of  tlie  cylindrio 
plates  per  unit  of  cireumference.  Siuce  it  ia  only  close  to  the  edge 
of  the  plate  that  the  density  is  sensible,  we  may  suppose  it  all 
conden^  on  the  surface  of  the  plate  without  altering  sensibly  its 
action  on  the  opposed  plane  sur&ce,  and  in  calculating  the  attraction 
between  that  surface  and  the  cylindrio  surface  we  may  suppose  this 
electricity  to  belong  to  the  cylindric  sur&ce. 
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If  there  bad  been  no  curvatare  the  superficial  charge  od  the 
poeitiye  surface  of  the  plate  per  unit  of  length  wonld  have  been 

Hence,  if  we  add  to  it  the  whole  of  the  above  distribntioa,  this 
charge  must  be  multiplied  by  the  factor  (l  +  i  -w)  to  g^t  the  total 
charge  on  the  positive  side. 

*In  the  case  of  a  disk  of  radius  B  placed  midway  between  two 
infinite  parallel  plates  at  a  distance  S,  we  find  for  the  capacity 
ofthediA  |  +  2i2|lj!+ji.  (38) 

*  [In  Art.  200,  in  aBUnuting  the  total  spaoe  dutribntion  we  might  perbftpa  more 
«aireotl J  taka  ibr  it  the  integnl  jyp  S  ■  (R  -f  /)  dx'd/.  which  givw,  per  unit  ciicum- 

ftreaoe  of  the  edge  <^  radliu  B,  —  sH  n<  thna  teadioK  to  the  same  coirection  u  in  (ha 

text.  *2« 

The  CMS  of  llie  dielc  ma;  be  treated  in  like  manner  ai  fuHowa  : 

Let  the  Bgnre  of  Art.  1  E>5  revuWe  round  a  Une  perpendicular  to  the  plates  and  at  a 

dlatance  +  R  from  the  edge  of  the  miildle  oaa.    That  edge  vill  therenire  eavdtfKi  a 

oirde,  which  wiU  be  the  edge  of  the  disk.    Aa  in  Art.  200,  we  begin  with  FoiwDn'a 

equation,  which  in  tbia  ease  will  be 

d'V     d'V         1     rfF       , 

Wenowaasumethatr-^,  the  potential  function  of  Art.  19S.  We  mn«  thereibre 
tn^Kise  eleetiioi^  to  exiat  in  the  region  between  the  plates  whose  volume  dennt;  p  ii 

J l_d^ 

4t  S-x-  <Uf  ' 
The  total  amount  ia 


'JX 


p.2r(B-xf)d^ds^. 


Now  if  il  la  large  in  compuiaon  with  the  distance  between  the  platse  (his  result 
will  be  seen,  on  an  ezamina^on  of  the  potential  line*  in  Fig.  XI,  to  be  seniiblj  the 


rr. 


^dx'Jj';     thatis,  -JtB. 
TIm  total  Eui&ce  diatribution  if  we  indode  both  sides  of  the  disk  U 

If,  thereibre,  the  volume  dlstribatien  between  the  plates  be  snppeead  (o  be  oonoen- 
tra(ed  on  the  disk  the  eiprenioa  for  the  eapccity,  the  diffisence  of  the  potentiata 
of  Um  ^atca  and  ^sk  bdng  |,  beoome* 

J.\!J?^Ji«(J-i(1.8.2-i'»l)A 

*  nmlt  difhring  fron  tlut  fa>  tlw  text  b;  -^  QMily.] 
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Theory  of  ThotmoiC 9  Guard-ri«ff. 

201.]  In  some  of  Sir  W.  Tliomson'a  electrometers,  a  large  plane 
Burface  is  kept  at  one  potential,  and  at  a  distance  a  from  this  surface 
is  placed  a  plane  disk  of  radius  R  surrounded  by  a  large  plane  plate 
called  a  Guard-ring  with  a  circular  aperture  of  radius  2i'  concentric 
with  the  disk.     This  disk  and  piste  are  kept  at  potential  zero. 

The  interval  between  the  disk  and  the  guard-plate  may  be 
regarded  as  a  circular  groove  of  in&nite  depth,  and  of  breadth 
Bf—B,  which  we  denote  by  B. 

The  charge  on  the  disk  due  to  unit  potential  of  the  large  disk, 

B* 
supposing  the  density  uniform,  would  be  —7  • 

The  charge  on  one  Bide  of  a  straight  groove  of  breadth  B  and 
length  L  =2itB,  and  of  infinite  depth,  may  be  estimated  by  the 
number  of  lines  of  force  emanating  from  the  lai^  disk  and  falling 
upon  the  side  of  the  groove.  Referring  to  Art.  197  and  footnote 
we  see  that  the  charge  will  therefore  be 


BB 
''^'     ^  A+a'' 
since  in  this  case  4>  =  1,  ^  =  0,  and  therefore  b  =A+a. 
But  since  the  groove  is  not  straight,  bat  has  a  radius  of  curvature 

B,  this  mnst  be  mnltipHed  by  the  factor  (l  -)-  i  -n) * 
The  whole  charge  on  the  disk  is  therefore 

B        ,    BB     I         B  \  /■.«\ 


B^A-Sf*      B'^-S*        a' 
~      8A  8A      'A  +  a' 

f  a'  cannot  he  greater  than 


(40) 


■Blog2 


,  =  0.22^  nearly. 


If  B  is  small  compared  with  either  A  or  B  this  expression  will 
give  a  sufficiently  good  approximation  to  the  charge  on  the  disk 
due  to  unity  of  difference  of  potential.  The  ratio  of  ^  to  A 
may  have  any  value,  but  the  radii  of  the  large  disk  and  of  the 
guaid-ring  must  exceed  B  by  several  moltiplea  of  A, 
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Example  VII.— Kg.  XII. 

202.]  Helmliolte,  in  his  memoir  on  discontiaaoue  fluid  motion  *, 
has  pointed  out  the  application  of  eeveral  formulae  in  which  the 
coordinat«B  are  expressed  as  functions  of  the  potential  and  its 
conjagute  function. 

One  of  these  may  be  applied  to  the  case  of  an  electrified  plate 
of  finite  size  placed  parallel  to  an  infinite  plane  sur&ce  connected 
with  the  earth. 

Since  iti  =  A<f>  and    yi  =  A^, 

and  also  a;,  =  ^«^cos^  and    yj  =  Ae*^D}lf, 

are  conjugate  fnnctions  of  0  and  ^,  the  functions  formed  by  adding 
JCj  to  a^  and  jfj  to  y^  will  he  also  conjugate.     Hence,  if 
iB  =  Aif>  + A  ^eoB^, 
y  =  A}ff  +  A^^nylr. 
then  X  and  y  will  be  conjngate  with  respect  to  <p  and  ^,  and  <f>  and 
^  will  be  conjugate  with  respect  to  m  and  y. 

Now  let  X  and  y  be  rectangukr  coordinates,  and  let  i^  be  the 
potential,  then  i^  will  be  conjugate  to  k^,  k  being  any  constant. 

Let  us  put  ^  =  -n,  then  y  =  Av,  x  =  A  (0— «*). 

If  0  Taries  from  —  m  to  0,  and  then  from  0  to  +9o,  ic  varies 
from  — ao  to  —A  and  from  —A  to  — oo.  Hence  the  eqaipotential 
surface,  for  whit-h  ^  =  tt,  is  a  plane  parallel  to  «  at  a  distance 
4  =  vA  from  the  origin,  and  extending  from  — »  to  a  =  —  J, 

Let  ns  consider  a  portion  of  this  plane,  extending  from 
a>  =  — (^  +  a)  to  le  =  —A  and  from  2  =  0  to  a  =  c, 

let  us  suppose  its  distance  from  the  plane  of  orz  to  be ^  =  d  =:  An, 
and  its  potential  to  be  V=:  i^  =:  in. 

The  charge  of  electricity  on  the  portion  of  the  plane  considered 
is  found  by  ascertaining  the  values  of  tft  at  its  extremities. 

We  have  therefore  to  determine  0  from  the  equation 
x  =  ~[A  +  a)  =  A(<f>-e*), 
0  will  have  a  negative  value  0,  and  a  positive  value  (f>^ ;  at  the  edge 
of  the  plane,  where  m  =  —A,  0=0, 

Hence  the  charge  on  the  one  side  is  —eiipi-t-4it,  and  that 
on  the  other  side  is  cyt^^-t-  4ir. 

•  £Mgl.  Atad.  d4T  Wimaueht^m.  lu  B«^d,  April  2S,  1S0S. 
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Both  these  charges  are  positive  and  their  sum  is 

in 
If  we  suppose  that  a  is  lar^  compared  with  A, 

-7-'" 

<,,  =  logj-^+I+log(^  +  l+Sc.)|- 

If  we  neglect  the  exponential  terms  in  ^  we  shall  find  that  the 

charge  on  the  negative  surface  exceeds  that  which  it  would  have 

if  the  superficial  density  had  been  uniform  and  equal  to  that  at  a 

distance  frOm  the  boundary,  by  a  quantity  equal  to  the  chai^  on  a 

strip  of  breadth  A=  -  with  the  uniform  superficial  density. 
The  total  capacity  of  the  part  of  the  plane  considered  is 

<'=  4^  (*>-*■)■ 

The  t«tal  charge  is  CF,  and  the  attraction  towards  the  infinite 
plane,  whose  equation  16  y  =  Q  and  potential  ^  =  0,  is 

1  +  ^log;^ 

=  s— i5i«  + 1- '<'ff-^+«c•^■ 
The  eqoipotential  lines  and  lines  of  force  are  given  in  Fig.  XII, 

Example  VIII.  TAeoty  of  a  Grating  qfTaralUl  Wires.  Pig.  XHI. 
203.]  In  many  electrical  instruments  a  wire  grating  is  used  to 
prevent  certain  parts  of  the  apparatus  from  being  electrified  by 
induction.  We  know  that  if  a  conductor  be  entirely  surrounded 
by  a  metallic  vessel  at  the  same  potential  with  itself,  no  electricity 
can  be  induced  on  the  surface  of  the  conductor  by  any  electrified 
body  outside  the  vessel.  The  conductor,  however,  when  completely 
snrronnded  by  metal,  cannot  be  seen,  and  therefore,  in  certain  cases, 
an  aperture  is  left  which  is  covered  with  a  grating  of  fine  wire. 
Let  us  inveEtigate  the  effect  of  this  grating  in  diminishing  die 
effect  of  electrical  induction.  We  shall  suppose  the  grating  to 
consist  of  a  series  of  parallel  wires  in  one  plane  and  at  equal 
intervals,  the  diameter  of  the  wires  being  small  compared  with  the 
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distance  between  them,  while  the  nearest  portions  of  the  electrified 
bodies  on  the  one  side  and  of  the  protected  couductor  on  the  other 
are  at  distances  from  the  pUne  of  the  screen,  nhich  are  considerable 
compared  with  the  distance  between  consecutive  wires. 

204.]  The  potential  at  a  distance  /  from  the  axis  of  a  straight 
wire  of  infinite  length  charged  with  a  quantity  of  electricity  A  per 
unit  of  length  is  F  =  -2\hgr'  +  C.  (l) 

We  may  express  this  in  terms  of  polar  coordinates  referred  to  an 
axis  whose  distance  from  the  wire  is  unity,  in  which  case  we  must 
nwke  /»=  I-2rco8tf+r»,  (2) 

and  if  we  suppose  that  the  axis  of  reference  is  also  charged  wil^ 
the  linear  density  K',  we  find 

r=— k\og{\  — 2  r  coze +  T^)— 2  \' log  r+C.  (3) 

If  we  now  make 

8,»            ^        2ff3r  ,  ^ 

r=e    ',         6  = .  (4) 

then,  by  the  theory  of  conjugate  functions, 

V=  — Alog  (l  — 2<~cos— ^  +  e~j  —  2X'log#'-' +C,      (6) 

where  x  and  y  are  rectangular  coordinates,  will  he  the  value  of  the 
potential  due  to  an  infinite  series  of  fine  wires  parallel  to  2  in  the 
plane  of  xz,  and  passing  through  points  in  the  axis  of  x  for  which 
m  is  a  multiple  of  a. 

Each  of  these  wires  is  charged  with  a  linear  density  X. 

The  term  involving  k'  indicates  an  eleotrification,  producing  a 

constant  force in  the  direction  of  ». 

a  " 

The  forms  of  the  equipotential  surfaces  and  lines  of  force  when 
A'=  0  are  given  in  Fig.  XIII.  The  equipotential  soriaces  near  the 
wires  are  nearly  cylinders,  so  that  we  may  consider  the  solution 
approximately  true,  even  when  the  wires  are  cylinders  of  a  diameter 
which  is  finite  but  small  compared  with  the  distance  between  them. 

The  equipotential  surfaces  at  a  distance  from  the  wires  become 
more  and  more  nearly  planes  parallel  to  that  of  the  grating. 

If  in  the  equation  we  make  g  =  b^,a.  quantity  large  compared 
with  a,  we  find  approximately, 

r^  =  -  1^  (A +X')  +  C  nearly.  (6) 

If  we  next  make  y  =  —b^,  where  ij  is  a  positive  quantity  large 
compared  with  a,  we  find  approximately, 
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r^^^K'  +  Cnauly.  (7) 

If  c  is  tbe  radius  of  the  wires  of  the  grating,  e  being  small 
compared  with  a,  we  may  find  the  potential  of  the  grating  itaelf 
by  Supposing  that  the  surface  of  the  wire  coincidea  with  tbe  equi- 
potential  surface  which  cuts  the  plane  of  xz  at  a  distance  c  from  tbe 
axis  of  z.  To  find  the  potential  of  tbe  grating  we  therefore  put 
X  =  c,  and  y  =  0,  whence 

r=— 2Xlog2Bin^+C.  (8) 

205.]  We  have  now  obtained  expreBsions  representing  the  elec- 
trical state  of  a  system  consisting  of  a  grating  of  wires  whose 
diamet«r  is  small  compared  with  the  distance  between  them,  and 
two  plane  conducting  surfaces,  one  on  each  side  of  tbe  grating, 
and  at  distances  which  are  great  compared  with  tbe  distance 
between  the  wires. 

Tbe  surface-density  (Tj  on  the  first  plane  is  got  from  tbe  equa- 
tion (6)  dF  4w 

That  on  the  second  pbine  o-,  from  the  equation  (7) 

""='^  =  >  (■») 

If  we  now  write  a  ve- 

.=-ilog.(2.i„^),  (11) 

and  eliminate  X  and  K'  irom  the  equations  (6),  (7),  (8),  (9),  (lO), 
we  find 

4.,,(i,+i,+  y-')  =  r.(i  +  ^)-F.-ri,        (12) 
4„T,(},+s,+  y?)  =->-,+r,(i  +  i)-ri.      (13) 

"When  the  wires  are  infinitely  thin,  a  becomes  infinite,  and  the 
terms  in  which  it  is  tbe  denominator  disappear,  so  that  the  case 
is  reduced  to  that  of  two  parallel  planes  without  a  grating  in- 
terposed. 

If  the  grating  is  in  metallic  communication  with  one  of  the 
planes,  say  tbe  first,  F=  F^,  and  the  right-hand  side  of  the  equation 
for  IT,  becomes  F^  —  F^.  Hence  the  density  cT]  indaced  on  the  first 
phme  when  the  grating  is  interposed  is  to  that  which  would  have 
been  induced  on  it  if  the  grating  were  removed,  tbe  second  plane 

being  maintained  at  the  same  potential,  as  I  to  1  -f     ,,'  ',  .  • 

0(61  +  6^) 
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"We  ehoold  have  foand  the  same  value  for  the  effect  of  the  gratings 
ID  diminishing  the  electrical  influence  of  the  first  surface  on  the 
aecond,  if  we  had  supposed  the  grating  connected  with  the  eecond 
surfaca  This  is  evident  since  £,  and  6^  enter  into  the  expreesioD 
in  the  same  way.  It  is  also  a  direct  result  of  the  theorem  of 
Art.  88. 

The  induction  pf  the  one  electrified  plane  on  the  other  through 
the  grating  is  the  same  as  if  the  grating  were  removed,  and  the 
distance  between  the  planes  increased  from  ^  -(-  d^  to 

If  the  two  planes  are  kept  at  potential  zero,  and  the  grating 
electrified  to  a  given  potential,  the  quantity  of  electricity  oo  the 
grating  will  be  to  that  which  would  be  induced  on  a  plane  of  equal 
area  placed  in  the  same  position  aa 

This  investigation  is  approximate  only  when  6^  and  4^  are  large 
compared  with  a,  and  when  a  is  large  compared  with  e.  The 
quantity  a  is  a  line  which  may  be  of  any  magnitude.  It  becomes 
infinite  when  c  is  indefinitely  diminished. 

If  we  suppose  c  =  ia  there  will  be  no  apertares  between  the 
wires  of  the  grating,  and  therefore  there  will  be  no  induction 
through  it.  We  ought  therefore  to  have  for  this  case  a  =  0.  The 
formula  (11),  however,  gives  in  this  case 

which  is  evidently  erroneous,  as  the  induction  can  never  be  altered 
in  sign  by  means  of  the  grating.  It  is  easy,  however,  to  proceed 
to  a  higher  degree  of  approximation  in  the  case  of  a  grating  of 
cylindrical  wires.     I  shall  merely  indicate  the  steps  of  this  process. 

Method  of  Approximation. 

206.]  Since  the  wires  are  cylindncal,  and  since  the  distribution 
of  electricity  on  each  is  symmetrical  with  respect  to  the  diameter 
parallel  to  y,  the  proper  expansion  of  the  potential  is  of  the  form 

r=Cologr42Cycoattf,  (14) 

where  r  is  the  distance  ^m  the  axis  of  one  of  the  wires,  and  6  the 
angle  between  r  and  y,  and,  since  the  wire  is  a  conductor,  when 
r  is  made  equal  to  the  radius  V  must  be  constant,  and  therefore 
the  coefficient  of  each  of  the  multiple  cosines  of  6  must  vanish. 

VOL.  r.  u  /--  T 
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For  the  salce  of  coacieeness  let  a»  asenme  new  coordinates  f,  1;,  &c. 
Rucli  that 

a^=2ff«,     at]  =  2vy,     ap  =  2iir,     a^  =  2itb,  Scc^       (15) 
and  let  F^  =  log(e'*+^+<-(''+«-2co6^).  {16) 

Then  if  we  make 

r=AJ'+^,f+4^+&c.  (17) 

by  giving  proper  values  to  the  coefficients  A  we  may  expresB  any 
potential  which  is  a  function  of  rj  and  cob  f,  and  doee  not  become 
infinite  except  when  ij  +  j3  =  0  and  cos  f  =  1 . 

When  j3  =  0  the  expansion  of  F  in  terms  of  p  and  $  is 

fo  =  2  log  p  +  t's  P*  cos  2  $—j-^  p*  cos  4  tf +&C.  (18) 

For  finite  values  of  /3  tbe  expaoBion  of  y  is 

/'g  =  /3  +  2log(l-e-P)+|^^pco8fl-^j-^p5pP*co82fl  +  &e.  (19 

In  the  case  of  the  grating  with  two  conducting  planes  whose 
equations  are  ij  =  (Sj  and  ij  =  — ^a,  that  of  the  plane  of  the  grating 
being  T)  =  0,  there  will  be  two  infinite  series  of  images  of  the 
grating.  Tbe  first  series  will  consist  of  the  grating  itself  together 
with  an  infioite  series  of  images  on  both  sidesj  equal  and  fiimilarly 
electrified.  The  axes  of  these  imaginary  cylinders  lie  in  planes 
whose  equations  are  of  tbe  form 

^=±2a(ft  +  ^J,  (20) 

n  being  an  integer. 

The  second  series  will  consist  of  an  infinite  series  of  images  for 
which  the  coefficients  ^,  J.^,  A^,  See,  are  equal  and  opposite  to  the 
same  quantities  in  the  grating  itself,  while  A^,  A^,  &c.  are  equal 
and  of  the  same  sign.  The  axes  of  these  images  are  in  planes  whose 
equations  are  of  the  form 

,=  2^,  +  2»i(A  +  A),  (21) 

m  being  an  integer. 

The  potential  due  to  any  finite  series  of  sncb  Images  will  depend 
on  whether  the  number  of  images  is  odd  or  even.  Hence  the 
potential  due  to  an  infinite  series  is  indeterminat«,  hot  if  we  add  to 
it  the  function  £j]+C,  the  conditions  of  the  problem  will  be  suflB- 
cient  to  determine  the  electrical  distribution. 

We  may  first  determine  Fj  and  Fj,  tbe  potentials  of  the  two 
conducting  planes,  in  terms  of  tbe  coefficients  j^,  A^,  &c.,  and  of 
S  and  C.  We  must  then  determine  <tj  and  a^,  tbe  surface-density 
at  any  point  of  these  planes.  Tbe  mean  values  of  itj  and  <r,  are 
given  by  the  equations 
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4ir.rj  =  ^(J^^S),       4v<Tt  =  ^(J^  +  K)  (22) 

"Vie  must  then  expand  the  potentials  due  to  the  grating  itself 
and  to  all  the  images  in  terms  of  p  and  cosines  of  maltiples  of  0, 
adding  to  the  result  5p  cob  tf  +  C. 

The  terms  independent  of  0  then  give  V  the  potential  of  the 
grating,  and  the  coefficient  of  the  cosine  of  each  multiple  of  B 
equated  to  zero  gives  an  equation  between  the  indeterminate  co- 
efficients. 

In  this  way  as  many  equations  may  be  found  as  are  sufficient 
to  eliminato  all  these  coefficients  and  to  leave  two  equations  to 
detormine  tr,  and  a^  in  torms  of  ^,  ^,  and  V. 

These  equations  wilt  be  of  the  form 

r^-V=  411*1  (fi,  +  a-y)  +  4wj{o+y), 
^-r=4ir<r,(a  +  y)+47r<7,(i,  +  a-y).  (23) 

The  quantity  of  electricity  induced  on  one  of  the  planes  protected 
by  the  grating,  the  other  plane  being  at  a  given   difference  of 
potential,  will  be  the  same  as  if  the  plates  had  been  at  a  distance 
(a-y)ft4i.)tiA-'-y  i„,^  „f  J      5 

The  values  of  a  and  y  are  approximately  as  folloiro, 
ir*c* 


a=2^{log- 


jre      3 

15»' 

+  ,•» 

+  2c" 

,.•.1!, 

(,.. 

--K>-'-^' 

+  &«.)• 

(-So 

•|. 

(24) 
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CHAPTER  XIII. 


ELECTBOSTATIC  INSTEUMBHT8. 

On  Electrostatic  Imtrumeiilt. 
The  inBtruments  which  we  have  to  consider  at  present  may  be 
divided  into  the  following  classes : 

(1)  Electrical  machines  for  the  production  and  angmentation  of 
electritication. 

(2)  Multipliers,  for  increasing  electrification  in  a  known  ratio. 

(3)  Electrometers,  for  the  measurement  of  electric  potentials  and 
charges. 

(4)  Accumulators,  for  holding  large  electrical  charges. 

Electrical  Machines. 

207.]  In  the  common  electrical  machine  a  plate  or  cylinder  of 
glass  is  made  to  revolve  so  as  to  rub  against  a  surface  of  leather, 
on  which  is  spread  an  amalgam  of  zinc  and  mercury.  The  surface 
of  the  glass  becomes  electrified  positively  and  that  of  the  robber 
negatively.  As  the  electrified  surface  of  the  glass  moves  away 
from  the  negative  electrification  of  the  rubber  it  acq^uires  a  high 
positive  pot«ntial.  It  then  comes  opposite  to  a  set  of  sharp  metal 
points  in  connexion  with  the  condactor  of  the  machine.  The  posi- 
tive electrification  of  the  glass  induces  a  negative  electrification 
of  the  points,  which  is  the  more  intense  the  sharper  the  points 
and  the  nearer  they  are  to  the  glass. 

When  the  machine  works  properly  there  is  a  discharge  through 
the  air  between  the  glass  and  the  points,  the  glass  loses  part  of 
its  positive  cbiirge,  which  ia  transferred  to  the  points  and  80  to 
the  insulated  prime  conductor  of  the  machine,  and  to  any  other 
body  with  which  it  is  in  electric  communication. 

The  portion  of  the  glass  which  is  advancing  towards  the  rubber 
has  thus  a  smaller  positive  charge  than  that  which  is  leaving  it 
at  the  same  time,  so  that  the  rubber,  and  the  conductors  in  com- 
munication with  it,  become  negatively  electrified. 
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The  highly  positive  sar&ce  of  the  glass  where  it  leaves  the 
ruhber  is  more  attracted  by  the  negative  charge  of  the  rubber  than 
the  partially  discharged  surface  which  ia  advanoing  towards  the 
rubber.  The  electrical  forces  therefore  act  as  a  resistance  to  the  force 
employed  iu  turning  the  machine.  The  work  done  in  turning  the 
machine  is  therefore  greater  than  that  spent  in  overcoming  ordinary 
friction  and  other  resistances,  and  the  excess  is  employed  in  pro- 
ducing a  state  of  electrification  whose  energy  is  equivalent  to  this 
excess. 

The  work  done  in  overcoming  friction  is  at  once  converted  into 
heat  in  the  bodies  rubbed  together.  The  electrical  energy  may 
be  also  converted  either  into  mechanical  energy  or  into  heat. 

If  the  machine  does  not  store  up  mechanical  energy,  all  the 
energy  will  be  converted  into'heat,  and  the  only  difference  between 
the  heat  due  to  friction  and  that  due  to  electrical  action  is  that  the 
former  is  generated  at  the  rubbing  surfaces  while  the  latter  may  be 
generated  in  conductors  at  a  distance  *. 

We  have  seen  that  the  electrical  charge  on  the  surface  of  the 
glass  is  attracted  by  the  rubber.  If  this  attraction  were  sufficiently 
intense  there  would  be  a  discharge  between  the  glass  and  the 
robber,  instead  of  between  the  glass  and  the  collecting  points.  To 
prevent  this,  flaps  of  silk  are  attached  to  the  rubber.  These  become 
negatively  electrified  and  adhere  to  the  glass,  and  so  diminish  the 
potential  near  the  rubber. 

The  potential  therefore  increases  more  gradually  as  the  glass 
moves  away  from  the  rubber,  and  therefore  at  any  one  point  there 
is  less  attraction  of  the  charge  on  the  glass  towards  the  rubber,  and 
consequently  less  danger  of  direct  discharge  to  the  rubber. 

In  some  electrical  machines  the  moving  part  is  of  ebonite  instead 
of  glass,  and  the  rubbers  of  wool  or  fur.  The  rubber  is  then  elec- 
trified positively  and  the  prime  conductor  negatively. 

The  Eleclropiorus  of  Volla. 

208.]  The  electrophorus  consists  of  a  plate  of  resin  or  of  ebonite 

backed  with  metal,  and  a  plate  of  metal  of  the  same  size.     An 

insulating  handle  can  be  screwed  to  the  back  of  either  of  these 

plates.   The  ebonite  plate  has  a  metal  pin  which  connects  the  metal 

■  It  u  probkbte  HaX  In  nun;  caaet  where  djnunicBl  aneigy  ia  CDnvarted  into  hakt 
b;  friclliin,  put  of  tha  energy  nuij  be  fiiit  tmufonn«d  into  electrioii  energy  uid 
then  oonverted  Into  heU  u  the  eleotrickl  energy  ii  ipent  in  nuinUuning  currenti  of 
ihort  drcuit  clow  to  the  rubbing  lur^kcee.  Sa«  Sir  W.  Thomson,  '  On  tho  Electio- 
d^iutime  QMliliM  of  Metali.'    PkiL  Traiu.,  ISSS,  p.  060. 


DigiLizedbyGoOJ^lc 


294  1LECTR08TATIC  IN8TBUMBNT8.  [2O9. 

plate  with  the  metal  back  of  the  ebonite  plate  when  the  two  plates 
are  in  cod  tact. 

The  ebooite  plate  ia  electrified  negatively  by  rubbing  it  with 
wool  or  cat's  ^in.  The  metal  plate  is  then  broaght  near  the 
ebonite  by  means  of  the  insulating  handle.  No  direct  discharge 
passes  between  the  ebonite  and  the  metal  plate,  bat  the  potential 
of  the  metal  plate  is  rendered  negative  by  induction,  so  that  when 
it  comes  wi^in  a  certain  distance  of  the  metal  pin  a  spark  passes, 
and  if  the  metal  plate  be  now  carried  to  a  distance  it  is  found 
to  have  a  positive  charge  which  may  be  communicated  to  a  con- 
ductor. The  metal  at  the  back  of  the  ebonite  plate  is  found  to 
have  a  n^ative  charge  equal  and  opposite  to  the  charge  of  the  metal 
plate. 

In  usiug  the  instrument  to.  charge  a  condenser  or  accumulator 
one  of  the  plates  is  laid  on  a  conductor  in  communication  with 
the  earth,  and  the  other  is  Erst  laid  on  it,  then  removed  and  applied 
to  the  electrode  of  the  condenser,  then  laid  on  the  fixed  plate  and 
the  process  repeated.  If  the  ebonite  plate  is  fixed  the  condenser 
will  be  chained  positively-  If  the  metal  plate  is  fixed  the  condenser 
will  be  charged  negatively. 

The  work  done  by  the  hand  iu  separating  the  plates  is  always 
greater  than  the  work  done  by  the  electrical  attractiou  during  the 
approach  of  the  plates,  so  that  the  operation  of  charging  the  con- 
denser involves  the  expenditure  of  work.  Fart  of  this  work  is 
accounted  for  by  the  energy  of  the  charged  condenser,  part  is  spent 
in  producing  the  noise  and  heat  of  the  sparks,  and  the  rest  in 
overcoming  other  resistances  to  the  motion. 

Oh  MacAinea  prodvcinff  ElectriJUation  bg  Mechanical  fTori. 

209.]  In  the  ordinary  frictional  electrical  machine  the  work  done 
in  overcoming  friction  is  far  greater  than  that  done  in  increasing 
the  electrifi cation.  Heuce  any  arrangement  by  which  the  elec- 
trification  may  be  produced  entirely  by  mechanical  work  against 
the  electrical  forces  is  of  scientific  importance  if  not  of  practical 
value.  The  first  machine  of  this  kind  seems  to  have  been  Nicholson's 
Revolving  Doubler,  described  in  the  PMloiopkical  TraiuaelioH*  for 
1 788  as  '  an  instrument  which  by  the  turning  of  a  Winch  produces 
the  two  states  of  Electricity  without  fiiction  or  communication  with 
the  Earth.' 

210.]  It  was  by  means  of  the  revolving  doubler  that  Volta 
succeeded  in  developing  from  the  electrification   of  the  pile   an 
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electrificstioD  capable  of  aS'ectiDg  his  electrometer.  Instruments 
on  the  Eame  principle  have  been  invented  independently  bj  Mr. 
C.  P.  Varlej*  and  Sir  W.  Thomson. 

These  inetrnments  conBist  essentially  of  insulated  conductors  of 
Tarioos  forms,  some  fixed  and  others  moveable.  The  moveable 
conductors  ore  called  Carriers,  and  the  fixed  ones  may  be  called 
Inductors,  Receivers,  and  Re^nerators.  The  inductors  and  receivers 
are  &o  formed  that  when  the  carriers  arrive  at  certain  points  in 
their  revolution  they  are  almost  completely  surrounded  by  a  con- 
ducting body.  As  the  inductors  and  receivers  cannot  completely 
surround  the  carrier  and  at  the  same  time  allow  it  to  move  freely 
in  and  out  without  a  complicated  arrangemeat  of  moveable  pieces, 
the  instrument  is  not  theoretically  perfect  without  a  pair  of  re- 
generators, which  storo  up  the  small  amount  of  electricity  which 
the  carriers  retain  when  they  emerge  from  the  receivers. 

For  the  present,  however,  we  may  suppose  the  inductors  and 
receivers  to  surround  the  carrier  completely  when  it  is  within  them, 
in  which  ease  the  theory  is  much  simplified. 

We  shall  suppose  the  machine  to  consist  of  two  inductors  A  and 
C,  and  of  two  receivers  B  and  7),  with  two  carriers  /"and  G. 

Suppose  the  inductor  ^  to  be  positively  electrified  so  that  its 
potential  is  A,  and  that  the  carrier  F'w  within  it  and  is  at  potential 
F.  Then,  if  Q  is  the  coefficient  of  induction  (taiien  positive)  between 
A  and  F,  the  quantity  of  electricity  on  the  carrier  will  be  Q  (^F^A). 

If  the  carrier,  while  within  the  inductor,  is  put  in  connexion  with 
the  earth,  then  F=  0,  and  the  charge  on  the  carrier  will  be  —  QA, 
a  negative  quantity.  Let  the  carrier  be  carried  round  till  it  is 
within  the  receiver  S,  and  let  it  then  come  in  contact  with  a  spring 
so  as  to  be  in  electrical  connexion  with  B.  It  will  tlien,  as  was 
shewn  in  Art.  32,  become  completely  discharged,  and  will  com- 
municate its  whole  negative  charge  to  the  receiver  B. 

The  carrier  will  next  enter  the  inductor  C,  which  we  shall  suppose 
charged  negatively.  While  within  (7  it  is  put  in  connexion  with 
the  earth  and  thus  acquires  a  positive  charge,  which  it  carries  off 
and  communicates  to  the  receiver  jQ,  and  so  on. 

In  this  way,  if  the  potentials  of  the  inductors  remain  always 
constant,  the  leceivers  B  and  D  receive  successive  charges,  which 
are  the  same  for  every  revolution  of  the  carrier,  and  thus  every 
revolution  produces  an  equal  increment  of  electricity  in  the  re- 
ceivers. 

*  Speciaiwtlon  of  Pktwt,  Jan.  37, 1860,  No.  300. 
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But  hy  putting  tbe  inductor  A  in  commnnication  witli  tlie  re- 
ceiver D,  and  the  indactor  C  with  the  receiver  B,  the  potentials 
of  the  indncto"s  will  be  continually  increased,  and  the  quantity 
of  electricity  communicated  to  the  receivers  in  each  revolution  will 
continually  increase. 

For  instance,  let  the  potential  of  A  and  D  be  U,  and  that  of  £ 
and  C,  F,  then,  since  the  potential  of  the  carrier  is  zero  when 
it  is  within  A,  being  in  contact  with  earth,  its  charge  is  2  =  —  QU. 
The  carrier  enters  S  with  this  charge  and  communicates  it  to  B. 
If  the  capacity  of  B  and  C  is  £,  their  potential  will  he  changed 

fromrtor--|-t^. 

If  the  other  carrier  has  at  the  same  time  carried  a  cha^  —Qy 
from  C  to  1*,  it  will  change  the  potential  of  A  and  i>  from  U  to 

Q' 
V—  -J  V,  if  Q'  is  the  coefficient  of  indnction  between  the  carrier 

and  C,  and  A  the  capacity  of  A  and  J).  If,  therefore,  U„  and  F_ 
he  the  potentials  of  the  two  inductors  afber  »  half  revolutions,  and 
t/,+1  and  V^^^  after  «+  1  half  revoIutionB, 


If  we  write  y  =  J^  and  j»  =  ^ .  we  find 

Hence 
V.  =     f.((l  -«)•  +  (!+«)■)  +1  r.((l  -^)--(l  4J.?)-), 

'■  =f  "•(('.-«)■-(•+«)■)  +  ''.((■-J»«)"+("+«)")- 

It  nppears  from  these  equations  that  the  quantify  j^i/^+yF  con- 
tinually diminishes,  so  that  whatever  be  the  initial  state  of  elec- 
trification the  receivers  are  ultimately  oppositely  electrified,  bo  that 
tlie  potentials  of  A  and  B  are  in  the  ratio  of  ^  to  —q. 

On  the  other  band,  the  quantity  pV^qV  continually  increases, 
BO  that,  however  little  pU m&y  exceed  or  fall  short  of  qVai  firet, 
the  di&erence  will  be  increased  in  a  geometrical  ratio  in  each 
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revolution  till  the  electromotive  forces  become  so  ^reat  tbat  the 
insulation  of  the  apparatus  is  overcome. 

Instruments  of  this  kind  ma}'  be  used  for  various  purposes. 

For  producing  a  copious  supply  of  electricity  at  a  high  potential, 
as  is  done  by  means  of  Mr.  Yarley's  large  machine. 

For  adjusting  the  chai^  of  a  condenser,  as  in  the  case  of 
Thomson's  electrometer,  the  charge  of  which  can  be  increased  or 
diminished  by  a  few  turns  of  a  very  small  machine  of  this  kind, 
which  is  then  called  a  Beplenisher.' 

For  multiplying  small  differences  of  potential.  The  inductors 
may  be  charged  at  first  to  an  exceedingly  small  potential,  as,  for 
instance,  that  due  to  a  thermo-electric  pair,  then,  by  taming  the 
machine,  the  diflerence  of  potentials  may  be  contiaually  multiplied 
till  it  becomes  capable  of  measurement  by  an  ordinary  electrometer. 
By  determining  by  experiment  the  ratio  of  iDcrease  of  this  difference 
due  to  each  turn  of  the  machine,  the  original  electromotive  force 
with  which  the  inductors  were  charged  may  be  deduced  from  the 
number  of  turns  and  the  final  electrification. 

In  meet  of  these  instruments  the  carriers  are  made  to  revolve 
about  an  axis  and  to  come  into  the  proper  positions  with  respect 
to  the  inductors  by  turning  an  axle.  The  connexions  are  made  by 
means  of  springs  so  placed  that  the  carriers  come  in  contact  with 
tbem  at  the  proper  instants, 

211."]  Sir  W.  Thomson  *,  however,  has  constructed  a  machine  for 
multiplying  electrical  charges  in  which  the  carriers  are  drops  of 
water  falling  oat  of  the  inside  of  an  inductor  into  an  insulated 
receiver.  The  receiver  is  thus  continually  supplied  with  electricity 
of  opposite  sign  to  that  of  the  inductor.  If  the  inductor  is  electrified 
positively,  the  receiver  will  receive  a  continually  increasing  charge 
of  negative  electricity. 

The  water  is  made  to  escape  from  the  receiver  by  means  of  a 
fimnel,  the  nozzle  of  which  is  almost  surronnded  by  the  metal  of 
the  receiver.  The  drops  falling  from  this  nozzle  are  therefore 
nearly  free  from  electrification.  Another  inductor  and  receiver  of 
the  same  construction  are  arranged  so  that  the  inductor  of  the 
one  system  is  in  connexion  with  the  receiver  of  the  other.  Hie 
rate  of  increase  of  charge  of  the  receivers  is  thus  no  longer  constant, 
but  increases  in  a  geometrical  progression  with  the  time,  the 
charges  of  the  two  receivers  being  of  opposite  signs.  This  increase 
goes  on  till  the  falling  drops  are  so  diverted  from  their  course  by 
•  Proc.  R.  8.,  JuD*  20, 1867. 
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the  electrical  actioB  that  they  fall  outside  of  the  receiver  or  even 
strike  the  inductor. 

In  this  instrument  the  energy  of  the  electrification  is  drawn 
from  that  of  the  falling  drops. 

212.]  Several  other  electrical  machines  have  heen  constructed 
in  which  the  principle  of  electric  induction  is  employed.  Of  these 
the  moat  remarkable  is  that  of  Holtz,  in  which  the  carrier  is  a  glass 
piste  varnished  with  gum-lac  and  the  inductors  are  pieces  of 
pasteboard.  Sparks  are  prevented  from  passing  between  the  parts 
of  the  apparatus  hy  means  of  two  glass  plates,  one  on  each  side 
of  the  revolving  carrier  plate.  This  machine  is  found  to  he  very 
effective,  and  not  to  be  much  affected  hy  the  state  of  the  atmo- 
sphere. The  principle  is  the  same  as  in  the  revolving  douhler  and 
the  instruments  developed  out  of  the  same  idea,  but  as  the  carrier 
is  an  insulating  plate  and  the  inductors  are  imperfect  conductors, 
the  complete  explanation  of  the  action  is  more  difficult  than  in 
the  case  where  the  carriers  are  good  conductors  of  known  form 
and  are  charged  and  dischaigcd  at  definite  points. 

318.]  In  the  electrical  machines  already  described  sparks  occur 
whenever  the  carrier  comes  in 
contact  with  a  conductor  at  a 
different  potential  from  its 
own. 

Now  we  have   shewn   that 
»,,    .        whenever  this  occars  there  ia 
flU    U       a  loss  of  energy,  and  therefore 
the  whole  work   employed  in 
turning  the  machine  is  not  con- 
verted into  electrification  in  an 
available  form,  but  part  is  spent 
p,  in  producing  the  heat  and  noise 

of  electric  sparks, 
I  have  therefore  thought  it  desirable  to  shew  how  an  electrical 
machine  may  be  constructed  which  is  not  subject  to  this  loss  of 
efficiency.  I  do  not  propose  it  as  a  useful  form  of  machine,  but 
as  an  example  of  the  method  by  which  the  contrivance  called  in 
heat-engines  a  regenerator  may  be  applied  to  an  electrical  machine 
to  prevent  loss  of  work. 

In  the  figure  let  A,  B,  C,  £,  J',  C  represent  hollow  fixed 
conductors,  so  arranged  that  the  carrier  P  passes  in  succession 
within  each  of  them.    Of  these  ^,  I  tiAB^B  nearly  surround  the 
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carrierwhen  it  is  at  the  middle  point  of  its  passage,  but  C,  C  Ao  not 
cover  it  so  much. 

We  shall  suppose  A,  B^  C  \x>  he  connected  with  a  Leyden  jar 
of  great  capacity  at  potential  V,  and  J',  .S*,  (7*  to  be  connected  with 
another  jar  at  potential  —  V. 

P  is  one  of  the  carriers  moving  in  a  circle  from  A  to  C,  &c., 
and  tonchiDg  in  its  coarse  certain  springs,  of  which  a  and  a"  are 
connected  with  A  and  Af  respectively,  and  e,  /  are  connected  with 
the  earth. 

Let  us  suppose  that  when  the  carrier  P  is  in  the  middle  of  A 
the  coefficient  of  induction  between  P  and  A  is  —A.  The  capacity 
of  i*  in  this  position  ta  greater  than  A,  since  it  is  not  completely 
surrounded  by  the  receiver  A.     Let  it  be  ^  +a. 

Then  if  the  potential  o(  P  is  U,  and  that  of  A,  7,  the  charge 
on  P  will  be  (^  +  rt)  JJ—A  V. 

"^lyn  let  P  be  in  contact  with  the  spring  a  when  in  the  middle 
of  the  receiver  A,  then  the  potential  of  P  is  V,  the  same  as  that 
of  A,  and  its  charge  is  therefore  aV. 

If  P  now  leaves  the  spring  a  it  carries  with  it  the  charge  a¥. 
As  P  leaves  A  its  potential  diminishes,  and  it  diminishes  still  more 
when  it  comes  within  the  influence  of  C,  which  is  negatively 
electri6ed. 

If  when  P  comes  within  C  its  coefficient  of  induction  on  C  is 
—  C,  and  its  capacity  is  C  +  tf,  then,  if  V  ia  the  potential  of  P 
the  charge  on  P  ie 

If  cr'=ar, 

then  at  this  point  U  the  potential  of  P  will  be  reduced  to  zero. 

Let  P  at  this  point  come  in  contact  with  the  spring  e'  which  ie 
connected  with  the  earth.  Since  the  potential  of  P  is  equal  to  that 
of  the  spring  there  will  be  no  spark  at  contact. 

This  conductor  C,  by  which  the  carrier  is  enabled  to  be  connected 
to  earth  without  a  spark,  answers  to  the  contrivance  called  a 
regenerator  in  heat^ngines.  We  shall  therefore  call  it  a  Re- 
generator. 

Now  let  P  move  on,  still  in  contact  with  the  earth-spring  e,  till 
it  comes  into  the  middle  of  the  inductor  B,  the  potential  of  which 
ia  K  If  —  .fi  ia  the  coefficient  of  induction  between  P  and  B  at 
this  point,  then,  since  £/'=  0  the  charge  on  Pwill  be  —BV. 

When  P  moves  away  from  the  earth-spring  it  carries  this  charge 
with  it.     As  it  moves  oat  of  the  oositive  inductor  B  towards  the 
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negative  receiver  £  its  potential  will  be  increasing]}'  negative.  At 
the  middle  of  A!,  if  it  retained  its  charge,  its  potential  would  be 
A^f'-VBV 
A'  +  a'  ' 
and  if  SV  is  greater  than  a'V  its  numerical  value  will  be  greater 
than  that  of  V.  Hence  there  is  some  point  before  P  reaches  the 
middle  of  A'  where  its  potential  is  —  F',  At  this  point  let  it  come 
in  contact  with  the  negative  receiver-spring  a'.  1'here  will  be  no 
spark  since  the  two  bodies  are  at  the  same  potential.  Let  P  move 
on  to  the  middle  of  jf,  still  in  contact  with  the  spring,  and  therefore 
at  the  same  potential  with  A'.  During  this  motion  it  communicates 
a  negative  charge  to  A^.  At  the  middle  of  A'  it  leaves  the  spring 
and  carries  away  a  charge  —a'F'  towards  the  positive  regenerator 
C,  where  its  pot«ntial  is  reduced  to  zero  and  it  touches  the  earth- 
spring  e.  It  then  slides  along  the  earth-spring  into  the  negative 
inductor  S",  during  which  motion  it  acquires  a  positive  charge  S'F' 
which  it  finally  communicates  to  the  positive  receiver  A,  and  the 
cycle  of  operations  is  repeated. 

During  this  cycle  the  positive  receiver  has  lost  a  charge  aV  had 
gained  a  charge  S'F'.  Hence  the  total  gain  of  positive  electricity 
is  JTF'-aF. 

Similarly  the  total  gain  of  negative  electricity  is  BF—a'F'. 

By  making  the  inductors  so  as  to  be  as  close  to  the  surfnce  of 
the  carrier  as  is  consistent  with  insulation,  B  and  B'  may  be  made 
large,  and  by  making  the  receivers  so  as  nearly  to  surround  the 
carrier  when  it  is  within  them,  a  and  a'  may  be  made  very  small, 
and  then  the  charges  of  both  the  Leyden  jars  will  be  increased  in 
every  revolution. 

The  conditions  to  be  fulfilled  by  the  regenerators  are 
Cr=aF,    and     Cr=a'r', 

Since  a  and  a'  are  small  the  regenerators  do  not  require  to  be 
either  large  or  very  close  to  the  carriers. 

On  Electromefert  and  Electroicopea. 

214,]  An  electrometer  is  an  inrtrumeiit  by  means  of  which 
electrical  charges  or  electrical  potentials  may  be  measured.  In- 
struments by  means  of  which  the  existence  of  electric  charges  or 
of  differences  of  potential  may  he  indicated,  but  which  are  not 
capable  of  affording  numerical  measures,  are  called  Electroscopes. 

An  electroscope  if  sufficiently  sensitive  may  be  used  in  electrical 
measurements,  provided  we  can  make  the  measurement  depend  on 
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the  absence  of  eleotrificatioD.  For  instance,  if  we  have  two  charged 
bodies  A  and  B  we  may  use  the  method  described  in  Chapter  I  to 
determine  which  body  has  the  greater  charge.  Let  the  body  A 
be  carried  by  an  inealating  support  into  the  interior  of  an  insulated 
closed  vessel  C.  Let  C  be  connected  to  earth  and  again  insulated. 
There  will  then  be  no  external  electrification  on  C.  Now  let  A 
be  removed,  and  B  introduced  into  the  interior  of  C,  and  the  elec- 
trification of  C  tested  by  an  electroscope.  If  the  charge  of  i?  ia 
equal  to  that  of  A  there  will  he  no  electrification,  but  if  it  is  greater 
or  less  there  will  be  electrification  of  the  same  kind  as  that  of  B,  or 
the  opposite  hind. 

Methods  of  this  kind,  in  which  the  thing  to  be  observed  is  the 
non-existence  of  some  phenomenon,  are  called  null  or  zero  methods. 
They  require  only  an  instrument  capable  of  detecting  the  eststence 
of  the  phenomenon. 

In  another  class  of  instruments  for  the  registration  of  phe- 
nomena the  instruments  may  be  depended  upon  to  give  always  the 
same  indication  for  the  same  value  of  the  quantity  to  be  registered, 
but  the  readings  of  the  scale  of  the  instrument  are  not  proportional 
to  the  values  of  the  quantity,  and  the  relation  between  these 
readings  and  the  corresponding  value  is  unknown,  except  that  the 
one  is  some  continuous  function  of  the  other.  Several  electrometers 
depending  on  the  mutual  repulsion  of  parts  of  the  instmmeot 
which  are  similarly  electrified  are  of  this  class.  The  use  of  such 
instruments  is  to  register  phenomena,  not  to  measnre  them.  Instead 
of  the  true  values  of  the  quantity  to  be  measured,  a  series  of 
numbers  is  obtained,  which  may  be  used  afterwards  to  determine 
these  values  when  the  scale  of  the  instrument  has  been  properly 
investigated  and  tabulated. 

In  a  still  higher  class  of  instruments  the  scale  readings  are 
proportional  to  the  quantity  to  be  measured,  so  that  all  that  is 
required  for  the  complete  measurement  of  the  quantity  is  a  know- 
\eA^  of  the  coefficient  by  which  the  scale  readings  must  be 
multiplied  to  obtain  the  true  valne  of  the  quautity. 

Instruments  so  constructed  that  they  contain  within  themselves 
the  means  of  independently  determining  the  true  values  of  quan- 
tities are  called  Absolute  Instruments. 


Qmlomb't  Tortion  Balance. 
215.]  A  great  number  of  the  exjerimentB  bj  which  Coulomb 
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established  the  fnndamental  laws  of  electricity  were  made  by  mea- 
suring the  force  between  two  email  spheres  charged  with  electricity, 
one  of  which  was  fiied  while  the  other  was  held  in  equilibriam  by 
two  forces,  the  electrical  action  between  the  spheres,  and  the 
torsional  elasticity  of  a  glass  fibre  or  metal  wire.     See  Art.  38. 

The  balance  of  torsion  consists  of  a  horizontal  arm  of  gum-lac, 
suspended  by  a  fine  wire  or  glass  fibre,  and  carrying  at  one  end  a 
little  sphere  of  elder  pith,  smoothly  gilt.  The  suspension  wire  is 
fastened  above  to  the  vertical  axis  of  an  arm  which  can  be  moved 
round  a  horizontal  graduated  circle,  so  as  to  twist  the  upper  end 
of  the  wire  about  its  own  axis  any  number  of  degrees. 

The  whole  of  this  apparatus  is  enclosed  in  a  case.  Another  little 
sphere  is  so  mounted  on  an  iq^ulatiog  stem  that  it  can  be  charged 
and  introduced  into  the  case  through  a  hole,  and  brought  so  that 
its  centre  coincides  with  a  definite  point  in  the  horizontal  circle 
described  by  the  suspended  sphere.  The  position  of  the  suspended 
sphere  is  ascertained  by  means  of  a  graduated  circle  engraved  on 
the  cylindrical  glass  case  of  the  instrument. 

Now  suppose  both  spheres  charged,  and  the  suspended  sphere 
in  equilibrium  in  a  known  position  such  that  the  torsion-arm  makes 
an  angle  $  with  the  radius  through  the  centre  of  the  fixed  sphere. 
The  distance  of  the  centres  is  then  2a  an  \0,  where  a  is  the  radios 
of  the  torsion-arm,  and  if  i^  ie  the  force  between  the  spheres  the 
moment  of  this  force  about  the  axis  of  torsion  is  Fa  cos  \  9, 

Let  both  spheres  be  completely  discharged,  and  let  the  torsion- 
arm  now  be  in  equilibrium  at  an  angle  ^  with  the  radius  throngh 
the  fixed  sphere. 

Then  the  angle  through  which  the  electrical  force  twisted  the 
torsion-arm  must  have  been  0—f,  and  if  Jf  is  the  moment  of 
the  torsional  elasticity  of  the  fibre,  we  shall  have  the  equation 
Facoaie  =  M{9-<i,). 

Hence,  if  we  can  ascertain  M,  we  can  determine  F,  the  actmal 
force  between  the  spheres  at  the  distance  2a  sin  {6. 

To  find  M,  the  moment  of  torsion,  let  /be  the  moment  of  inertia 
of  the  torsion-arm,  and  T  the  time  of  a  doable  vibration  of  the  arm 
under  the  action  of  the  torsional  elasticity,  then 

In  all  electrometers  it  is  of  the  greatest  importance  to  know 
what  force  we  are  measuring.     The  force  acting  on  the  suspended 
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sphere  is  due  partly  to  the  direct  action  of  the  fixed  sphere,  but 
partly  also  to  the  electrification,  if  any,  of  the  eidee  of  the  case. 

If  the  case  is  made  of  glass  it  is  impossible  to  determine  the 
electrification  of  its  surface  otherwise  than  by  very  difficult  mea- 
surements at  every  point.  If,  however,  either  the  case  is  made 
of  metal,  or  if  a  metallic  case  which  almost  completely  encloses  the 
apparatus  is  placed  as  a  screen  between  the  spheres  and  the  glass 
case,  the  electrification  of  the  inside  of  the  metal  screen  will  depend 
entirely  on  that  of  the  spheres,  and  the  electrification  of  the  gloss 
case  will  have  do  influence  on  the  spheres.  In  t^is  way  we  may 
avoid  any  indeflniteness  due  to  the  action  of  the  case. 

To  illustrate  this  by  an  example  in  which  we  can  calculate  all 
the  effects,  let  us'  suppose  that  the  case  is  a  sphere  of  radius  b, 
that  the  centre  of  motion  of  the  torsion-arm  coincides  with  the 
centre  of  the  sphere  and  that  its  radius  is  a ;  that  the  charges  on 
the  two  spheres  are  Hi  and  E,  and  that  the  angle  between  their 
positions  is  0 ;  that  the  fixed  sphere  is  at  a  distance  a^  from  the 
centre,  and  that  r  is  the  distance  between  the  two  small  spheres. 

Neglecting  for  the  present  the  effect  of  induction  on  the  dis- 
tribution of  electricity  on  the  small  spheres,  the  force  between 
them  will  be  a  repulsion 

_EEi 

and  the  moment  of  this  force  round  a  vertical  axis  through  the 
centre  will  be 


The  image  of  E^  due  to  the  spherical  surface  of  the  case  is  a  point 

in  the  same  radius  at  a  distance  —  with  a  charge  — ^,  — ,  and  the 

moment  of  the  attraction  between  E  and  this  image  about  the  axis 

of  suspension  is 

^'  ■    a 
,  a  —  sin  fl 


^^1- 


I J 


j*-2  — cosfl  +  - 


=  EEi- 


=9-^^ 


If  b,  the  radius  of  the  spherical  case,  is  large  compared  with  a 
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and  a^ ,  the  distances  of  the  spheres  from  the  centre,  we  may  neglect 
the  secood  and  third  terms  of  the  factor  in  the  denominator.  The 
whole  moment  tending  to  turn  the  torsioo-arm  ttt&y  then  be  written- 


ElectTometers/tiT  the  Measureme»t  (^  PotenttaU, 

216.]  In  all  electrometers  the  moveable  part  is  a  body  charged 
with  electricity,  and  its  potential  is  different  from  that  of  certain 
of  the  fixed  parts  roimd  it.  When,  as  in  Coulomb's  method,  an 
insulated  body  having  a  certain  charge  is  nsed,  it  is  the  charge 
which  ie  the  direct  object  of  measurement.  We  may,  however, 
connect  the  balls  of  Coulomb's  electrometer,  by  means  of  fine  wires, 
with  different  conductors.  The  charges  of  the  balls  will  then 
depend  on  the  values  of  the  potentials  of  these  conductors  and  on 
the  potential  of  the  case  of  the  instrument.  The  charge  on  each 
ball  will  be  appro :iimately  eqnal  to  its  radius  multiplied  by  the 
excess  of  its  potential  over  that  of  the  case  of  the  instrument, 
provided  the  radii  of  the  balls  are  small  compared  with  their 
distances  from  each  other  and  from  the  sides  or  opening  of  the 
case. 

Coulomb's  form  of  apparatus,  however,  is  not  well  adapted  for 
measurements  of  this  kind,  owing  to  the  smallness  of  the  force 
between  spheres  at  the  proper  distances  when  the  difference  of  po- 
tentials is  small.  A  more  convenient  form  is  that  of  the  Attracted 
Disk  Electrometer.  The  first  electrometers  on  this  principle  were 
constructed  by  Sir  W.  Snow  Harris*.  They  have  since  been 
brought  to  great  perfection,  both  in  theory  and  consti-uction,  by 
Sir  W.  Thomson  f. 

When  two  disks  at  different  potentials  are  brought  &ce  to  face 
with  a  small  interval  between  them  there  will  be  a  nearly  uniform 
electrification  on  the  opposite  faces  and  very  little  electrification 
on  the  backs  of  the  disks,  provided  there  are  no  other  conductors 
or  electrified  bodies  in  the  neighbourhood.  The  charge  on  the 
positive  disk  will  be  approximately  proportional  to  its  area,  and  to 
the  difference  of  potentials  of  the  disks,  and  inversely  as  the  distance 
between  them.     Hence,  by  making  the  areas  of  the  disks  large 

•  Phil.  Tmm.  183*. 

t  See  an  excellent  report  on  Electeunsten  b;  Sir  W.  Thomion.  Repori  of  (JU 
BritiA  A$K)ti<aion,  Dundee,  1S67. 
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and  th«  distanoe  between  them  small,  a  small  diSereace  of  potential 
Diay  give  rise  to  a  measarable  force  of  attrsctioD. 

The  mathematical  theory  of  the  distribation  of  eleotrioity  over 
two  disks  thas  arranged  is  given  at  Art.  202,  but  since  it  is  im- 
poeeible  to  make  the  case  of  the  apparatus  so  large  that  we  may 
sappose  the  diaka  insulated  in  an  infinite  space,  the  indications  of 
the  inatroment  in  thia  form  are  not  easily  interpreted  numerically. 

217.]  The  addition  of  the  goard-ring  to  the  attracted  disk  is  one 
of  the  chief  improTementa  which  Sir  W.  Thomson  has  made  on  the 
apparatus. 

Instead  of  suspending  the  whole  of  one  of  the  disks  and  determ- 
ining the  force  acting  upon  it^  a  central  portion  of  the  disk  b 
separated  from  the  leet  to  form  the  attracted  disk,  and  the  outer 
ring  forming  the  remainder  of  the  disk  is  fixed.  In  this  way  the 
force  is  measured  only  on  tiutt  part  of  the  disk  where  it  is  most 
r^folar,  and  the  want  of  anifonnity  of  the  electrification  near  the 


Rg.  19. 

edge  is  of  no  importance,  as  it  occurs  on  the  gaard-ring  and  not 
on  the  suspended  part  of  the  disk. 

Besides  this,  by  connecting  the  gnard^ring  with  a  metal  cose 
surrounding  the  back  of  the  attracted  disk  and  all  its  suspending 
apparatus,  the  electrification  of  the  back  of  the  disk  is  rendered 
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impossible,  for  it  is  part  of  the  inner  eur&ce  of  a  oloeed  hollow 
conductor  all  at  the  same  potential. 

lliomBOn's  Absolnte  Electrometer  therefore  oooBista  essentially 
of  two  parallel  plates  at  different  potentials,  one  of  which  is  made 
so  that  a  certain  area,  no  part  of  which  is  near  the  ed^  of  the 
plate,  is  moveable  under  the  action  of  electric  force.  To  fix  onr 
ideas  we  may  suppose  the  atbucted  disk  and  guard-ring  Qppermoet. 
The  fixed  disk  is  horizontal,  and  is  mounted  on  an  insulating  stem 
which  has  a  measurable  vertical  motion  given  to  it  by  means  «f 
a  micrometer  screw.  The  guard-ring  is  at  least  aa  huge  as  the 
fixed  disk ;  its  lower  sai&c«  is  truly  plane  and  parallel  to  the  fixed 
disk.  A  delicate  balance  is  erected  on  the  guard-ring  to  which 
is  suspended  a  tight  moveable  disk  which  almost  fills  the  circtdar 
aperture  in  the  guard-ring  without  rubbing  against  its  sides.  The 
lower  surface  of  the  suspended  disk  must  be  truly  plane,  and  we 
must  have  the  means  of  knowing  when  its  plane  coincides  with  that 
of  the  lower  snr&oe  of  the  guard-ring,  so  aa  to  form  a  single  plane 
interrupted  only  by  the  narrow  interval  between  the  disk  and  its 
guard-ring. 

For  this  purpose  the  lower  disk  is  screwed  up  till  it  is  in  contact 
with  the  guatd-ring,  and  the  suspended  disk  is  allowed  to  rest 
upon  the  lower  disk,  so  that  its  lower  surface  is  in  the  same  plane 
as  that  of  the  guard-ring.  Its  position  with  respect  to  the  guard- 
ring-  is  then  ascertained  by  means  of  a  system  of  fiducial  marks. 
Sir  W.  Thomson  generally  uses  for  this  purpose  a  black  hair 
attached  to  the  moveable  part.  This  hair  moves  up  or  down  just 
in  front  of  two  black  dots  on  a  white  enamelled  ground  and  ia 
viewed  along  with  these  dota  by  means  of  a  piano  convex  lens  with 
the  plane  side  next  the  eye.  If  the  hair  as  seen  through  the  lens 
appears  straight  and  bisects  the  interval  between  the  black  dots 
it  is  said  to  be  in  its  lighted  jtotition,  and  indicates  that  the  sus- 
pended disk  with  which  it  moves  is  in  its  proper  position  as  r^ards 
height.  The  horizontality  of  the  suspended  disk  may  be  tested  by 
comparing  the  reflexion  of  part  of  any  object  from  its  upper  surface 
with  that  of  the  remainder  of  the  same  object  from  the  upper 
KUi&oe  of  the  guard-ring. 

The  balance  is  then  arranged  so  that  when  a  known  weight  is 
placed  on  the  centre  of  the  suspended  disk  it  is  in  equilibrium 
in  its  sighted  position,  the  whole  apparatus  being  freed  from 
electrification  by  putting  every  part  in  metallic  communication. 
A  metal  case  is  placed  over  the  guard-ring  so  as  to  enclose  the 
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bftlance  and  sraipended  disk,  sufficient  apertures  being  left  to  see 
tbe  fidacial  marks. 

The  guard-ring,  case,  and  scspended  disk  are  all  in  metallic 
communication  witli  each  other,  but  are  iosnlated  from  the  other 
parts  of  the  apparatus. 

Now  let  it  be  required  to  measore  the  difierenee  of  potentials 
of  two  Gondactors.  The  condactors  are  put  in  communication  with 
the  upper  and  lower  disks  reepectively  by  means  of  wires,  the 
weight  is  taken  off  the  suspended  disk,  and  the  lower  dbk  is 
moved  up  by  means  of  the  micrometer  screw  till  tbe  electrical 
attraction  brings  the  suspended  disk  down  to  its  sighted  position. 
We  then  know  that  the  attraction  between  the  disks  is  equal  to 
the  weight  which  brought  the  disk  to  its  sighted  position. 

If  ^  be  the  numerical  value  of  the  weight,  and  g  the  force  of 
gravity,  the  force  is  Wg,  and  'ilA'vi  the  area  of  the  suspended 
dish,  I)  the  distance  between  the  disks,  and  7  the  difference  of  the 
potentials  of  the  disks  *, 

*  Lat  n«  denota  the  ndiui  of  tbe  niipended  diik  by  R,  and  (hat  of  the  »pertan 
of  the  enud-riDg  by  K,  then  the  braadth  of  the  MiDnlar  interral  between  the 
duk  and  the  ring  will  be  B^R-  R. 

If  the  dietuiee  between  the  niqieiided  diik  and  the  large  filed  dbk  ie  A  and 
the  difbrence  of  potentials  between  theae  diaki  ia  F,  then,  by  the  inTsstigatioil  in 
Art.  301,  the  quantity  of  electricity  on  the  (Uipended  disk  mil  be 


,Iog<B_ 


<»    o-0.220636(B'-iE). 


If  the  anrfkoe  of  the  goard-ring  ii  not  exactly  in  the  plane  of  the  eurface  of 
tlte  mipended  dlak,  let  na  inppoee  that  the  dietanee  between  the  fixed  disk  and 
the  guard-ring  is  not  H  but  D  +  s  —  I/,  then  It  appean  fivm  the  ioTertigation  In 
Axt.  S2G  that  there  will  be  an  additional  chaigs  of  electriuity  near  the  edge  of 
the  diak  on  aocmmt  of  ita  height  z  above  the  general  inrboe  of  the  gnard-iiog. 
The  whole  charge  in  thia  caae  ia  thmefoie,  approximately, 

«  -  ^  1 -8^- "aTr  BT^ ■*■ -g- <^-^^  ^' -TTTir  ( ■ 

a  of  the 

where      R  ••  radim  of  auipended  diik, 

R  ~  ladina  of  aperture  in  the  gnard-iing, 
D  —  diatanoe  between  fixed  and  loifiended  diaka, 
ly  pa  diatanoe  between  fixed  diek  and  gnard-ring, 
a  -O.2S0fl3B(fl'-Ji). 
When  a  ia  imall  compared  with  D  we  may  ne^ect  the  Moond  Xtata,  and  when 
ly—D  ia  amall  we  may  neglect  the  laat  tenn. 

^'  DigiLizedbyGoOJ^lc 


308  BLECTBOSTATIC  IHSTBUKElTra.  [218. 

If  the  soapended  disk  is  circalAr,  of  radius  B,  and  if  the  ndins  of 
the  spertore  of  the  guard-ring  is  S^,  then 

218.]  Since  there  is  always  Bome  imcertainty  in  determining  the 
micrometer  reading  corresponding  to  Z)  =  0,  and  ranee  any  error 
in  the  poeition  of  the  suspended  disk  is  most  important  when  D 
is  small,  Sir  W.  Thomson  prefers  to  make  all  hie  measurements 
depend  on  differences  of  the  electromotive  force  7.  Thus,  if  Tand 
V  are  two  potentials,  and  D  and  If  the  corresponding  distances. 


r-r-=(z--inV^- 


For  instance,  in  order  to  measure  the  electromotive  force  of  a 
galvanic  battery,  two  electrometers  are  used. 

By  means  of  a  condenser,  kept  charged  if  necessary  by  a  re- 
plenisher,  the  lower  disk  of  the  principal  electrometer  is  maintained 
at  a  constant  potential.  This  is  tested  by  connecting  the  lower 
disk  of  the  principal  electrometer  with  the  lower  disk  of  a  secondary 
electrometer,  the  suspended  disk  of  which  is  connected  with  the 
earth.  The  distance  between  the  disks  of  the  secondary  elec- 
trometer and  the  force  required  to  bring  the  suspended  disk  to 
its  sighted  portion  being  constant,  if  we  raise  the  potential  of  the 
condenser  till  the  secondary  electrometer  is  in  its  sighted  position, 
we  know  that  the  potential  of  the  lower  disk  of  -  the  principal 
electrometer  exceeds  that  of  the  earth  by  a  constant  quantity  which 
we  may  call  7. 

If  we  now  connect  the  positive  electrode  of  the  battery  to  earth, 
and  connect  the  suspended  disk  of  the  principal  electrometer  to  the 
negative  electrode,  the  difference  of  potentials  between  the  disks 
will  be  7-Y  r,  if  »  is  the  electromotive  force  of  the  battery.  Let 
Ji  be  the  reading  of  the  nucrometer  in  this  case,  and  let  If  be  the 
reading  when  the  suspended  disk  is  connected  with  earth,  then 


=  (i>-20V^- 


In  this  way  a  small  electromotive  force  v  may  be  measured 
by  the  electrometer  with  the  disks  at  conveniently  measurable 
distances.  When  the  distance  is  too  small  a  small  change  of 
absolute  distance  makes  a  great  change  in  the  force,  since  the 
force  varies  inversely  as  the  square  of  the  distance,  so  that  any 
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(error  in  the  abeolnte  distance  introdacee  a  large  error  in  the  result 
unless  the  distance  is  lar^  compared  with  the  limits  of  error  of 
the  micrometer  screw. 

The  effect  of  small  irregularities  of  form  in  the  sarfacee  of  the 
disks  and  of  the  interval  between  them  diminish  according  to  the 
inverse  cnbe  and  higher  inverse  powers  of  the  distance,  and  what- 
ever be  the  form  of  a  corrugated  surface,  the  eminences  of  which 
JDst  reach  a  plane  surface,  the  electrical  eflTect  at  any  distance 
which  is  considerable  compared  to  the  breadth  of  the  corrugations, 
is  the  same  as  that  of  a  plane  at  a  certain  small  distance  behind 
the  plane  of  the  tops  of  the  eminences.     See  Arts.  197, 198. 

By  means  of  the  anziliary  electrificatioD,  tested  by  the  auxiliary 
electrometer,  a  proper  interval  between  the  disks  is  secured. 

The  anziliary  electrometer  may  be  of  a  simpler  construction,  in 
which  there  is  no  provision  for  the  determination  of  the  force 
of  attracHon  in  absolute  measure,  since  all  that  is  wanted  is  to 
secure  a  eonstant  electrification.  Such  an  electrometer  may  be 
called  a  gauge  electrometer. 

This  method  of  using  an  auxiliary  electrification  besides  the  elec- 
trification to  be  measured  is  called  the  Heterostatic  method  of 
electrometry,  io  opposition  to  the  Idioatatao  method  in  which  the 
whole  effect  is  produced  by  the  electrification  to  be  measured. 

In  several  forms  of  the  attracted  disk  electrometer,  the  attracted 
disk  is  placed  at  one  end  of  an  arm  which  is  supported  by  being 
attached  to  a  platinum  wire  passing  through  its  centre  of  gravity 
and  kept  stretched  by  means  of  a  spring.  The  other  end  of  the 
arm  carries  the  hair  which  is  brought  to  s  sighted  position  by 
altering  the  distance  between  the  disks,  and  so  adjusting  the  force 
of  the  electric  attraction  to  a  constant  value.  In  these  electro- 
meters this  force  is  not  in  general  determined  in  absolute  measure, 
but  is  known  to  be  constaut,  provided  the  torsional  ehisticity  of 
the  platinum  wire  does  not  change. 

The  whole  apparatus  is  placed  in  a  Leyden  jar,  of  which  the  inner 
eor&ce  is  chaiged  and  connected  with  the  attracted  disk  and 
guard-ring.  The  other  disk  is  worked  by  a  micrometer  screw  and 
is  connected  first  with  the  earth  and  then  with  the  conductor  whose 
potential  is  to  be  measured.  The  difference  of  readings  multiplied 
by  a  constant  to  be  determined  for  each  electrometer  gives  the 
pcteatial  required. 

219.]  The  electrometers  already  described  are  not  self-acting, 
bat  require  for  each  observation  an  adjustment  of  a  micrometer 
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screw,  or  some  other  movement  which  mast  be  made  by  the 
obaerrer.  They  are  therefore  not  fitted  to  act  as  self-re^stering 
instraments,  which  most  of  themselves  move  into  the  proper 
position.  This  condition  ia  fulfilled  by  Thomson's  Qnadnint 
Electrometer. 

The  electrical  principle  on  which  this  instrumeDt  is  foonded  may 
be  thoB  explained  : — 

A  and  B  are  two  fixed  condactors  which  may  be  at  the  same 
or  at  different  potentials.  (7  is  a  moveable  conductor  at  a  high 
potential,  which  is  so  placed  that  part  of  it  is  opposite  to  the 
surface  of  ^  and  part  opposite  to  that  oiB,  and  that  the  proportions 
of  these  parts  are  altered  as  C  moves. 

For  this  purpose  it  is  most  convenient  to  make  Cmoveable  about 
an  axis,  and  make  the  opposed  surfaces  of  A,  of  S,  and  of  C  portione 
of  surfaces  of  revolution  about  the  same  axis. 

In  this  way  the  distance  between  the  suriaoe  of  C  and  the 
opposed  surfaces  of  A  or  o!  S  remains  always  the  same,  and  the 
motion  of  C  in  the  positive  direction  simply  increases  the  area 
opposed  to  B  and  dimiaiahes  the  area  opposed  to  A, 

If  the  potentials  of  A  and  B  are  equal  there  will  be  no  force 
urging  C  from  A  to  B,  but  if  the  potential  of  C  differs  &om  that 
of  B  more  than  from  that  of  A,  then  C  will  tend  to  move  so  as 
to  increase  the  area  of  its  surface  opposed  to  S. 

By  a  suitable  arrangement  of  the  apparatus  this  force  may  be 
made  nearly  constant  for  different  positions  of  C  within  certain 
limits,  so  that  if  C  is  suspended  by  a  torsion  fibre,  its  deflexions 
will  be  nearly  proportional  to  the  difference  of  potentials  between 
A  and  B  multiplied  by  the  difference  of  the  potential  of  C  &om 
the  mean  of  those  of  A  and  B. 

C  is  maintained  at  a  high  potential  by  means  of  a  condenser 
provided  with  a  replenisher  and  tested  by  a  gauge  electrometer, 
and  A  and  B  are  connected  with  the  two  conductors  the  difference 
of  whose  potentials  is  to  be  measured.  The  higher  the  potential 
of  C  the  more  sensitive  is  the  instrument.  This  electrification  of 
C,  being  independent  of  the  electrification  to  be  measured,  places 
this  electrometer  in  the  heterostatic  class. 

We  may  apply  to  this  electrometer  the  g^ieial  theory  of  systems 
of  conductors  given  in  Arts.  93, 127. 

Let  A,  B,  C  denote  the  potentials  of  the  tiiree  conductors  re- 
spectively. Let  a,h,e\>e  their  respective  capacities,^ the  coefficient 
of  induction  between  B  and  C,  ;  that  between  C  and  A,  and  r  that 
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between  A  and  B,  All  these  ooefficienta  will  in  general  vftiy  with 
the  position  of  C,  and  if  (7  is  so  arranged  tbsit  the  extremities  of  A 
Mid  ^  are  not  near  those  o£  Cos  long  as  the  motion  of  C is  confined 
within  certain  limits,  we  may  ascertain  the  form  of  these  coefficients. 
If  $  represents  the  deflexion  of  C  from  A  towards  B,  then  the  part 
of  the  surface  of  A  opposed  to  C  will  diminish  as  0  increases. 
Hence  iT^  is  kept  at  potential  I  while  B  and  Cvn  kept  at  potentdal 
0,  the  charge  on  A  will  be  a  =  a^~~a0,  where  0^  and  a  ate 
constants,  and  a  la  the  capacity  of  A. 

li  A  and  B  are  Bymmetrical,  the  capacity  of  J  is  6  =  ^Q+aft. 

The  capacify  of  (7  is  not  altered  by  the  motion,  for  the  only 
effect  of  the  motion  is  to  bring  a  different  part  of  C  apposite  to  the 
interval  between  A  and  B,     Hence  e  =  Cg. 

The  quantity  of  electric!^  induced  on  C  when  £  is  raised  to 
potential  unity  iap  =:pg—a0. 

The  ooefficieot  of  induction  between  A  and  f7is  j  =  qf,  +  a6. 

The  coefficient  of  induction  between  A  and  B  is  not  altered  by 
the  motion  of  C,  but  remains  r  =  fg . 

H^koe  the  electrical  energy  of  the  ^^m  is 

r=  ^A^a  +  kS'i+iC^c+BCp+CAq+ABr, 
and  if  @  is  the  moment  of  the  foroe  tending  to  increase  0, 

%t=-r^,A,B,C being  supposed  oonstant, 

=  -iJ'a+  \B*a-BCa-^  CAa  ; 

or         0  =  a{A~B)(C-i{A+B)). 

In  the  present  form  of  Thomson's  Quadrant  Electrometer  the 
conductors  A  and  B  are  in  the  form  of 
a  cylindrical  box  completely  divided 
into  four  quadrants,  separately  insu- 
lated, but  joined  by  wires  ao  that  two 
opposite  qnadranta  are  connected  with 
A  and  the  two  others  with  B. 

The  conductor  C  ia  suspended  so  as 
to  be  capable  of  turning  abont  a 
vertical  axis,  and  may  consist  of  two 
opposite  flat  quadrantal  arcs  supported  ^j    ^o 

by  their   radii    at    their   extremities. 
Li  the  pontion  of  e<juilibrium  these  quadrants  should  be  partly 
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witKin  A  and  partly  within  S,  and  the  supporting  radii  Bhonld 
be  near  the  middle  of  the  qoadrants  of  the  hollow  base,  bo  that 
the  divisions  of  the  box  and  the  extremitieB  and  BUpports  of  C 
may  be  as  far  from  each  other  as  possible. 

The  conductor  C  is  kept  permanently  at  a  hig:h  potentitd  by 
being  connected  with  the  inner  coating  of  the  Leyden  jar  which 
forms  the  case  of  the  instmment.  B  and  J.  are  connected,  the  first 
with  the  earth,  and  the  other  with  the  body  whose  potential  is  to  be 
measured . 

If  the  potential  of  this  body  is  zero,  and  if  the  instrument  be 
in  adjustment,  there  ought  to  be  no  force  tending  to  make  C  move, 
bat  if  the  potential  of  A  is  of  the  same  sign  as  that  of  C,  then 
£7  will  tend  to  move  &om  ^  to  ^  with  a  nearly  uniform  force,  and 
the  suspension  apparatus  will  be  twisted  till  an  equal  force  is 
called  into  play  and  produces  equilibrium.  Within  certain  limits 
the  deflexions  of  C  will  be  proportional  to  the  product 

By  increarang  the  potential  of  C  the  seoBibility  of  the  instroment 
may  be  increased,  and  for  small  valaes  of  \{A  +  £)  the  deflexions 
will  be  nearly  proportional  to  (AS)  C, 


Oft  iie  Meamrentettt  of  Electric  Potettlial. 

220.]  Id  order  to  determine  large  differences  of  potential  in  ab- 
Eolote  measure  we  may  employ  the  attracted  disk  electrometer,  and 
compare  the  attraction  with  the  effect  of  a  weight.  If  at  the  same 
time  we  measure  the  difference  of  potential  of  the  same  conductors 
by  means  of  the  quadrant  electrometer,  we  shall  ascertain  the 
absolute  value  of  certain  readings  of  the  scale  of  the  quadrant 
electrometer,  and  in  this  way  we  may  deduce  the  value  of  the  scale 
readings  of  the  quadrant  electrometer  in  terms  of  the  potential 
of  the  saspended  part,  and  the  moment  of  tondon  of  the  suspension 
apparatus. 

To  ascertain  the  potential  of  a  chaiged  conductor  of  finite  dze 
we  may  connect  the  conductor  with  one  electrode  of  Uie  electro- 
meter, while  the  other  is  connected  to  earth  or  to  a  body  of 
oonetant  potential.  The  electrometer  reading  will  give  the  potential 
of  the  conductor  after  the  division  of  its  electricity  between  it 
and  the  part  of  the  electrometer  with  which  it  is  put  in  contact. 
If  K  denote  the  capacity  of  the  condactor,  and  K'  that  of  this  pait 
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of  the  electrometer,  and  iS  V,V'  denote  the  potentials  of  these 
bodies  before  making  contact,  then  their  common  potential  after 
making  contact  will  be 

~      E-irK' 
Hence  the  original  potential  of  the  conductor  was 

If  the  condnctor  is  not  lai^  compared  with  the  electrometer, 
K'  will  be  comparable  with  K,  and  unless  we  can  ascertain  the 
values  of  K  and  R'  the  second  term  of  the  expresBion  will  have 
a  doubtful  value.  But  if  we  can  make  the  potential  of  the  electrode 
of  the  electrometer  very  nearly  eqnal  to  that  of  the  body  before 
making  contact,  then  the  uncertainty  of  the  values  of  K  and  K' 
will  be  of  little  consequence. 

If  we  know  the  value  of  the  potential  of  the  body  approximately, 
we  may  charge  the  electrode  by  means  of  a  '  replenisher '  or  other- 
wise to  this  approximate  potential,  and  the  next  experiment  will 
give  a  closer  approximation.  In  this  way  we  may  measure  the 
potential  of  a  conductor  whose  capacity  is  small  compared  with 
that  of  the  electrometer. 


To  Measure  tie  Fotattial  at  any  Pomi  i*  tie  Air. 

231.]  ^nt  Method.  Place  a  sphere,  whose  radius  is  small  com- 
pared with  the  distance  of  electrified  conductors,  with  its  centre 
at  the  ^ven  point.  Connect  it  by  means  of  a  fine  wire  with  the 
earth,  then  insulate  it,  and  carry  it  to  an  electrometer  and  ascertain 
the  total  charge  on  the  sphere. 

Then,  if  T  be  the  potential  at  the  given  point,  and  a  the 
raditu  of  the  sphere^  the  charge  on  the  sphere  will  be  —  Fa  =  Q, 
and  if  F'  be  the  potential  of  the  sphere  as  measured  by  an  elec- 
trometer when  placed  in  a  room  whose  walls  are  connected  with 
the  earth,  then  ^  =  J"a, 

whence  r+  T'=  0, 

or  the  potential  of  the  air  at  the  point  where  the  centre  of  the 
sphere  was  placed  is  eqnal  bnt  of  opposite  sign  to  the  potential  of 
^e  sphere  after  being  connected  to  earth,  then  insulated,  and 
brought  into  a  room. 

This  method  has  been  employed  by  M.  Delmann  of  Creuznach  in 
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measuring  the  potential  at  a  certain  height  above  the  earth's 
surface. 

Second  Method.  We  have  supposed  the  sphere  placed  at  the 
given  point  and  first  connected  to  earth,  and  then  insulated,  ajid 
carried  into  a  space  surrounded  with  conducting  matter  at  potential 
zero. 

Now  let  us  suppose  a  fine  insulated  wire  carried  from  the  elec- 
trode of  the  electrometer  to  the  place  where  the  potential  is  to 
be  measured.  Let  the  sphere  be  first  discharged  completely.  This 
may  be  done  by  putting  it  into  the  inside  of  a  vessel  of  the  same 
metal  which  nearly  surrounds  it  and  making  it  touch  the  vcflsel. 
Now  let  the  sphere  thus  discharged  be  carried  to  the  end  of  the 
wire  and  made  to  touch  it.  Since  the  sphere  is  not  electrified  it 
will  be  at  the  potential  of  the  air  at  the  place.  If  the  electrode 
wire  is  at  the  same  potential  it  will  not  be  affected  by  the  contact, 
but  if  the  electrode  is  at  a,  different  potential  it  will  by  contact 
with  the  sphere  be  made  nearer  to  that  of  the  air  than  it  was 
before.  By  a  succession  of  such  operations,  the  sphere  being 
alternately  discharged  and  made  to  touch  the  electrode,  the  poten- 
tial of  the  electrode  of  the  electrometer  will  continually  approach 
that  of  the  air  at  the  given  point. 

332.]  To  measure  the  potential  of  a  conductor  without  touching 
it,  we  may  measure  the  potential  of  the  air  at  any  point  in  the 
neighbourhood  of  the  conductor,  and  calculate  that  of  the  conductor 
from  the  result.  If  there  be  a  hollow  nearly  surrounded  by  the 
conductor,  then  the  potential  at  any  point  of  the  air  in  this  hollow 
will  be  very  nearly  that  of  the  conductor. 

In  this  way  it  has  been  ascertained  by  Sir  W.  Thomson  that  if 
two  hollow  conductors,  one  of  copper  and  the  other  of  zinc,  are 
in  metallic  contact,  then  the  potential  of  the  air  in  the  hollow 
surrounded  by  zinc  is  positive  with  reference  to  that  of  the  air 
in  the  hollow  surrounded  by  copper. 

Third  Method.  If  by  any  means  we  can  cause  a  succession  of 
small  bodies  to  detach  themselves  from  the  end  of  the  electrode, 
the  potential  of  the  electrode  will  approximate  to  that  of  the  sur- 
rounding air.  This  may  be  done  by  causing  shot,  filings,  sand,  or 
water  to  drop  out  of  a  funnel  or  pipe  connected  with  the  electrode. 
The  point  at  which  the  potential  is  measured  is  that  at  which 
the  stream  ceases  to  be  continuous  and  breaks  into  separate  parts 
or  drops. 

Another  convenient  method  is  to  fasten  s  alow  match  to  the 
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electrode.  The  potential  ib  very  soon  made  eqnal  to  that  of  the 
air  at  the  burning  «id  of  the  match.  Even  a  fine  metallic  point 
is  lofficient  to  create  a  discharge  b;  meacs  of  the  particles  of  the 
air  when  the  diSereoce  of  potentials  is  considerable,  bat  if  we 
wisli  to  reduce  this  diSereoce  to  zero,  we  must  use  one  of  the 
methods  stated  above. 

If  xre  only  wish  to  ascertain  the  sign  of  the  difference  of  the 
potentials  at  two  places,  and  not  its  namerical  value,  we  may  cause 
dropB  or  filings  to  be  dischaiged  at  one  of  the  places  from  a  nozzle 
connected  with  the  other  place,  and  catch  the  drops  or  filings 
in  an  inatdated  veseel  Each  drqi  as  it  &lls  is  charged  with  a 
certain  amonnt  of  electricity,  and  it  is  completely  discharged  into 
the  vesseL  The  charge  of  the  vessel  therefore  is  coDtinuaUy  ac- 
cumulating, and  after  a  sufiiicient  number  of  drops  have  &11^  the 
charge  of  the  vessel  may  be  tested  by  the  roughest  methods.  The 
sign  of  the  charge  is  positive  if  the  potential  of  the  nozzle  is  positive 
relatively  to  that  of  the  sorrounding  air. 


HKASUBXHEHT  07  SUBPACZ-DENSnT  Of  XLECT&ITICATIOir. 

neory  of  tie  Proof  Plane. 

223.]  In  testing  the  reeolts  of  the  mathematical  theory  of  the 
distribution  of  electricity  on  the  snr&oe  of  conductors,  it  is  necessary 
to  be  able  to  measure  the  surface-density  at  different  points  of 
the  conductor.  For  this  purpose  Coulomb  employed  a  small  disk 
of  gilt  paper  fastened  to  an  insnlatiug  stem  of  gam-lao.  He  ap- 
plied this  dbk  to  variona  points  of  the  conductor  by  placing  it 
so  aa  to  coincide  as  nearly  as  possible  with  the  surface  of  the 
conductor.  He  then  removed  it  by  means  of  the  insulating  stem, 
and  measnred  the  charge  of  the  disk  by  means  of  his  electrometer. 

Since  the  surface  of  the  disk>  when  applied  to  the  conductor, 
nearly  coincided  with  that  of  the  conductor,  he  concluded  that 
the  Borface-density  on  the  outer  surface  of  the  disk  was  nearly 
equal  to  that  on  the  sorface  of  the  conductor  at  that  place,  and  that 
the  charge  on  the  disk  when  removed  was  nearly  eqnal  to  that 
on  an  area  of  the  surface  of  the  conductor  eqnal  to  that  of  one  side 
of  the  disk.  This  disk,  when  employed  in  ihia  way,  ia  called 
Coolomb's  Proof  Plane. 

Ae  objections  have  been  raised  to  Coulomb's  use  of  the  proof 
plane,  1  shall  make  some  remarks  on  the  theory  of  the  experiment. 
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This  experiment  consiBts  in  bringing  a  small  condocting  body 
into  contact  with  the  saiface  of  the  condnctor  at  the  point  where 
the  density  is  to  be  measnred,  and  then  removing  the  body  and 
determining  its  charge. 

We  have  first  to  shew  that  the  charge  on  the  small  body  when 
in  contact  with  the  condnctor  is  proportional  to  the  surface- 
density  which  existed  at  the  point  of  contact  before  the  small  body 
was  placed  there. 

We  shall  suppose  that  all  the  dimensione  of  the  small  body,  and 
especially  its  dimension  in  the  direction  of  the  normal  at  the  point 
of  contact,  are  small  compared  with  either  of  the  radii  of  curvature 
of  the  conductor  at  the  point  of  contact.  Hence  the  variation  of 
the  resultant  force  due  to  the  conductor  supposed  rigidly  electrified 
within  the  space  occupied  by  the  small  body  may  be  neglected, 
and  we  may  treat  the  surface  of  the  conductor  near  the  small  body 
aa  a  plane  sorface. 

Now  the  charge  which  the  small  body  will  take  by  contact  with 
a  plane  surface  will  be  proportional  to  the  resultant  force  normal 
to  the  surface,  that  is,  to  the  surface-density.  We  shall  ascertain 
the  amount  of  the  charge  for  particular  forms  of  the  body. 

We  have  next  to  shew  that  when  the  small  body  is  removed  no 
spark  will  pass  between  it  and  the  conductor,  so  that  it  will  carry 
its  charge  with  it.  This  is  evident,  because  when  the  bodies  are 
in  contact  their  potentials  are  the  same,  and  tlierefore  the  density 
on  the  parts  nearest  to  the  point  of  contact  is  extremely  smaU. 
When  the  small  body  is  removed  to  a  very  short  distance  from 
the  conductor,  which  we  shall  suppose  to  be  electrified  positively, 
then  the  electrification  at  the  point  nearest  to  the  small  body  is 
no  longer  zero  but  positive,  but,  since  the  charge  of  the  small  body 
is  positive,  the  positive  electrification  close  to  the  small  body  will 
be  less  than  at  other  neighbouring  points  of  the  surface.  Now 
the  passage  of  a  spark  depends  in  general  on  the  magnitude  of  the 
resultant  force,  and  this  on  the  surface-density.  Hence,  since  we 
suppose  that  the  conductor  is  not  so  highly  electrified  as  to  be 
discharging  electricity  from  the  other  parts  of  Jt«  sur&ce,  it  will 
not  discharge  a  spark  to  the  small  body  from  a  part  of  its  surface 
which  we  have  shewn  to  have  a  smaller  surface-density. 

224.]  We  shall  now  consider  various  forms  of  the  small  body. 

Suppose  it  to  be  a  small  hemisphere  applied  to  the  conductor  so 
as  to  touch  it  at  the  centre  of  its  flat  side. 

Let  the  conductor  be  a  laigo  sphere,  and  let  os  modify  the  form 
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of  the  hemiapheie  eo  that  its  Bar&ce  is  a  little  more  tliaD  a  hemi- 
sphere, and  meets  the  surface  of  the  sphere  at  rig-ht  angles.  Then 
we  have  a  case  of  which  we  have  already  obtained  the  exact  eolutioa. 
See  Art.  167. 

If  A  and  B  be  the  centres  of  the  two  spheres  catting  each  other 
at  right  angles,  SI/  a  diameter  of  the  circle  of  intersection,  and  C 
the  centre  of  that  circle,  then  if  V  is  the  potential  of  a  condnctor 
whose  outer  surface  coincides  with  that  of  the  two  spheres,  the 
quantity  of  electricity  on  the  exposed  surface  of  the  sphere  A  is 

iV  {AD -\-BI)+ AC-CD  ~BCl 
and  that  on  the  exposed  sur&ce  of  the  sphere  B  is 
\  F{AI)  +  BD+ BC-  CD  -  AC), 
the  total  charge  being  the  sum  of  these,  or 
r{A]}-\-BD-GL). 

If  a  and  p  are  the  radii  of  the  spheres,  then,  when  a  is  large 
compared  with  p,  the  charge  on  £  is  to  that  on  A  in  the  ratio  of 


IScnM^H^' 


Now  let  o  be  the  nniform  Bar&ce-density  on  A  when  B  is  re- 
moved, then  the  charge  on  A  is 

and  tiierefore  the  charge  on  ^  is 

S,^.(l  +  i?  +  &o.), 

or,  when  /3  is  very  small  compared  with  a,  the  charge  on  the 
hemisphere B  is  eqnal  to  three  times  that  dne  to  a  aurface-densityo' 
extending  over  an  area  equal  to  that  of  the  circular  base  of  the 
hemisphere. 

It  appears  from  Art.  176  that  if  a  small  sphere  is  made  to  touch 
an  electrified  body,  and  is  then  removed  to  a  distance  from  it,  the 
mean  surface^ensity  on  the  sphere  is  to  the  surface-density  of  the 
body  at  the  point  of  contact  as  s'  is  to  6,  or  as  1.64fi  to  1. 

225.]  The  moat  convenient  form  for  the  proof  plane  is  that  of 
a  drcnlar  disk.  We  shall  therefore  shew  how  the  charge  on  a 
circular  disk  laid  on  an  electrified  surface  is  to  be  measured. 

For  this  pnrpose  we  shall  construct  a  value  of  the  potential 
function  so  that  one  of  the  eqnipotential  surfaces  resembles  a  circular 
flattened  protuberance  whose  general  form  is  somewhat  like  that  of 
a  disk  lying  on  a  plane. 
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Let  a  be  the  snr&ce-density  of  a  plane,  which  we  shall  suppose 
to  be  that  of  xy. 
The  potential  due  to  this  electrification  will  be 

Now  let  two  disks  of  radios  a  be  rigidly  electrified  with  surface- 
densities  —a'  and  +  "'•  Let  the  first  of  these  be  placed  on  the  plane 
of  xy  with  its  centre  at  the  origin,  and  the  second  parallel  to  it  at 
the  very  small  distance  c. 

Then  it  may  be  shewn,  as  we  shall  see  in  the  theory  of  mag- 
netism, that  the  potential  of  the  two  disks  at  any  point  is  lutr'c, 
where  m  is  the  solid  angle  sabt«nded  by  the  edge  of  either  disk  at 
the  point.     Hence  the  potential  of  the  whole  system  will  be 
F=  —iTi<rz  +  &'ct». 

The  forms  of  the  eqnipotential  sarfaces  and  lines  of  induction 
are  given  on  the  loft-hand  side  of  Fig.  XX,  at  the  end  of  Vol.  H. 

Let  ns  trace  the  Ibrm  of  the  surface  for  which  F'=  0.  This 
sur£ace  is  indicated  by  the  dotted  line. 

PatUng  the  dbtAOce  of  any  point  from  the  axis  of  2  =  r,  then, 
when  r  is  mnch  less  than  a,  and  z  is  small,  we  find 

at  =  2w— 2ir-  +  &C. 

Hence,  for  values  of  r  considerably  less  than  a,  the  equation  of 
the  zero  eqnipotential  surface  is 

0  si  —  iitcz+2itff'e—2iia' h&o.; 


2<r  +  ff^- 


Hence  this  eqnipotential  surface  near  the  axis  is  nearly  flat. 

Outrade  the  disk,  where  r  is  greater  than  a,  to  is  zero  when  2  is 
zero,  BO  that  the  plane  of  oy  is  part  of  the  eqnipotential  surface. 

To  find  where  these  two  parts  of  the  snr&ce  meet,  let  us  find  at 

what  point  of  this  plane  -3-  =  0. 

When  r  ie  very  nearly  eqoal  to  a,  the  solid  angle  u  becomes 

approximately  a  luoe  of  the  sphere  of  unit  radins  whose  angle  is 

tan-'  {z  -§-  (r—a)],  that  is,  to  is  2  tan~^  {s  ■*■  (r— «)},  so  that 

(ir          ,            2a'c 
=  — 4w(r+ 


Hence,  when 


dz 
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Th«  equipotential  Bor&ce  V=:  0  is  tha^ore  composed  of  a  diek- 
]ike  figure  of  nAiaa  fg,  and  nearly  uniform  thicknesa  x^,  and  of  the 
part  of  the  infinite  plane  of  ^  which  lies  beyond  this  Ggure. 

The  8nr&ce-integ:ral  over  the  whole  dish  gives  the  charge  of 
electricity  on  it.  It  may  be  found,  as  in  the  theory  of  a  circular 
current  in  Fart  IV,  Art.  704,  to  be 

Q  =  4wo<r'c{log  — £- — 2} +wffr„«. 

The  chai^  on  an  eqnal  area  of  the  plane  surface  is  var^,  hence 

the  charge  on  the  disk  exceeds  that  on  an  equal  area  of  the  plane 

in  the  ratio  of             .     „  2  ,      8jrr ,        ., 
1  +  8  —  log to  unity, 

where  z  is  the  thickness  and  r  the  radius  of  the  disk,  t  being  sup- 
posed small  compared  with  r. 

Ok  Mecirie  Accumulatort  and  the  Measurement  of  Capacity. 

226.]  An  Accumulator  or  Condenser  is  an  apparatus  consiBtingof 
two  conducting  surfaces  separated  by  an  insulating  dielectric  medium. 

A  Leyden  jar  is  an  accumulator  in  which  an  inside  coating  of 
tinfoil  is  separated  from  the  outside  coating  by  the  glass  of  which 
the  jar  is  made.  The  original  Leyden  phial  was  a  glass  Tessel 
containing  water  which  was  separated  by  the  glass  from  the  hand 
which  held  it. 

The  outer  surface  of  any  insulated  conductor  may  be  considered 
as  cne  of  the  surfaces  of  an  accumulator,  the  other  being  the  earth 
or  the  walls  of  the  room  in  which  it  is  placed,  and  the  intervening 
air  b«ng  the  dielectric  medium. 

The  capacity  of  an  accumulator  is  measured  by  the  quantity  of 
electricity  with  which  the  inner  surface  must  be  charged  to  make 
the  difference  between  the  potentials  of  the  surfaces  unity. 

Since  every  electrical  potential  is  the  sum  of  a  number  of  parts 
fonnd  by  dividing  each  electrical  element  by  its  distance  from  a 
point,  the  ratio  of  a  quantity  of  electricity  to  a  potential  must 
have  the  dimensions  of  a  line.  Hence  electrostatic  capacity  is  a 
linear  quantity,  or  we  may  measure  it  in  feet  or  metres  without 
ambiguity. 

Id  electrical  researches  accumulators  are  used  for  two  principal 
purposes,  for  receiving  and  retuning  large  quantities  of  electricity 
in  as  small  a  compass  as  possible,  and  for  measuring  definite  quan- 
tities of  electricity  by  means  of  the  potential  to  which  they  raise 
the  accumulator. 


DigiLized  by  Google 


820  ELECTBOSTATIC  IHSTBUMBHTS.  [227. 

For  the  retention  of  electrical  cliarges  nothing  has  heen  devised 
more  perfect  than  the  Leyden  jar.  The  principal  part  of  the  loss 
arises  from  the  electricity  creeping  along  the  damp  ancoat«d  snr&ce 
of  the  glass  irom  the  one  coating  to  the  other.  This  may  be  checked 
in  a  great  d^ree  by  artificially  drying  the  air  within  the  jar,  and 
by  varnishing  the  sarface  of  the  glass  where  it  is  exposed  to  the 
atmosphere.  In  Sir  W.  Thomson's  electroscopes  there  is  a  veiy 
small  percentage  of  loss  from  day  to  day,  and  I  believe  that  none 
of  this  lose  can  be  traced  to  direct  conduction  either  through  air 
or  throngh  glass  when  the  glass  is  good,  but  that  it  arises  chiefly 
&om  superficial  conduction  along  the  various  iusolAting  stems  and 
glass  sorfaces  of  the  instrument. 

In  &ct,  the  same  electrician  has  oomniunicated  a  charge  to 
Bulphuric  acid  in  a  large  bulb  with  a  long  neck,  and  has  then  her- 
metically sealed  the  neck  by  fusing  it,  so  that  the  charge  was  com- 
pletely surrounded  by  glass,  and  after  some  years  the  charge  was 
found  still  to  be  reined. 

It  is  only,  however,  when  cold,  that  glass  insulates  in  this 
way,  for  the  chaige  escapes  at  once  if  the  glass  is  heated  to 
a  temperatnre  below  lOCC. 

When  it  is  desired  to  obtain  great  capacity  in  small  compass, 
accumulators  in  which  the  dielectric  is  ^eet  caoutchouc,  mica,  ot 
paper  impr^nated  with  para£Sn  are  convenient, 

227,]  For  accnmulators  of  the  second  class,  intended  for  the 
measurement  of  quantities  of  electricity,  all  solid  dielectrics  mnst  be 
employed  with  great  caution  on  account  of  the  prop«^  which  th^ 
possess  called  Electric  Absorption, 

The  only  safe  dielectric  for  such  accumulators  is  air,  which  has 
this  inconvenience,  that  if  any  dust  or  dirt  gets  into  the  narrow 
space  between  the  opposed  surfaces,  which  ought  to  be  occupied  only 
by  air,  it  not  only  alters  the  thickness  of  the  stratum  of  air,  but 
may  establish  a  connexion  between  the  opposed  Bor&ces,  tn  which 
case  the  accumulator  will  not  hold  a  charge. 

To  determine  in  absolute  measure,  that  is  to  say  in  feet  or  metres, 
the  capacity  of  an  accumulator,  we  most  either  first  ascertain  its 
form  and  size,  and  then  solve  the  problem  of  the  distribution  of 
electricity  on  its  opposed  sorfaces,  or  we  must  compare  its  capacity 
with  that  of  another  accumulator,  for  which  this  problem  has  been 
solved. 

As  the  problem  is  a  very  difiScult  one,  it  is  best  to  begin  with  an 
accumulator  constmcted  of  a  form  for  which  the  solntion  is  known. 
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Thus  the  capacity  of  an  inBulatod  sphere  in  an  unlimited  space  is 
known  to  be  measured  by  tlie  radius  of  the  sphere. 

A  sphere  suspended  in  a  room  was  actually  used  by  MM.  Kohl- 
ransch  and  Weber,  as  an  absolute  standard  with  which  they  com- 
pared the  capacity  of  other  accumulators. 

The  capacity,  however,  of  a  sphere  of  moderate  size  is  so  small 
when  compared  with  the  capacities  of  the  accumulators  in  common 
use  diat  the  sphere  is  not  a'Convenient  standard  measure. 

Its  capacity  mig'ht  be  greatly  increased  by  surrounding  the 
sphere  with  a  hollow  conoentric  spherical  surface  of  somewhat 
greater  radius.  The  capacity  of  the  inner  surface  is  then  a  fourth 
proportional  to  the  thickness  of  tiie  stratum  of  air  and  the  radii  of 
the  two  sur&ces. 

Sir  W.  Thomson  has  employed  this  arrangement  as  a  standard  of 
capacity,  but  the  difficulties  of  working  the  surfaces  truly  spherical, 
of  making  them  truly  eoncentnc,  and  of  measuring  their  distance 
and  their  radii  with  sufficient  accuracy,  are  considerable. 

We  are  therefore  led  to  prefer  for  an  absolute  measure  of  capacity 
a  form  in  which  the  opposed  surfaces  are  parallel  planes. 

The  accuracy  of  the  surface  of  the  planes  can  be  easily  tested, 
and  their  distance  can  be  measured  by  a  miwometer  screw,  and 
may  be  made  capable  of  continuous  variation,  nhich  is  a  most 
important  property  of  a  measaring  instrument. 

The  only  difficulty  remaining  arises  from  the  &ct  that  the  planes 
must  necessarily  be  bounded,  and  that  the  distribution  of  electricity 
near  the  boundaries  of  the  planes  has  not  been  rigidly  calculated. 
It  is  true  that  if  we  make  them  equal  circolar  disks,  whose  radius 
is  huge  compared  with  the  distauee  between  them,  we  may  treat 
the  edges  of  the  disks  as  if  they  were  straight  lines,  and  calculate 
the  distribution  of  electricity  by  the  method  due  to  Helmholtz,  and 
described  in  Art.  202.  But  it  will  be  noticed  that  in  this  case 
part  of  the  electricity  is  distributed  on  the  back  of  each  disk,  and 
tliat  in  the  calculation  it  has  been  supposed  that  there  are  no 
conductors  in  the  neighbourhood,  which  is  not  and  cannot  be  the 
cose  in  a  small  instrument. 

228.]  We  therefore  prefer  the  following  arrangement,  due  to 
Sir  W.  Thomson,  which  we  may  call  the  Quard-ring  arrangement, 
by  means  of  which  the  quantity  of  electricity  on  an  insulated  disk 
may  be  exactly  determined  in  terms  of  its  potential 


DigiLizedbyGoOglc 


n 


i^-Tc^ 


822  BLECTEOSTATIC  INffTRtrMBKTS.  [228. 

Tie  Buard-^itig  Aceumtlator. 
Bb  ia  a,  cylindrical  Tesse!  of  conducting  material  (rf  which  the 
onter  surfece  of  the  upper  &ce  is  accurately  phra*.  This  upper 
Burface  oonsistB  of  two  paHs, 
a  disk  A,  and  a  broad  ring 
SB  surrounding  the  disk, 
separated  from  it  by  a  very 
small  interval  all  round,  just 
BofficdcDt  to  prevent  sparks 
pesnng'.     The  upper  surface 

^ of  the  dish  is  accarately  in 

j^  2i.  ^^  «nao  plane  with  that  of 

the  guard^ring,  He  disk  is 
supported  by  pillars  of  insulating  material  QO.  <7  is  a  metal  disk, 
the  under  surface  of  which  is  accurately  plane  and  parallel  to  BB. 
The  disk  C  is  considerably  larger  than  A.  Its  distaace  from  A 
is  adjusted  and  measured  by  means  of  a  micrometer  screw,  whi^ 
is  not  given  in  the  fignre. 

This  acGumnlator  is  used  as  a  measuring  instrument  as  follows ; — 
Suppose  f7  to  be  at  potential  zero,  and  the  di^  A  and  veseel  Bb 
berth  at  potential  V.  Hen  there  will  be  no  electrification  on  the 
back  of  the  disk  because  the  vessel  is  nearly  closed  and  is  all  at  the 
same  potential  There  will  be  very  little  electrification  on  the 
edges  of  the  disk  because  BB  is  at  the  some  potential  with  the 
disk.  On  the  fitce  of  the  disk  the  electrifioation  will  be  nearly 
uniform,  and  therefore  the  whole  charge  on  the  disk  will  be  almost 
exactly  represented  by  its  area  'multiplied  by  the  snrfiioe-density  on 
a  plane,  as  ^ven  in  Art.  124. 

In  &ct,  we  lesm  from  the  investigation  in  Art.  301  that  the 
charge  on  the  disk  is 

(     »A  iA      ^  +  a)' 

where  JZ  is  the  ndins  of  the  disk,  R  that  of  the  hole  in  the  gnord- 
ring,  A  ^e  distance  between  A  and  C,  and  a  a  quantity  whi<^ 

cannot  exceed  {R~R)  ■  "'■  • 

If  the  intdrral  between  the  disk  and  the  goaid-ring  is  small 
Mmpared  with  the  distance  between  A  and  C,  the  second  term  will 
be  very  small,  and  the  charge  on  the  dic^  will  be  nearly 

r51±£l. 
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Now  let  the  vessel  £b  be  pnt  io  ccuoDexion  vith  tlie  eartb.  -The 
cba^e  OD  the  disk  J.  will  no  longer  be  nniformly  distrihated,  bat  it 
will  remain  the  eome  in  qoantitj,  and  if  we  now  discharge  A  we 
shall  obtain  a  quantity  of  electricity,  the  value  of  which  we  know 
in  terms  of  V,  the  original  differeQco  of  potentials  and  the  measor- 
able  quantities  S,  S  and  A. 

Ok  ike  Comparuon  of  (he  Cajumty  <f  Accumulaton. 

229-]  The  form  of  accumulator  which  is  best  fitted  to  have  its 
capacity  determined  in  absolute  measure  from  the  form  and  dimen- 
sions of  its  parts  is  not  generally  the  most  suitable  for  electrical 
experiments.  It  is  desirable  that  the  measures  (^  capacity  in  actosl 
use  should  be  aecumulators  having  only  two  conducting  surfaces,  one 
of  which  is  as  neariy  as  posmble  surrounded  by  the  other.  The 
guard-ring  aceomulator,  on  the  other  hand,  has  three  independent 
conducting  portions  which  must  be  charged  and  discharged  in  a 
ootun  order.  Henoe  it  is  desirable  to  be  able  to  compare  the 
capaiuties  of  two  accumulators  by  an  electrical  procesSj  go  as  to  test 
WouBHilators  which  may  aft^wards  serve  as  secondary  standards. 

I  ab)^  first  shew  how  to  test  the  equahty  of  the  capacity  c£  tvo 
guard-ring  accumulators. 

Let  A  be  the  disk,  B  the  guard-ring  wi^  the  rest  of  the  con- 
ducting vessel  attached  to  it,  and  C  Vbe  U^  disk  of  one  of  these 
accumulators,  and  let  A',  S",  and  C  be  the  corresponding  parts  of 
the  othw. 

K  either  of  these  aoenmulators  is  (^  the  more  simple  kind,  having 
only  two  oonductors,  we  have  only  to  suppress  S  ta  £',  and  to 
aappoee  ^  to  be  the  inner  and  C  the  outer  conducting  sux&ce,  C, 
in  this  case  being  understood  to  surround  A, 

Let  the  following  connexions  be  made. 

Let  B  be  k^t  always  connected  with  C,  and  B"  with  C,  that  is, 
let  each  guard-ring  be  connected  with  the  large  disk  of  the  other 
pmidenser. 

(1)  Let  A  be  conneqted  with  B  and  C  and  with  /,  the  eleetrode 
«f  a  Leyden  jar,  and  let  ^  be  connected  with  B'  aqd  C  and  with 
the  earth. 

(2)  Let  ^,  £,  and  (T  be  insulated  £nHn  /. 

(3)  Let  Jbeinealatedfrom£andC',aodj<'&omJS'andC. 

(4)  Let  B  and  C  be  connected  with  B"  imd  C  and  wiUi  the 
«Brth. 

(6)  ,Ijet  A  be  connected  with  ^. 
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(6)  Let  A  and  j^'  be  ootmected  with  an  electroscope  S. 
We  m&j  ezpresB  these  connexioDS  as  follows  : — 

J  =  B=:C=J. 

A=£^C  I  /. 

A  I  S=C. 

A  I  J=C=0. 

^  I  5=C=o. 

Here  the  sign  of  equality  expresses  electrical  connexion,  and  the 
vei-tical  stroke  expresses  insolation. 

In  (1)  the  two  accumnlators  are  charged  oppositely,  so  that  A  is 
positive  and  A'  negative,  the  charges  on  ^and  A"  being  nniformly 
distribated  on  the  upper  sarface  opposed  to  the  large  disk  of  each 
accumulator. 

In  (2)  the  jar  is  removed,  and  in  (3)  the  charges  on  A  and  A'  are 
inenUted. 

In  (4)  the  gaard-rings  are  connected  with  th»  large  disks,  so  that 
the  charges  on  A  and  A",  thongh  nnaltered  in  magnitude,  are  now 
distribat«d  over  their  whole  surface. 

In  (6)  A  is  connected  with  Af,  If  the  cba^^  are  equal  and  of 
opposite  signs,  the  electrification  will  be  entirely  destroyed,  and 
in  (6)  this  is  tested  by  means  of  the  electroscope  S. 

The  electroscope  .Swill  indicate  positiTe  ornegative  electrification 
aocording  aa  A  or  A"  has  the  greater  capacity. 

By  means  of  a  key  ef  proper  construction,  the  whole  of  these 
operations  can  be  performed  in  due  succession  in  a  very  small 
fraction  of  a  second,  and  the  capacities  adjusted  till  no  electri- 
fication can  be  detected  by  the  electroscope,  and  in  this  way  the 
capacity  of  an  accumulator  may  be  adjusted  to  be  equal  to  that  of 
any  other,  or  to-  the  sum  of  the  oapacitieB  of  several  accumulators, 
so  that  a  system  of  accumulators  may  be  formed,  each  of  which  hag 
its  capacity  determined  in  absolate  measure,  i.e.  in  feet  or  in  metres, 
while  at  the  same  time  it  is  of  the  construction  most  suitable  for 
electrical  experiments. 

This  method  of  comparison  will  probably  be  fbund  useful  in 
determining  the  specific  capacity  for  electrostatic  induction  of 
different  dielectrics  in  the  form  of  plat«B  or  disks.  If  a  disk  of 
the  dielectric  is  interposed  between  A  and  C,  the  disk  being  con- 
siderably huger  than  A,  then  the  capacity  of  the  aconmolator  will 
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be  altered  and  made  equal  to  that  of  tke  same  accumulator  when  A 
and  C  are  nearer  together.  If  the  accumulator  with  the  dielectric 
plat«,  and  with  A  and  C  "at  distance  «,  is  of  the  sune  capacity  as 
the  same  accnmolator  without  the  dielectric,  and  with  A  and  C  at 
distance  it',  then,  if  a  is  the  thickness  of  the  pUte,  and  K  it«  specific 
dielectric  inductive  capacity  referred  to  air  as  a  standard, 


0+7— « 

The  combination  of  three  cylindersj  described  in  Art  127,  boa 
been  employed  by 'Sir  W,  Thomson  as  an  aocumuliitor  whose  capa- 
city may  be  increased  or  diminished  by  meaeniable  qnautiUes. 

The  experiments  of  MM.  Gibson  and  Barclay  with  this  ap> 
poratus  are'described  in  the  Proeeedinffs  of  iht  Roj/al  Sode^,  Feb.  2, 
1871,  and  PhU.  Tratu.,  1871,  p.  573.  They  foand  the  specific  in- 
ductiTe  capacity  of  paraffin  to  be  1.976,  that  of  air  being  tmity. 
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ELECT  ROKINEMATICS. 


CHAPTER  I. 

THE  BLBCTBIC  CURBEHT. 

280.]  Ws  have  seen,  in  Art.  45,  that  when  a  conductor  is  in 
electrical  equilibrium  the  potential  at  every  point  of  the  conductor 
miiBt  be  the  same. 

If  two  condnctors  A  and  B  are  charged  with  electricity  bo  that 
the  potential  of  ^  is  higher  than  that  of  £,  then,  if  they  are  put 
in  communication  by  means  of  a  metallic  wire  C  touching  both  of 
them,  part  of  the  charge  of  A  will  be  transferred  to  S,  and  the 
potentials  of  A  and  B  will  become  in  a  very  short  time  equalized. 

SSI.]  During  this  process  certain  phenomena  are  observed  ia 
the  wire  C,  which  are  called  the  phenomena  of  the  electric  conflict 
or  current. 

The  first  of  these  phenomena  is  the  transference  of  positive 
electrification  from  AXo  B  and  of  negative  electrification  &om  B 
to  A.  This  transference  may  be  also  effected  in  a  slower  manner 
by  bringing  a  small  insulated  body  into  contact  with  A  and  B 
alternately.  By  this  process,  which  we  may  call  electrical  con- 
vection, successive  smalt  portions  of  the  electrification  (A  each  body 
are  transferred  to  the  other.  In  either  case  a  certain  quantity  of 
electricity,  or  of  the  state  of  electrification,  passes  from  one  place 
to  another  along  a  certain  path  in  the  space  between  the  bodies. 

Whatever  therefore  may  be  our  opinion  of  the  nature  of  elec- 
tricity, we  must  admit  that  the  process  which  we  have  described 
constitutes  a  current  of  eleotricify.    This  current  may  be  described 
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M  a  currant  of  positive  dectricity  irom  A  io  B,  or  a  ernrent  of 
negative  electricity  from  it  to  Jt,  or  as  a  combination  of  these  two 
correnta. 

According  to  Fechner's  and  Weber's  theory  it  is  a  combination 
of  a  onrrent  of  positive  electricity  with  an  exactly  eqnal  current 
of  negative  electricity  in  the  opposite  direotion  through  the  same 
sabetaace.  It  is  necessary  to  remember  this  exceedingly  artificial 
hypothesiB  regarding  the  constitation  of  the  current  in  order  to 
understand  the  statement  of  some  of  Weber's  most  valuable  ex- 
periments) resalte. 

If^  as  in  Art,  36,  we  suppose  P  onits  of  positive  electricity 
tranaferred  from  J  to  B,  and  N  units  of  n^ative  electricity  trans- 
ferred from  f  to  ^  in  unit  <£  time,  then,  according  to  Weber's 
theory,  Pi=N,  and  P  or  JV  is  to  be  taken  as  the  numerical  measure 
of  the  current. 

We,  on  the  contrary,  make  no  assumption  as  to  tiie  relation 
between  P  and  N,  but  attend  only  to  the  result  of  the  current, 
namely,  the  transference  oiP  +  N  of  positive  electrification  from  A 
to  S,  and  we  shall  consider  P-t-N  fhe  true  measure  of  the  current. 
The  carrent,  therefore,  which  Weber  would  call  1  we  shall  call  3. 

Oh  Steadjf  Currentt, 

232.]  In  the  case  of  the  current  between  two  insulated  con- 
ductors at  different  potentials  the  operation  is  soon  brought  to 
an  end  by  the  equalization  of  the  potentials  of  the  two  bodies, 
and  the  current  is  therefore  essentially  a  Transient  carrent. 

But  there  are  methods  by  which  the  difference  of  potentials  of 
the  conductors  may  be  maintained  constaut,  in  which  case  the 
current  will  continue  to  flow  with  uniform  strength  as  a  Steady 
Current. 

Tie  FoUaie  Bailery. 

The  most  convenient  method  of  producing  a  steady  carr«nt  is  by 
means  of  the  Voltaic  Battery. 

For  the  sake  of  distinctness  we  shall  describe  Daniell's  Constant 
Battery:— 

A  solution  of  sulphate  of  zinc  is  placed  in  a  cell  of  porons  earth- 
eoware,  and  this  cell  is  placed  in  a  vessel  containing  a  saturated 
solution  of  sulphate  of  copper.  A  pieoe  of  zinc  is  dipped  into  the 
sulphate  of  zinc,  and  a  piece  of  copper  is  dipped  into  the  sulphate 
of  copper.    Wires  are  aoldered  to  the  zinc  and  to  the  copper  above 
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the  surTace  of  the  liquid.  This  combinatioo  is  called  a' cell  or 
element  of  DaaieH'e  battery.     See  Art.  272. 

233.]  If  the  cell  is  insulated  by  beiag  placed  on  a  non-eon- 
ducting  stand,  and  if  the  wire  connected  with  the  copper  is  put 
in  contact  with  an  insulated  condactor  A,  and  the  wire  connected 
with  the  zinc  is  put  in  contact  with  S,  another  insulated  conductor 
of  the  same  metal  as  A,  then  it  may  be  shewn  by  means  of  a  delicate 
electrometer  that  the  potential  of  A  exceeds  that  of  £  by  a  certain 
quantity.  This  difference  of  potentials  is  called  the  ElectromotiTe 
Force  of  the  Daniell's  Cell. 

K  A  and  £  are  now  disconDected  from  the  cell  and  put  in 
oommunicatioQ  by  means  of  a  wire,  a  transient  current  pauses 
through  the  wire  from  A  to  B,  and  the  potentials  of  A  and  S 
become  equal.  A  and  S  may  then  be  charged  again  by  the  cell, 
and  the  process  repeated  as  long  as  the  cell  will  work.  Bat  if 
A  and  B  be  connected  by  means  of  the  wire  C,  and  at  the  same 
time  connected  with  the  battery  aa  before,  then  the  cell  will  main- 
tain a  constant  current  through  C,  and  also  a  constant  difference 
of  potentials  between  A  and  B.  This  difference  will  not,  as  we 
shall  see,  be  equal  to  the  whole  electromotive  force  of  the  cell,  for 
part  of  this  force  is  spent  in  maintaining  the  current  through  the 
cell  itself. 

A  number  of  cells  placed  -in  series  so  that  the  zinc  of  the  first 
cell  is  connected  by  metal  with  the  copper  of  the  second,  and 
so  on,  is  called  a  Voltaic  Batt«ry.  The  electromotive  force  of 
such  a  battery  is  the  sum  of  the  electromotive  forces  of  the  cells 
of  which  it  is  composed.  If  the  battery  is  insulated  it  may  be 
charged  with  electricity  as  a'whole,  but  the  potential  of  the  copper 
end  will  always  exceed  that  of  the  zinc  end  by  the  electromotive 
force  of  the  battery,  whatever  the  absolute  value  of  either  of  these 
potentiala  may  be.  The  cells  of  the  battery  may  he  of  very  various 
construction,  containing  different  chemical  substances  and  different 
metals,  provided  they  are  such  that  chemical  action  does  not  go 
on  when  no  current  passes. 

234.]  Let  us  now  consider  a  voltuc  battery  with  its  ends  insulated 
from  each  other.  The  copper  end  will  be  positively  or  vitreonsly 
electrified,  and  the  zinc  end  will  be  negatively  or  resinously 
electrified. 

Let  the  two  ends  of  the  battery  he  now  connected  by  means  of 
a  wire.  An  electric  current  will  commence,  and  will  in  a  very  short 
time  attain  a  constant  value.   It  is  then  said  to  be  a  Steady  Current. 
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Properiiet  of  the  Curreni. 

285.]  The  current  forms  a  closed  circuit  in  the  direction  from 
copper  to  zinc  throng^h  the  wires,  and  from  zinc  to  copper  through 
the  solutions. 

If  the  circuit  be  broken  by  catting  any  of  the  wires  which 
connect  the  copper  of  one  cell  with  the  zinc  of  the  next  in  order,  the 
current  will  be  stopped,«Dd  the  potential  of  the  end  of  the  wire 
in  connexion  with  the  copper  will  be  found  to  exceed  that  of  the 
end  of  the  wire  in  connexion  with  the  zinc  by  a  constant  quantity) 
namely,  the  total  electromotive  force  of  the  circuit. 

EleclrolyHe  Actvm  of  the  Current. 

286.]  As  long  as  t^e  circuit  is  broken  no  chemical  action  goes 
on  in  the  cells,  but  as  soon  as  the  circuit  is  completed,  zinc  is 
dissolved  from  the  zinc  in  each  of  the  D&niell's  cells,  and  copper  is 
deposited  on  the  copper. 

The  quantity  of  sulphate  of  zinc  increases,  and  the  quantity  of 
sulphate  of  copper  diminishes  unless  more  is  constanUy  supplied. 

The  quantity  of  zinc  dissolved  and  also  that  of  copper  deported  is 
the  same  in  each  of  the  Daniell's  cells  throughout  the  circuit,  what- 
ever the  size  of  the  plates  of  the  cell,  and  if  any  of  the  cells  be  of  a 
different  construction,  the  amount  of  chemical  action  in  it  bears 
a  constant  proportion  to  the  action  in  the  Daniell's  cell.  For 
instance,  if 'one  of  tbecells  consists  of  two  platinum  plates  dipped 
into  Bulj^nric  a<nd  diluted  with  water,  oxygen  will  be  given  off 
at  the  surface  of  the  plate  where  the  current  enters  the  liquid, 
namely,  the  plate  in  metallic  connexion  with  the  copper  of  Daniell'a 
cell,  and  hydrogen  at  the  surface  of  the  plate  where  the  current 
leaves  fhe  liquid,  namely,  the  plate  connected  with  the  zinc  of 
Daniell's  cell. 

The  volume  «f  the  hydrogen  is  exactly  twice  the  volume  of  the 
oxygen  given  off  in  the  same  time,  and  the  weight  of  the  oxygen  is 
exactly  eight  times  the  weight  of  the  hydrogen. 

In  every  cell  of  the  circuit  the  weight  of  each  substance  dissolved, 
deposited,  or  deoomposed  is  equal  to  a  certain  quantity  called  the 
electrochemical  equivalent  of  that  Bubstanoe,  multiplied  by  the 
strength  of  the  current  and  by  the  time  during  which  it  has 
been  flowing. 

For  the  experiments  which  established  this  principle,  see  the 
seventh  and  eighth  series  of  Faraday's  ExperimeMial  Reaearcheis 
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and  for  an  inveBtigation  of  the  apparent  exceptions  to  the  rule,  Bee 
Miller's  Chemical  PhyHcs  and  'Wiedemann's  QalvanUmus, 

237.]  Substances  which  are  decomposed  in  this  way  are  called 
Electrolytes.  The  process  is  called  Electrolysia.  The  places  where 
the  current  enters  and  leaves  the  electrolyte  are  called  Electrodes. 
Of  these  the  electrode  by  which  the  current  enters  is  called  the 
Anode,  and  that  by  which  it  leaves  the  electrolyte  is  called  the 
Cathode.  The  components  into  which  the  electrolyte  is  resolved 
are  called  Ions:  that  which  appears  at  the  anode  is  called  the 
Anion,  and  that  which  appears  at  the  cathode  is  called  the  Cation. 

Of  these  terms^  which  were,  I  beUere,  invented  by  Faraday  with 
the  help  of  Dr.  Whewell,  the  first  three,  namely,  electrode,  elec- 
trolysis, and  electrolyte  have  been  generally  adopted,  and  the  mode 
of  conduction  of  the  current  in  which  this  kind  of  decomposition 
and  transfer  of  the  components  takes  place  is  called  Electrolytic 
Conduction. 

If  a  homogeneous  electrolyte  is  placed  in  a  tube  of  variable 
section,  and  if  the  electrodes  are  placed  at  the  ends  of  this  tube, 
it  is  found  that  when  the  current  passes,  the  anion  appears  at 
the  anode  and  the  cation  at  the  cathode,  the  quantities  of  these 
ions  being  electrochemically  equivalent,  and  such  as  to  be  together 
eqaivalent  to  a  cerfiun  quantity  of  the  electrolyte.  IdT  the  other 
parts  of  the  tube,  whether  the  section  be  large  or  small,  nniform 
or  varying,  the  composition  of  the  electrolyte  remains  unaltered. 
Hence  the  ameunt  of  electrolyeia  which  takes  place  across  every 
section  of  the  tube  is  the  same.  Where  the  section  is  small  the 
action  must  therefore  be  more  intense  than  where  the  section  is 
large,  but  the  total  amount  of  eaoh  ion  which  crosses  any  complete 
section  of  the  electrolyte  in  a  given  time  is  the  same  for  all  sections. 

The  strength  of  the  corrent  may  therefore  be  measared  by  the 
amount  of  electrolysis  in  a  given  time.  An  instrument  by  which 
the  quantity  of  the  electrolytic  products  can  be  readily  measured 
is  called  a  Voltameter. 

The  str^gth  of  the  current,  as  thus  measured,  is  the  same 
at  every  part  of  the  cireuit,  and  the  total  quantity  of  the  elec- 
trolytic products  in  the  voltameter  after  any  given  time  is  pro- 
portional to  the  amount  of  electrinty  which  passes  any  section  in 
the  same  time. 

S38.]  If  we  introduce  a  voltameter  at  one  part  of  the  circuit 
of  a  voltaic  battery,  and  break  the  circuit  at  another  part,  we  may 
suppose  tlte  measurement  c^  the  current  to  be  oondaoted  thus. 
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Let  the  eada  of  tie  broken  circuit  be  A  and  B,  and  let  A  be  tbe 
anode  and  B  the  cathode.  Let  an  insulated  ball  be  made  to  touch 
A  and  B  alternately,  it  will  carry  from  A\aB%  cerUin  measurable 
qaantity  of  electricity  at  each  journey.  This  quantity  may  be 
measured  by  an  eltetrometer,  or  it  may  be  calculated  by  mal- 
tiplying  the  electromotive  force  of  the  cirouit  by  the  eleotroetatio 
capacity  of  the  ball.  Electricity  ia  thos  carried  from  J  to  ^  on  the 
insulated  hall  by  a  process  which  may  he  called  Convection.  At 
the  same  time  electrolysis  goes  on  in  the  voltameter  a&d  in  the 
cella  of  the  battery,  and  the  amount  of  eleotrolysiB  in  each  cell  may 
be  compared  with  the  amount  of  eleetricity  Carried  across  by  the 
insulated  hall.  The  quantity  of  a  substance  which  ia  electrolysed 
by  one  unit  of  electricity  ia  called  as  Meotrocbemlcal  equivalent 
of  that  subetanoe. 

This  experiment  would  be  an  extremely  tedious  and  troubleeome 
one  if  coodacted  in  this  way  with  a  ball  of  ordinary  magnitude 
and  a  manageable  battery,  for  an  enormous  namber  of  journeys 
would  have  to  be  made  before  an  appreciable  quantity  of  the  electro- 
Ijrte  was  decomposed.  The  experiment  must  therefore  be  considered 
aa  a  mere  illustration,  the  actual  measurements  of  electrochemical 
equivalents  being  conducted  in  a  different  way.  But  the  experi- 
ment may  be  considered  as  an  illustration  of  the  process  of  elec> 
•  trolysis  itself,  for  if  we  r^ard  electrolytic  conduetion  as  a  species 
of  convection  in  which  an  electrochemical  ec^valent  of  the  anion 
travels  with  negative  electricity  in  the  direction  of  the  anode,  while 
Ml  equivalent  of  the  eation  travels  with  positive  electricity  in 
the  direction  <^  the  cathode,  tbe  whole  amount  of  transfer  of  elec- 
tricity being  one  unit,  we  shall  have  an  idea  of  the  process  of 
electrolysis,  which,  so  &r  as  I  know,  is  not  inconsistent  with  known 
fhcts,  though,  on  aecoont  of  our  ignorance  of  the  nature  of  electricity 
and  of  chemical  compounds,  it  may  be  a  very  imperfect  repre- 
sentation of  what  really  takes  place. 

Magnetic  Aciion  t^  M«  Current. 

339.]  Oerst«d  discovered  that  a  magnet  placed  near  a  straight 
clectno  current  t«ods  to  phwe  itsetf  at  right  angles  to  the  plane 
passing  throngh  the  magnet  and  the  current.    See  Art.  47S. 

If  a  man  were  to  place  his  body  in  the  line  of  the  current  so 
that  the  current  from  copper  through  the  wire  to  zinc  should  flow 
from  his  head  to  bis  feet,  and  if  he  were  to  direct  his  &ce  towards 
the  centre  of  tbe  magnet,  then  thai  end  of  the  magnet  which  tends 
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to  point  to  the  north  would,  when  the  current  Sows,  tend  to  point 
towards  the  man's  right  hand. 

The  nature  and  lawB  of  this  electromagnetio  action  will  be  dis- 
cussed when  we  come  to  the  fourth  part  of  this  treatise.  What 
we  are  concerned  with  at  present  is  the  fact  that  the  electric 
current  baa  a  magnetic  action  which  ie  exerted  outside  the  current, 
and  by  which  its  eiistence  can  be  ascertained  -and  its  intensity 
measured  without  breaking  the  circuit  or  introducing  aa^hing  into 
the  current  itself. 

The  amount  of  the  magnetic  action  has  been  ascertained  to  be 
strictly  proportional  to  the  strength  of  the  ciurent  as  measured 
by  the  products  of  electrolysis  in  the  voltameter,  and  to  be  quite 
independent  of  the  nature  of  the  conductor  in  which  the  current 
is  flowing,  whether  it  be  a  metal  or  an  electrolyte. 

240.]  An  instmment  which  indicates  the  strength  of  an  electric 
current  by  its  magnetic  effects  is  called  a  QalTanometer. 

Galvanometers  in  general  consist  of  one  or  more  coils  of  silk* 
covered  wire  within  which  a  magnet  is  saspended  with  its  axia 
horizontal.  "When  a  current  is  passed  through  the  wire  the  magnet 
t«nds  to  set  itself  with  its  axis  perpendicular  to  the  phine  of  the 
coils.  If  we  suppose  the  plane  of  the  coils  to  be  placed  parallel 
to  the  plane  of  the  earth's  equator,  and  the  current  to  flow  round 
the  coil  from  east  to  west  in  the  direction  of  the  apparent  motion 
of  the  sun,  then  the  magnet  within  will  tend  to  set  itself  with 
its  magnetization  in  the  same  direction  as  that  of  the  earth  con- 
sidered as  a  great  magnet,  the  north  pole  of  the  earth  being  similar 
to  that  end  of  the  compass  needle  which  points  south. 

The  galvanometer  is  the  most  conveoient  instrument  for  mea- 
suring the  strength  of  electric  currents.  We  shall  therefore  assume 
the  possibility  of  constructing  such  an  instrument  in  studying  the 
laws  of  these  currents,  reserving  the  discussion  of  the  principles  of 
the  instrument  for  our  fourth  part.  When  therefore  we  say  that 
an  electric  current  is  of  a  certain  strength  we  suppose  that  the 
measarement  is  effected  by  the  galvanometer. 
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CONDUCTION  AND  BESISTANCE. 


241.]  If  by  means  of  an  electrometer  we  determine  tlie  electric 
potential  at  different  points  of  a  circuit  in  which  a  oonetant  electrio 
correct  is  maintained,  we  shall  find  that  in  any  portion  of  the 
circuit  condfitiog  of  a  nng;le  met^  of  uniform  temperature  throng^h- 
out,  the  potential  at  any  point  exceeds  that  at  any  other  point 
farther  on  in  the  direction  of  the  current  by  a  quantity  depending 
on  the  strength  of  the  current  and  on  the  nature  and  dimensions 
of  the  intervening  portion  of  the  circuit.  The  difference  of  the 
potentials  at  the  extremities  of  this  portion  of  the  circuit  is  called 
the  External  electromotive  force  acting  on  it.  If  the  portion  of 
the  circuit  under  consideration  is  not  homogeneous,  but  contains 
transitions  from  one  substance  to  another,  from  metals  to  elec- 
trolytes, or  from  hotter  to  colder  parts,  there  may  be,  besides  the 
external  electe>motive  force,  Internal  electromotive  forces  which 
must  be  taken  into  account. 

The  relations  between  Electromotive  Force,  Current,  and  Resist- 
ance were  first  investigated  by  Dr.  G.  S.  Ohm,  in  a  work  published 
in  1827,  entitled  IHe  GalvanUche  Kette  Mathematitch  Bearieilet, 
ttandated  in  Taylor's  Sdrntiju:  Memoiri.  The  result  of  these  in- 
veetigations  in  the  case  of  homogeneous  conductors  is  commonly 
called  '  Ohm's  Law,* 

Okm'a  Law, 

The  eleeiromoHve  foret  aettnff  between  tie  extremiliet  (jf  any  pari 
t^  a  eireaii  it  tke  product  qf  the  strength  <^  the  cvrreni  and  tie 
retittance  (f  thai  part  of  iht  circuit. 

Here  a  new  term  is  introduced,  the  Resistance  of  a  condnctor, 
which  is  defined  to  be  the  ratio  of  the  electromotive  force  to 
the  strength  of  the  current  which  it  produces.    The  introduction 
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of  this  term  wonld  have  been  of  no  Bcientifie  value  nnlesB  Ohm 
had  shewn,  as  he  did  experimeatally,  that  it  corresponds  to  a  real 
physical  quantity,  that  is,  that  it  has  a  definite  value  which  ia 
altered  only  when  the  nature  of  the  conductor  is  altered. 

In  the  first  place,  then,  the  Tesietonoe  of  a  conductor  is  inde- 
pendent of  the  strength  of  the  current  flowing  through  it. 

In  the  second  place  the  resistance  is  independent  of  the  electric 
potential  at  which  the  omdnctor  is  maintained,  and  of  the  density 
of  the  distribution  of  electricity  on  the  surface  of  the  conductor. 

It  depends  entirely  on  the  natare  of  the  material  of  which  the 
conductor  is  composed,  the  state  of  aggregation  of  its  parts,  and  its 
temperature. 

The  resistance  of  a  conductor  may  be  measured  to  within  one 
ten  thousandth  or  eves  one  hondred  thousandth  part  of  its  valne, 
and  so  many  conductors  have  been  tested  that'our  assurance  of  the 
truth  of  Ohm's  Law  is  now  very  high.  In  the  sixth  chapter  we 
ahall  trace  its  applications  and  consequences. 

Generation  of  Heat  hj/  the  Currenf. 

242.]  We  have  seen  that  when  an  electromotive  force  oausep 
a  current  to  flow  through  a  conductor,  electricity  is  transfeo^ 
irom  a  place  of  higher  to  a  place  of  lower  potential.  If  the  trai^far 
had  been  made  by  convection,  that  is,  by  canying  succeesive  charges 
on  a  b&U  from  the  one  place  to  the  other,  work  would  have  been 
done  by  the  electrical  forces  on  the  ball^  and  this  might  have 
been  tamed  to  account.  It  i^  actually  tamed  to  account  in  ^ 
partial  manner  in  those  dry  pile  circuits  where  the  electrodes  have 
the  form  of  bells,  and  the  carrier  ball  is  made  to  swing  like  a 
pendulum  between  the  two  bells  and  strike  them  alternately.  Ip 
this  way  the  electrical  action  is  made  to  keep  up  the  swinging 
of  the  pendulum  and  to  propagate  the  sound  of  the  belle  to  a 
distance.  In  the  case  of  the  conducting  wire  we  have  the  sanie 
transfer  of  electricity  from  a  place  of  high  to  a  place  of  low  pot«ntii(l 
without  any  external  work  being  done.  The  principle  of  the  Con- 
servation of  Energy  therefore  leads  us  to  look  for  internal  work  in 
the  conductor.  In  an  eleotarolyte  this  internal  work  oonaiBts  partly 
of  the  sepiuation  of  its  component^.  In  othw  ODoductMV  it  is 
entirely  converted  into  heat. 

The  energy  converted  into  heat  is  in  this  case  ihe  prodoot  of 
the  electromotive  force  into  the  quantity  of  electricity  which  paaeep. 
But  the  electnonotive  force  is  the  product  of  the  current  into  tlie 
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reMBtance,  and  the  qoantit^  of  electricity  is  the  prodoot  of  the 
current  into  the  time.  Hence  the  qoantttf  of  best  maltiplied  by 
the  meohaoical  equivalent  of  nnit  of  heat  is  equal  to  the  square  of 
the  streng^th  of  the  ourrent  multiplied  into  the  resistance  and  into 
the  time. 

The  heat  developed  by  electric  curreBte  in  overcomiog  the  M" 
■istanoe  of  coDdnotors  has  been  determined  by  Dr.  Joule,  who  first 
established  that  the  heat  produced  in  a  given  time  is  proportiond 
to  the  square  of  the  current,  and  aftervards  by  careful  absolute 
measnrements  of  all  the  quantiiiee  coBoemed,  retified  the  equation 

JH=  CBi, 
where  /is  Joule's  dynamical  equivalent  of  heat,  ^the  nambet  of 
tmits  of  heat,  C  the  strength  of  the  current,  S  the  resistance  of  the 
conductor,  and  t  the  time  during  which  the  current  flows.  These 
relations  between  electromotive  force,  work,  and  heat,  were  first  fully 
explained  by  Sir  W.  Thomson  in  a  paper  on  the  application  of  the 
principle  of  mechanical  effect  to  the  measarement  of  electromotive 
forces*. 

243.]  The  analogy  "between  the  theory  of  tlui  conduction  of  elec- 
tricity and  that  of  the  conduction  of  heat  is  at  first  sight  almost 
complete.  If  we  take  two  systems  geometrically  similar,  and  such 
that  die  conductivity  for  beat  at  any  part  of  the  first  is  proportional 
to  the  condactivtty  for  electricity  at  the  corresponding  part  of  the 
second,  and  if  we  also  make  the  temperature  at  any  port  of  the 
first  proportion^  to  the  electric  potential  at  the  corresponding  point 
of  the  second,  then  the  flow  of  heat  across  ai^  area  of  -the  first 
will  be  proportional  to  the  fiow  of  electricity  across  the  corre- 
sponding area  of  the  second. 

^08,  in  the  illustration  we  have  given,  in  which  flow  of  eleo- 
tricity  correspcmds  to  flow  of  heat,  and  electric  potential  to  tem- 
perature, electriicity  tends  to  flow  from  places  of  high  to  places 
of  low  potential,  exactly  as  heat  tends  to  flow  &om  places  of  high 
to  places  of  low  temperatnre. 

244.]  ^e  theory  of  potential  and  that  of  temperature  may 
therefore  be  made  to  illustrate  one  another ;  there  is,  however,  one 
remarkable  difl^rence  between  the  phenomena  of  electricity  and 
tiiose  of  heat. 

Suspend  a  conducting  body  within  a  closed  conducting  vessel  by 
a  silk  thread,  and  charge  the  vessel  with  electricity.     The  potential 

*  PM.»(9.,  Deo.  last. 
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of  the  vessel  and  of  all  within  it  will  be  instantly  raised,  bat 
however  long  uid  however  powerAilly  the  vessel  be  electriBed,  and 
whether  the  body  within  be  allowed  to  come  in  contact  with  the 
vessel  or  not,  no  signs  of  electrification  will  appear  within  the 
vessel,  nor  will  the  body  within  shew  any  electrical  eSect  when 
taken  out. 

But  if  the  vessel  is  mised  to  a  high  temperature,  the  body 
within  will  rise  to  the  same  temperature,  but  only  after  a  con- 
siderable time,  and  if  it  is'  then  taken  out  it  will  be  found  hot, 
and  will  remain  so  till  it  has  oontiaued  to  emit  heat  for  some  time. 

The  difference  between  the  phenomena  consists  in  the  fact  that 
bodies  are  capable  of  absorbing  and  emitting  heat,  whereas  they 
have  no  corresponding  property  with  respect  to  electricity.  A  body 
cannot  be  made  hot  without  a  certain,  amount  of  heat  being 
supplied  to  it,  depending  on  the  mass  and  specific  beat  of  the  body, 
bat  the  electric  potential  of  a  body  may  be  raised  to  any  extent 
in  the  way  ab-eady  described  without  communicating  any  electricity 
to  the  body. 

245.]  Again,  suppose  a  body  first  heated  and  then  placed  inside 
the  closed  Tessel.  The  outside  of  the  vessel  will  be  at  first  at  tlie 
temperature  of  surrouading  bodies,  but  it  will  soon  get  hot,  and 
will  remain  hot  till  the  heat  of  the  interior  body  has  escaped. 

It  is  impoeaible  to  perform  a  corresponding  electrical  experiment. 
It  is  impossible  so  to  electrify  a  body,  and  bo  to  place  it  in  a 
hollow  vessel,  that  the  outside  of  the  vessel  shall  at  first  shew  no 
signs  of  electrification  bat  shall  afterwards  become  electrified.  It 
was  for  some  phenomenon  of  this  kind  that  Faraday  sought  in 
vain  under  the  name  of  an  absolute  charge  of  electricity. 

Heat  may  be  hidden  in  the  interior  of  a  body  so  as  to  have  no 
external  action,  bat  it  is  impossible  to  isolate  a  quantity  of  e1ec> 
tricity  so  as  to  prevent  it  from  being  constantly  in  inductive 
relation  with  an  equal  quantity  of  electricity  of  the  opposite  kind. 

There  is  nothing  therefore  among  electric  phenomena  which 
corresponds  to  the  capacity  of  a  body  for  heat.  This  follows  at 
once  ftum  the  doctrine  which  is  asserted  in  this  treatise,  that 
electricity  obeys  the  same  condition  of  continuity  as  an  incom- 
pressible  fluid.  It  is  therefore  impossible  to  give  a  bodily  charge 
of  electricity  to  any  substance  by  forcing  an  additional  quantity  of 
electricity  into  it.     See  Arts.  61,  111,  329,  334. 
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CHAPTER  III. 


ELBCTBOMOTIVB  FOBCE  BBTWBEN  BODIES   IN  CONTACT, 

Tie  FotmtiaU  i^f  Different  S«bttance»  in  Conlaet. 

246.]  It  we  define  tiie  poteBtial  of  a  hollow  oondacting  vessel 
as  the  potential  of  the  air  inside  the  vessel,  we  may  ascertain  this 
potential  by  means  of  an  electrometer  as  described  in  Part  I, 
Art.  222. 

If  we  now  take  two  hoUow  vessels  of  different  metals,  say  copper 
and  zinc,  and  put  them  in  metallic  contact  with  each  other,  and 
then  test  the  potential  of  the  air  inside  each  vessel,  the  potential 
of  the  air  inside  the  zinc  vessel  will  be  positive  as  compared  with 
that  inside  the  copper  vessel.  The  difference  of  potentials  depends 
on  the  nature  of  the  surTace  of  the  insides  of  the  veseels,  being 
greatest  when  the  zinc  is  bright  and  when  the  copper  is  coated 
with  oxide. 

It  appears  fixun  this  that  when  two  different  metals  are  in 
contact  there  is  in  general  an  electromotive  force  acting  from  tiie 
one  to  the  other,  so  as  to  make  the  potential  of  the  one  exceed 
that  of  the  other  by  a  certain  quantity.  This  is  Yolta's  theory  of 
Contact  Electricity. 

If  we  take  a  certain  metal,  say  copper,  as  the  standard,  then 
if  the  potential  of  iron  in  contact  with  copper  at  the  zero  potential 
is  /,  and  that  of  zinc  in  contact  with  copper  at  zero  is  Z,  then 
tiie  potential  of  zinc  in  contact  with  iron  at  zero  will  be  Z—I. 

It  appears  from  this  result,  which  is  true  of  any  three  metals, 
that  the  differences  of  potential  of  any  tno  metals  at  the  same 
temperature  in  contact  is  equal  to  the  difference  of  their  potentials 
when  in  contact  vrith  a  third  metai,  so  that  if  a  circuit  be  fonned 
of  any  number  of  metals  at  the  same  temperature  there  will  he 
electrical  eqailibrium  as  soon  as  they  have  acquired  their  proper 
potentials,  and  there  will  be  no  current  kept  up  in  the  circuit. 

VOL.  I.  Z  ,-1 

DigiLizedbyLjOOJ^lC 


838  CONTACT  FORCE.  [247. 

247,]  If,  however,  the  circnit  consist  of  two  metals  and  an  elec- 
trolyte, the  electrolyte,  according  to  Volta's  theory,  tends  to  reduce 
the  potentials  of  the  metals  in  contact  with  it  to  equality,  so  that 
the  electromotive  force  at  the  metallic  junction  is  no  longer  balanced, 
and  a  continuous  current  is  kept  up.  The  energy  of  this  cnrrent 
is  supplied  by  the  chemical  action  which  takes  place  between  the 
electrolyte  and  the  metals. 

248.]  The  electric  effect  may,  however,  be  produced  without 
chemical  action  if  by  any  other  means  we  can  produce  an  equali- 
zation of  the  potentials  of  two  metals  in  contact.  Thus,  in  an 
experiment  due  to  Sir  W.  Thomson*,  a  copper  funnel  is  placed  in 
contact  with  a  vertical  zinc  cylinder,  so  that  when  copper  filings 
are  allowed  to  pass  through  the  funnel,  tbey  separate  from  each 
other  and  ^om  the  fnnnel  near  the  middle  of  the  zinc  cylinder, 
and  then  fall  into  an  insulated  receiver  placed  below.  The  receiver 
is  then  found  to  be  charged  negatively,  and  the  chaige  increases 
as  the  filings  continue  to  pour  into  it.  At  the  same  time  the  zinc 
cylinder  with  the  copper  funnel  in  it  becomes  charged  more  and 
more  positively. 

If  now  the  zinc  cylinder  were  connected  with  the  receiver  by  a 
wire,  there  would  be  a  positive  current  in  the  wire  from  the  cylinder 
to  the  receiver.  The  stream  of  copper  filings,  each  fihng  chained 
negatively  by  indnction,  constitutes  a  negative  current  from  the 
funnel  to  the  receiver,  or,  in  other  words,  a  positive  current  from 
the  receiver  to  the  copper  funnel.  The  positive  current,  therefore, 
passes  through  the  air  (by  the  filings)  from  zinc  to  copper,  and 
through  the  metallic  junction  from  copper  to  zinc,  just  as  in  the 
ordinary  voltaic  arrangement,  but  in  this  case  the  force  which  keeps 
up  the  current  is  not  chemical  action  but  gravity,  which  causes  the 
filings  to  fall,  in  spite  of  the  electrical  attraction  between  the 
positively  charged  funnel  and  the  negatively  charged  filings. 

249.]  A  remarkable  confirmation  of  the  theory  of  contact  elec- 
tricity is  supplied  by  the  discovery  of  Peltier,  that,  when  a  current 
of  electricity  crosses  the  junction  of  two  metals,  the  junction  is 
heated  when  the  current  is  in  one  direction,  and  cooled  when  it 
is  in  the  other  direction.  It  must  be  remembered  that  a  current 
in  its  passage  through  a  metal  always  produces  beat,  because  it 
meets  with  resistance,  so  that  the  cooling  effect  on  the  whole 
conductor  must  always  be  less  than  the  heating  effect.  We  must 
therefore  distinguish  between  the  generation  of  heat  in  each  metal, 
•  Norlli  BriliA  Stviem,  1SS4,  p.  SfiS ;  ud  Pr«e.  B.  S.,  Jane  20,  1867. 
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dae  to  ordinsiy  reeiBtance,  and  the  generation  or  absorption  of  heat 
at  the  janction  of  two  metale.  We  shall  call  the  first  the  frictional 
genemtion  of  heat  by  the  cnrrent,  and,  as  we  have  seen,  it  is 
proportional  to  the  square  of  the  current,  and  is  the  same  whether 
the  current  be  in  the  positive  or  the  n^ative  direction.  The  second 
we  may  call  the  Peltier  effect,  which  changes  its  sign  with  that 
of  the  current. 

The  total  heat  generated  in  a  portion  of  a  compound  conductor 
consisting  of  two  metals  may  be  expressed  by 

where  H  is  the  quantity  of  faeat,  /  the  mechanical  equivalent  of 
unit  of  heat,  S  the  reeiatance  of  the  conductor,  C  the  current,  and 
t  the  time ;  Tl  being  the  coefficient  of  the  Peltier  eSect,  that  ia, 
the  heat  absorbed  at  the  junction  by  unit  of  current  iu  unit  of 
time. 

Now  the  heat  generated  is  mechanically  equivalent  to  the  work 
done  against  electrical  forces  in  the  conductor,  that  is,  it  is  equal 
to  the  product  of  the  current  into  the  electromotive  force  producing 
it.  Hence,  if  S  is  the  external  electromotive  force  which  causes 
the  current  to  flow  through  the  conductor, 

whence  E=RC—Jn. 

It  appears  from  this  equation  that  the  external  electromotive 
force  required  to  drive  the  cnrrent  through  the  compound  conductor 
is  less  than  that  due  to  its  resistance  alone  by  the  electromotive 
force  JU.  Hence  Jn  represents  the  electromotive  contact  force 
at  the  junction  acting  in  the  positive  direction. 

This  application,  due  to  Sir  W.  Thomson  *,  of  the  dynamical 
theory  of  heat  to  the  determination  of  a  local  electromotive  force 
is  of  great  scientific  importance,  since  the  ordinary  method  of 
connecting  two  points  of  the  compound  conductor  with  the  elec- 
trodes of  a  galvanometer  or  electroscope  by  wires  would  be  useless, 
owing  to  the  contact  forces  at  the  junctions  of  the  wires  with 
the  materials  of  the  compound  conductor.  In  the  thermal  method, 
on  the  other  hand,  we  koow  that  the  only  source  of  energy  is  the 
current  of  electricity,  and  that  no  work  is  done  by  the  current 
in  a  certain  portion  of  the  circuit  except  in  heating  that  portion 
of  the  conductor.  If,  therefore,  we  can  measure  the  amonnt  of  the 
•  Five.  B.  B.  mtn.,  Dee.  Ifi,  1861 ;  and  IVww.  R.  B.  Edin..  1651. 
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cnrrent  and  the  amount  of  heat  produced  or  absorbed,  we  can 
determiDe  the  electromotive  force  required  to  urge  the  current 
through  that  portion  of  the  conductor,  and  this  meaenrement  is 
entirely  independent  of  the  effect  of  contact  forces  in  other  parts  of 
the  circuit. 

The  electromotive  force  at  the  junction  of  two  metals,  as  de- 
termined by  this  method,  does  not  account  for  Volta'a  electromotive 
force  B8  described  in  Art.  246.  The  latter  is  in  general  far  greater 
than  that  of  this  Article,  and  is  sometimes  of  opposite  Bign.  Hence 
the  assnmption  that  the  potential  of  a  metal  is  to  be  meaenred  by 
that  of  the  air  in  contact  mth  it  must  be  erroneous,  and  the  greater 
part  of  Volta'a  electromotive  force  must  be  sought  for,  not  at  the 
j  unction  of  the  two  metals,  but  at  one  or  both  of  the  snr&tces  which 
separate  the  metals  from  the  air  or  other  medium  which  forms  the 
third  element  of  the  circuit. 

250.]  The  discovery  by  Seebeck  of  thermoelectric  currents  in 
circuits  of  different  metals  with  their  junctions  at  different  tem- 
peratures, shews  that  these  contact  forces  do  not  always  balance 
each  other  in  a  complete  circuit.  It  is  manifest,  however,  that 
in  a  complete  circuit  of  different  metals  at  uniform  temperature  the 
contact  forces  must  balance  each  other.  For  if  this  were  not  the 
case  there  would  be  a  current  formed  in  the  circuit,  and  this  current 
might  be  employed  to  work  a  machine  or  to  generate  heat  in  the 
circuit,  that  is,  to  do  work,  while  at  the  same  time  there  is  no 
expenditure  of  energy,  as  the  circuit  is  all  at  the  same  temperature, 
and  no  chemical  or  other  change  takes  place.  Hence,  if  the  Peltier 
effect  at  the  junction  of  two  metals  a  and  b  be  represented  by  n^ 
when  the  current  flows  froiu  a  to  d,  then  for  a  circuit  of  two  metals 
at  the  same  temperature  we  must  have 

n.*+n4a  =  0, 

and  for  a  circuit  of  three  metals  a,  i,  c,  we  must  have 

nto+n„-f-n^=  o. 

It  follows  from  this  equation  that  the  three  Peltier  effects  are  not 
independent,  but  that  one  of  them  can  be  deduced  from  the  other 
two.     For  instance,  if  we  suppose  c  to  be  a  standard  metal,  and 
if  we  write  P^  =  Jn„  and  P^  =  Jn^^,  then 
jn^  =  P,~P^. 

The  quantity  P^  is  a  function  of  the  temperature,  and  depends  on 
the  nature  of  the  metal  a. 

251.]   It  has  also  been  shewn  by  Magnus  that  if  a  circuit  is 
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formed  of  a  single  metal  no  current  will  be  formed  in  it,  however 
the  section  of  the  conductor  and  the  temperature  may  vary  in 
different  parts. 

Since  in  this  case  there  is  conduction  of  heat  and  consequent 
dissipation  of  energy,  we  cannot,  as  in  the  former  case,  consider  this 
result  as  self-evident.  The  electromotive  force,  for  instance,  between 
two  portions  of  a  circnit  might  have  depended  on  whether  the 
current  was  passing  from  a  thick  portion  of  the  conductor  to  a  thin 
one,  or  the  reverse,  as  well  as  on  its  passing  rapidly  or  slowly  from  a 
hot  portion  to  a  cold  one,  or  the  reverse,  and  this  would  have  made 
a  current  possible  in  an  unequally  heated  circuit  of  one  metal. 

Hence,  by  the  same  reasoning  as  in  the  case  of  Peltier''s  phe- 
nomenon, we  find  that  if  the  passage  of  a  current  through  a 
conductor  of  one  metal  produces  any  thermal  effect  which  is  re- 
versed when  the  current  is  reversed,  this  can  only  take  place  when 
the  current  flows  firom  places  of  high  to  places  of  low  temperature, 
or  the  reverse,  and  if  the  heat  generated  in  a  conductor  of  one 
metal  in  flowing  from  a  place  where  the  temperature  is  m  to  a 
place  where  it  is  ^,  is  H,  then 

JH  =  BC^t-S^Ct, 
and  the  electromotive  force  tending  to  maintain  the  corrent  will 
be  S„. 

If  J7,  y,  2  be  the  temperatures  at  three  points  of  a  homogeneous 
circuit,  we  must  have 

according  to  the  resnlt  of  Magnus.  Hence,  if  we  suppose  z  to  be 
the  zero  temperature,  and  if  we  put 

Q,  =  S„    and     q,  =  8,„ 
we  find  S^=Q.-G„ 

where  Q.  is  a  function  of  the  temperatare  w,  the  form  of  the 
function  depending  on  the  nature  of  the  metal. 

If  we  now  consider  a  circuit  of  two  metals  a  and  b  in  which 
the  temperature  is  m  where  the  current  passes  from  a  to  J,  and 
y  where  it  passes  from  i  to  a,  the  electromotive  force  will  be 

where  P„  signifies  the  value  of  P  for  the  metal  a  at  the  tempera- 
ture X,  or 

Since  in  aneqnally  heated  circuits  of  different  metals  there  are  in 
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general  thermoelectric  currents,  it  follows  that  P  and  Q  are  in 
general  different  For  the  same  metal  and  same  temperature. 

352.]  The  exietence  of  the  quantity  Q  was  first  demonHtiated  by 
Sir  W.  Thomson,  in  the  memoir  we  have  referred  to,  as  a  deduction 
from  the  phenomenon  of  thermoelectric  inversion  discovered  by 
Camming  *,  who  found  that  the  order  of  certain  metals  in  the  ther- 
moelectric scale  is  different  at  high  and  at  low  temperatures,  bo  that 
for  a  certain  temperature  two  metals  may  be  neatral  to  each  other. 
Thus,  in  a  circuit  of  copper  and  iron  if  one  junction  be  kept  at  the 
ordinary  temperature  while  the  temperature  of  the  other  is  raised, 
a  current  sets  from  copper  to  iron  through  the  hot  junction,  and 
the  electromotive  force  continnes  to  increase  tiU  the  hot  junction 
has  reached  a  temperature  T,  which,  according  to  Thomeon,  i^ 
about  284°C.  When  the  temperature  of  the  hot  junction  is  raised 
still  further  the  electromotive  force  is  reduced.  Mid  at  last,  if  the 
temperature  be  raised  high  enough,  the  current  is  reversed.  The 
reversal  of  the  current  may  be  obtained  more  easily  by  raisiDg  the 
temperature  of  the  colder  junction.  If  the  temperature  of  both 
junctions  is  above  T  the  current  seta  from  iron  to  copper  through 
the  hotter  Junction,  that  is,  in  the  reverse  direction  to  that  ob- 
served when  both  junctions  are  below  T, 

Hence,  if  one  of  the  junctions  is  at  the  neutral  temperature  T 
and  the  other  is  either  hotter  or  colder,  the  current  will  set  from 
copper  to  iron  through  the  junction  at  the  neutral  temperature. 

253.]  From  this  fact  Thomson  reasoned  as  follows  : — 

Suppose  the  other  junction  at  a  temperature  lower  than  T, 
The  current  may  be  made  to  work  an  en^ne  or  to  generate  beat  in 
a  wire,  and  this  expenditure  of  energy  must  be  kept  up  by  the 
transformation  of  heat  into  electric  energy,  that  is  to  say,  heat 
must  disappear  somewhere  in  the  circuit.  Now  at  the  tempera- 
ture T  iron  and  copper  are  neutral  to  each  other,  so  that  no 
reversible  thermal  effect  is  produced  at  the  hot  junction,  and  at 
the  cold  junction  there  is,  by  Peltier's  principle,  an  evolution  of 
heat  by  the  current.  Hence  the  only  place  where  the  heat  can  dis- 
appear is  in  the  copper  or  iron  portions  of  the  circuit,  so  tbat  either 
a  current  in  iron  from  hot  to  cold  must  cool  the  iron,  or  a  current 
in  copper  from  cold  to  hot  must  cool  the  copper,  or  both  these 
effects  may  take  place.  By  an  elaborate  series  of  ingenious  experi- 
ments Thomson  succeeded  in  detecting  the  reversible  thermal  action 
of  the  current  in  i>aseing  between  part«  of  different  temperatures, 
•  Cambridge  Ttatuaclioat,  1823. 
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and  he  found  that  the  current  produced  opposite  effects  in  copper 
and  in  iron  *. 

When  a  stream  of  a  material  finid  passes  along  a  tube  from 
a  hot  part  "to  a  cold  part  it  heat«  the  tube,  and  when  it  passes 
from  cold  to  hot  it  cools  the  tabe,  and  these  effects  depend  on 
the  specific  capacity  for  heat  of  the  fiaid.  If  we  supposed  elec- 
tricity, whether  positive  or  negative,  to  be  a  material  fluid,  we 
might  measure  its  specific  beat  by  the  thermal  eSect  on  an  ud- 
equally  heated  conductor.  Now  Thomson's  experimeuts  sheiv  that 
positive  electricity  in  copper  and  negative  electricity  in  iron  cany 
heat  with  them  from  hot  to  cold.  Hence,  if  we  supposed  either 
positive  or  negative  electricity  to  be  a  fluid,  capable  of  being 
heated  and  cooled,  and  of  connrnmicating  heat  to  other  bodies,  we 
should  find  the  supposition  contradicted  by  iron  for  positive  elec- 
tricity and  by  copper  for  negative  electricity,  so  that  we  should 
have  to  abandon  both  hypotheses. 

lliis  scientific  prediction  of  the  teversible  effect  of  an  electric 
current  upon  an  unequally  heated  conductor  of  one  metal  is  another 
instructive  example  of  the  application  of  the  theory  of  Conservation 
of  Enei^  to  indicate  new  directions  of  scientific  research.  Thomson 
has  also  applied  the  Second  Law  of  ThermodyBamics  to  indicate 
relations  between  the  quantities  which  we  have  denoted  by  P 
and  Q,  and  has  investigated  the  possible  thermoelectric  properties 
of  bodies  whose  structure  is  different  in  different  directions.  He 
has  also  investigated  experimentally  the  -conditionB  ander  which 
these  properties  are  developed  by  pressure,  magnetization,  &c. 

264.]  Professor  Taitf  has  recently  investigated  the  electro- 
motive force  of  thermoelectric  circuits  of  different  metals,  having 
their  junctions  at  different  temperatures.  He  finds  that  the  elec- 
tromotive force  of  a  circuit  may  be  expressed  very  accurately  by 
the  formula 

*=«{<,_yh-j(<,+y], 

where  ^^  is  the  absolute  temperature  of  the  hot  junction,  ^  that 
(^  the  cold  junction,  and  fg  the  temperature  at  which  the  two  metals 
are  neutral  to  each  other.  The  bctor  a  is  a  coefficient  depending 
on  the  nature  of  the  two  metals  composing  the  circuit.  This  law 
has  been  verified  through  considerable  ranges  of  temperature  by 
Professor  Tait  and  his  students,  and  he  hopes  to  make  the  thermo- 
electric circuit   available  as  a  thermometric  instrument   in    his 
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experiments  on  tlie  conduction  of  beat,  and  in  other  cases  in  which 
the  mercnrial  thermometer  ie  not  coDvenient  or  has  not  a  sufficient 
range. 

According'  to  Tatt's  theory,  the  qoantitj  which  Thomson  calls 
the  specific  heat  of  electricity  is  proportional  to  the  ahsolat«  tem- 
perature in  each  pare  metal,  though  its  magnitude  and  even  its 
sign  vary  in  different  metals.  From  this  he  has  deduced  hy  ther- 
modynamic  principles  the  following  results.  Let  k^t,  jk^i,  Jt^t 
be  the  specific  heats  of  electricity  in  three  metals  a,  6,  c,  and  let 
Tic,  ^H)  ^ai  ^  ^B  temperatures  at  which  pairs  of  these  metals  are 
neutral  to  each  other,  then  the  equations 

E^  =  {K-h)  ik-h)  {'T^-Wx+m 

express  the  relation  of  the  neutral  temperatures,  the  value  of  the 
Peltier  effect,  and  the  electromotive  force  of  a  thermoelectric  circuit. 
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Electrolytic  Conduction. 

255.]  I  HATS  already  stated  that  when  an  electric  current  in 
any  part  of  its  cironit  paseea  tbrongfa  certain  compound  substances 
called  Electrolytes,  the  passage  of  the  current  is  accompanied  by 
a  certain  chemical  process  called  Electrolysis,  in  which  the  substance 
is  resolved  into  two  comp(»ients  called  Ions,  of  which  one,  called 
the  Anion,  or  the  electronegative  component,  appears  at  the  Anode, 
or  place  where  the  current  enters  the  electrolyte,  and  the  other, 
called  the  Cation,  appears  at  the  Cathode,  or  the  pUce  where  the 
current  leaves  the  electrolyte. 

The  complete  investigation  of  Electrolysis  belongs  quite  as  much 
to  Chemistry  as  to  Electricity.  We  shall  consider  it  from  an 
electrical  point  of  view,  without  discussing  its  application  to  the 
theory  of  the  coaetitntion  of  chemical  oompounds. 

Of  all  electrical  phenomena  electrolysis  appears  the  most  likely 
to  furnish  us  with  a  real  insight  into  the  true  nature  of  the  electric 
current,  because  we  find  currents  of  ordinary  matter  and  currents 
of  electricity  forming  essential  parts  of  the  same  phenomenon. 

It  is  probably  for  this  very  reason  that,  in  the  present  imperfectly 
formed  state  of  our  ideas  about  electricity,  the  theories  of  electro- 
lysis are  so  unsatisfactory. 

The  fundamental  law  of  electrolysis,  which  was  established  l^ 
Faraday,  and  confirmed  by  the  experiments  of  Beetz,  Hittorf,  and 
others  down  to  the  present  time,  is  as  follows ; — 

The  number  of  electrochemical  equivalents  of  an  electrolyte  which 
are  decomposed  by  the  passage  of  an  electric  current  during  a  g^ven 
time  is  equal  to  the  number  of  units  of  electricity  which  are  trans- 
ferred by  the  current  in  the  same  time. 

The  electrochemical  equivalent  of  a  substance  is  Uiat  quantity 
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of  the  eubsiance  which  is  electrolyeed  'by  a  unit  onrrent  psssing 
through  the  subefcance  for  a  unit  of  time,  or,  in  other  words,  by  the 
passage  of  a  anit  of  electricity.  When  the  unit  of  electricity  is 
defined  in  absolute  measure  the  absolute  valae  of  the  electro- 
chemical equivalent  of  each  substance  can  be  determined  in  grains 
or  in  grammes. 

The  electrochemical  equivalents  of  different  Bubstances  are  pro- 
portional to  their  ordinary  chemical  equivalents.  The  ordinary 
chemical  equivalents,  however,  are  the  mere  numerical  ratios  in 
which  the  substances  combine,  whereas  the  electrochemical  equi- 
valents are  qnantitiea  of  matter  of  a  determinate  magnitude,  de- 
pending on  the  definition  of  the  unit  of  electricity. 

Every  electrolyte  consists  of  two  components,  which,  during  the 
electrolysis,  appear  where  the  current  enters  and  leaves  the  elec- 
trolyte, and  nowhere  else.  Hence,  if  we  conceive  a  sar&ce  described 
within  the  substance  of  the  electrolyte,  the  amount  of  electrolysis 
which  takes  place  through  this  sur&ce,  as  measured  by  the  eleo- 
trochemical  equivalents  of  the  oompenents  transferred  across  it 
in  opposite  directions,  will  be  proportioaal  to  the  total  electric 
current  through  the  suriace. 

The  actual  transfer  of  the  ions  through  the  sabstance  of  the 
electrolyte  in  opposite  directions  is  therefore  part  of  the  phenomenon 
of  the  conduction  of  an  electric  current  through  an  electrolyte.  At 
every  point  of  the  electrolyte  through  which  an  electric  current 
is  passing  there  are  also  two  opposite  material  currents  of  the  anion 
and  the  cation,  which  have  the  same  lines  of  flow  with  the  electric 
current,  and  are  proportional  to  it  in  ma^itude. 

It  is  therefore  extremely  natural  to  suppose  that  the  currents  of 
the  ions  are  convection  currents  of  electricity,  and,  in  particular, 
that  every  molecule  of  the  cation  is  charged  with  a  certein  fixed 
quantity  of  positive  electricity,  which  is  the  same  for  the  molecules 
of  all  cations,  and  that  every  molecule  of  the  anion  is  charged  with 
an  equal  quantity  of  negative  electricity. 

The  opposite  motion  of  the  ions  through  the  electrolyte  would 
then  be  a  complete  physical  representation  of  the  electric  current. 
We  may  compare  this  motion  of  the  iona  with  the  motion  of  gases 
and  liquids  through  each  other  during  the  process  of  diffiision, 
there  being  this  difference  between  the  two  processes,  that,  in 
diffusion,  the  different  eubataaoes  are  only  mixed  together  and  the 
mixture  is  not  homogeneous,  whereas  in  electrolysis  they  are  chemi- 
cally combined  and  the  electrolyte  is  homogeneous.     In  diffusion 
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the  determining  cause  of  the  motioa  of  a  sabstsnce  in  a  given 
direction  is  a  diminution  of  the  quantity  of  that  substance  per 
unit  of  volume  in  that  direction,  whereaa  in  electrolysis  the  motion 
of  each  ion  is  due  to  the  electromotive  force  acting  on  the  charged 
molecules. 

266.]  Clansios*,  who  has  bestowed  much  stody  on  the  theory 
of  the  molecular  agitation  of  bodies,  supposes  that  the  molecules 
of  all  bodies  are  in  a  state  of  constant  agitation,  but  that  in  solid 
bodies  each  molecule  never  passes  beyond  a  certain  distance  from 
its  original  position,  whereas  in  fluids  a  molecule,  after  moving 
a  certain  distance  from  its  original  position,  is  just  as  likely  to 
move  still  farther  from  it  as  to  move  back  again.  Hence  the 
molecules  of  a  fluid  apparently  at  rest  are  continually  changing 
their  positions,  and  passing  irregularly  from  one  part  of  the  fluid 
to  another.  In  a  compound  fluid  he  supposes  that  not  only  the 
compound  molecules  travel  about  in  this  way,  but  that,  in  the 
collisions  which  occur  between  the  compound  molecules,  the  mole- 
cules of  which  they  are  composed  are  often  separated  and  change 
partners,  ao  that  the  same  individual  atom  is  at  one  time  associated 
with  one  atom  of  the  opposite  kind,  and  at  another  time  with  another. 
This  process  Clansius  supposes  to  go  on  in  the  liquid  at  all  times,  but 
when  an  electromotive  force  acts  on  the  liquid  the  motions  of  the 
molecules,  which  before  were  indifferently  in  all  directions,  are  now 
influenced  by  the  electromotive  force,  so  that  the  positively  charged 
molecules  have  a  greater  tendency  towards  the  cathode  than  towards 
the  anode,  and  the  negatively  charged  molecules  have  a  greater 
tendency  to  move  in  the  opposite  direction.  Hence  the  molecules 
of  the  cation  will  during  their  intervals  of  freedom  struggle  towards 
the  cathode,  but  will  continaslly  be  checked  in  their  course  by 
pairing  for  a  time  with  molecules  of  tiie  anion,  which  are  also 
straggling  through  the  crowd,  bat  in  the  opposite  direction. 

257.]  This  theory  of  CUnsios  enables  as  to  understand  how  it  is, 
that  whereas  the  actual  decomposition  of  an  electrolyte  requires  an 
electromotive  force  of  finite  magnitude,  the  conduction  of  the 
earrent  in  the  electrolyte  obeys  the  law  of  Ohm,  so  that  every 
electromotive  force  within  the  electrolyte,  even  the  feeblest,  produces 
a  current  of  proportionate  magnitude. 

According  to  the  iheory  of  Clausius,  the  decomposition  and 
recomposition  of  the  electrolyte  is  continually  going  on  even  when 
there  is  no  coirent,  and  the  very  feeblest  electromotive  force  is 
*  Fogg.  Ann.  bd.aLi.S8S  (ISST). 
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sufficient  to  ^ve  this  jMyicess  a  certain  degree  of  direction,  and  so 
to  produce  the  currents  of  the  iona  and  the  electric  current,  which 
is  part  of  the  same  phenomenon.  Within  the  electrolyte,  however, 
the  ions  are  never  set  free  in  finite  quantity,  and  it  is  this  liberation 
of  the  ions  which  requires  a  finite  electromotive  force.  At  the 
electrodes  the  ions  accumulate,  for  the  successive  portions  of  the 
ions,  as  they  arrive  at  the  electrodes,  instead  of  findings  motecules  of 
the  opposite  ion  ready  to  combine  with  them,  are  forced  into  com- 
pany with  molecules  of  their  own  kind,  with  which  tbey  cannot 
combine.  The  electromotive  force  required  to  produce  this  effect 
is  of  finite  magnitude,  and  forms  an  opposing  electromotive  force 
which  produces  a  reversed  current  when  other  electromotive  forces 
are  removed.  When  this  reversed  electromotive  force,  owing  to 
tbe  accumulation  of  tbe  ions  at  the  electrode,  is  observed,  the 
electrodes  are  said  to  be  Polarized, 

258.]  One  of  the  best  methods  of  determining  whether  a  body 
is  or  is  not  an  electrolyte  is  to  place  it  between  platinom  electrodes 
and  to  pass  a  current  through  it  for  some  time,  aai  then,  dis- 
engaging the  electrodes  from  the  voltaic  battery,  and  connecting 
them  with  a  galvanometer,  to  observe  whether  a  reverse  current, 
dne  to  polarization  of  the  electrodes,  passes  through  the  galvano- 
meter. Such  a  current,  being  due  to  accumulation  of  different 
substances  on  the  two  electrodes,  is  a  proof  that  tbe  substance  has 
been  electrolytically  decomposed  by  tbe  original  current  from  the 
battery.  This  method  can  often  be  applied  where  it  is  difficult, 
by  direct  chemical  methods,  te  detect  the  presence  of  the  products 
of  decomposition  at  the  electrodes.     See  Art.  271. 

259.]  So  far  as  we  have  gone  the  theory  of  electnjysis  appears 
very  satisfactoiy.  It  explains  the  electric  current,  the  nature  o^ 
which  we  do  not  understand,  by  means  of  the  currents  of  the 
material  components  of  the  electrolyte,  the  motion  of  which, 
though  not  visible  to  the  eye,  is  easily  demonstrated.  It  gives  a 
'  clear  explanation,  as  Faraday  has  shewn,  why  an  electrolyte  which 
conducts  in  the  liquid  state  is  a  non-conductor  when  solidified,  for 
unless  the  mcJecules  can  pass  from  one  part  to  another  no  elec- 
trolytic conduction  can  take  place,  so  that  the  substance  must 
be  in  a  liquid  state,  either  by  fusion  or  by  solution,  in  order  to  be 
a  conductor. 

But  if  we  go  on,  and  assume  that  the  molecules  of  the  ions 
within  the  electrolyte  are  actually  charged  with  certain  definite 
quantities  of  electricity,  positive  and  negative,  so  that  the  eleo- 
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troljtic  cnrrent  ie  tdmply  a  current  of  convection,  we  find  that  this 
tempting  hypotheeie  leads  us  into  very  difficult  ground. 

In  the  first  place,  we  must  assume  that  in  every  electrolyte  each 
molecule  of  the  cation,  as  it  is  liberated  at  the  cathode,  commu- 
nicates to  the  cathode  a  charge  of  positive  electricity,  the  amonnt 
of  which  is  the  same  for  every  molecule,  not  only  of  that  cation 
bnt  of  all  other  cations.  In  the  same  way  each  molecule  of  the 
anioD  when  liberated,  conununicates  to  the  anode  a  charge  of 
negative  electricity,  the  numerical  magnitade  of  which  ie  the  same 
as  that  of  the  positive  charge  due  to  a  molecule  of  a  cation,  but 
with  sign  reversed. 

Ifj  instead  of  a  single  molecale,  we  consider  an  assemblage  of 
molecules,  constituting  an  electrochemical  eqiiivalent  of  the  ion, 
then  the  total  charge  of  all  the  molecules  is,  as  we  have  seen,  one 
unit  of  electricity,  positive  or  negative. 

260.]  We  do  not  as  yet  know  how  many  molecules  there  are 
in  an  electrochemical  equivalent  of  any  suhstance,  hut  the  molecular 
theory  of  chemistry,  which  is  corroborated  by  many  physical  con- 
siderations, supposes  that  the  number  of  molecules  in  an  elec* 
trochemical  equivalent  is  the  same  for  all  eubstanoes.  We  may 
therefore,  in  molecular  speculations,  assume  that  the  number  of 
molecules  in  an  electrochemical  equivalent  is  N,  a  number  unknown 
at  present,  but  which  we  may  hereafter  find  means  to  determine  *. 

Each  molecule,  therefore,  on  being  liberated  from  the  state  of 

combination,  parte  with  a  chaige  whose  magnitude  is  -^ ,  and  ie 

positive  for  the  cation  and  negative  for  the  anion.  This  definito 
quantity  of  electricity  we  shall  call  the  molecular  charge.  If  it 
were  known  it  would  be  the  most  natural  unit  of  electricity. 

Hitherto  we  have  only  increased  the  precision  of  our  ideas  by 
exercising  our  imagination  in  tracing  the  electrification  of  molecules 
and  the  discharge  of  that  electrification. 

The  liberation  of  the  ions  and  the  passage  of  positive  electricity 
Irom  the  anode  and  into  the  cathode  are  eimultaneous  facts.  The 
ions,  when  liberated,  are  not  charged  with  electricity,  hence,  when 
they  are  in  combination,  they  have  the  molecular  charges  as  above 
described. 

The  electrification  of  a  molecule,  however,  thongh  easily  spoken 
of,  is  not  so  easily  conceived. 

We  know  that  if  two  metals  are  brought  into  contact  at  any 
•  See  noU  to  Ark  5. 
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point,  the  rest  of  their  Bur&cee  will  be  electrifiedj  and  if  the  metale 
are  in  the  form  of  two  pUtee  separated  by  a  narrow  interval  of  air, 
the  charge  on  each  plate  may  become  of  considerable  magnitude. 
Something  like  this  may  be  HUpposed  to  occur  when  the  two 
components  of  an  electrolyte  are  in  combination.  Each  pair  of 
molecules  may  be  Buppoeed  to  toudi  at  one  pointy  and  to  have  the 
rest  of  their  surface  charged  with  electricity  due  to  the  electro- 
motive force  of  contact. 

But  to  explain  the  phenomenon,  we  ought  to  shew  why  the 
charge  thus  produced  on  each  molecule  is  of  a  fixed  amount,  and 
why,  when  a  molecule  of  chlorine  is  combioed  with  a  molecule  of 
zinc,  the  molecular  charges  are  the  same  as  when  a  molecule  of 
chlorine  is  combined  with  a  molecule  of  copper,  although  the  elec- 
tromotive force  between  chlorine  and  zinc  is  much  greater  than 
that  between  chlorine  and  copper.  If  the  charging  of  the  molecules 
is  the  effect  of  the  electromotive  force  of  contact,  why  should 
electromotive  forces  of  different  inteoeitiee  produce  exactly  equal 
chains? 

Suppose,  however,  that  we  leap  over  this  difficulty  by  simply 
asserting  the  fact  of  the  constant  value  of  the  molecular  chai^, 
and  that  we  call  this  constant  molecular  chai^,  for  convenience  in 
description,  one  molecule  <^  eleciriciiy. 

This  phrase,  gross  as  it  is,  and  out  of  harmony  with  the  rest  of 
this  treatise,  will  enable  us  at  least  to  state  clearly  what  is  known 
about  electrolysis,  and  to  appreciate  the  outstanding  difficulties. 

Every  electrolyte  must  be  considered  as  a  binary  compound  of 
it«  anion  and  its  cation.  The  anion  or  the  cation  or  both  may  be 
compound  bodies,  so  that  a  molecule  of  the  anion  or  the  cation 
may  be  formed  by  a  number  of  molecules  of  simple  bodies.  A 
molecule  of  the  anion  and  a  molecule  of  the  cation  combined  to- 
gether form  one  molecule  of  the  electrolyte. 

In  order  to  act  as  an  anion  in  an  electrolyte,  the  molecule  which 
BO  acts  must  be  charged  with  what  we  have  called  one  molecule 
of  negative  electricity,  and  in  order  to  act  as  a  cation  the  molecule 
must  be  charged  with  one  molecule  of  positive  electricity. 

These  charges  are  connected  with  the  molecules  only  when  they 
are  combined  as  anion  and  cation  in  the  electrolyte. 

When  the  molecoles  are  electrolysed,  they  part  with  their  charges 
to  the  electrodes,  and  appear  as  unelectrified  bodies  when  set  iree 
from  combination. 

If  the  same  molecule  ie  capable  of  acting  as  a  cation  in  one 
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electrolyte  and  as  an  anion  in  another,  and  also  of  entering  into 
compoond  bodies  which  are  not  electrolytes,  then  we  must  suppose 
that  it  receives  a  positiYe  charge  of  electricity  when  it  acts  as  a 
cation,  a  negatiTe  charge  when  it  acta  as  an  anion,  and  that  it 
is  without  charge  when  it  is  not  in  an  electrolyte. 

Iodine,  for  instance,  acts  as  an  anion  in  the  iodides  of  the  metals 
and  in  hydriodic  acid,  but  is  said  to  act  as  a  cation  in  the  bromide 
of  iodine. 

This  theory  of  molecular  charges  may  serve  as  a  method  by 
which  we  may  remember  a  good  many  facts  about  electrolysis. 
It  is  extremely  improbable  that  when  we  come  to  understand  the 
true  nature  of  electrolysis  we  shall  retain  in  any  form  the  theory  of 
molecular  charges,  for  then  we  shall  have  obtained  a  secure  basis 
on  which  to  form  a  true  theory  of  electric  currents,  and  so  become 
independent  of  these  prorisional  theories. 

261.]  One  of  the  most  important  steps  in  our  knowledge  of 
electrolyslB  has  been  the  recognition  of  the  secondary  chemical 
processes  which  arise  from  the  ev(JutioD  of  the  ions  at  the  elec- 
trodes. 

In  many  cases  the  substances  which  are  found  at  the  electrodes 
are  not  the  aetaal  ions  of  the  electrolysis,  but  the  products  of  the 
action  of  these  ions  on  the  electrolyte. 

Thus,  when  a  solution  of  sulphate  of  soda  is  electrolysed  by  a 
current  which  also  passes  through  dilute  sulphuric  acid,  equal 
quantities  of  oxygen  are  given  off  at  the  anodes,  and  equal  qnan< 
titles  of  hydrogen  at  the  cathodes,  both  in  the  sulphate  of  sods 
and  in  the  dilute  acid. 

But  if  the  electrolysis  is  conducted  in  suitable  vessels,  such  as 
V-shaped  tubes  or  vessels  with  a  porous  diaphragm,  so  that  the 
substance  surrounding  each  electrode  can  be  examined  separately, 
it  is  found  that  at  the  anode  of  the  sulphate  of  soda  there  is  an 
equivalent  of  sulphuric  acid  as  well  as  an  equivalent  of  oxygen, 
and  at  the  cathode  there  is  an  equivalent  of  soda  as  well  as  two 
equivalents  of  hydrogen. 

It  would  at  firat  sight  seem  as  if,  according  to  the  old  theory 
of  the  constitution  of  salts,  the  sulphate  of  soda  were  electrolysed 
into  its  constituents  sulphuric  acid  and  soda,  while  the  water  of  the 
solution  is  electrolysed  at  the  same  time  into  oxygen  and  hydr<^en. 
Bat  this  explanation  would  involve  the  admission  that  the  same 
current  which  passing  through  dilute  sulphuric  acid  electrolyses 
one  equivalent  of  water,  when  it  passes  through  solution  of  sulphate 
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oF  soda  electrolyses  one  equivalent  of  the  salt  as  well  as  one  equi- 
valent of  the  water,  and  this  would  be  contrary  to  the  law  of 
electrochemical  equivalents. 

But  if  we  suppose  that  the  cocoponents  of  sulphate  of  soda  are 
not  SOg  and  NaO  but  SO4  and  Na, — not  sulphuric  acid  and  soda 
but  Hulphion  and  sodium — then  the  sulphion  travels  to  the  anode 
and  is  set  &ee,  but  being  unable  to  exist  in  a  free  state  it  breaks 
up  into  sulphuric  acid  and  oxy^n,  one  equivalent  of  each.  At 
the  same  time  the  sodium  is  set  free  at  the  cathode,  and  there 
decomposes  the  water  of  the  solution,  formiog  one  equivalent  of 
soda  and  two  of  hydrogen. 

In  the  dilute  sulphuric  acid  the  gaBes  collected  at  the  electrodes 
are  the  constituents  of  water,  namely  one  volume  of  oxygen  and 
two  volumes  of  hydrogen.  There  is  also  an  inoreaae  of  sulphuric 
acid  at  the  anode,  but  its  amount  is  not  equal  to  an  equivalent. 

It  ia  doubtful  nhether  pure  water  is  an  electrolyte  or  not.  The 
greater  the  purity  of  the  water,  the  greater  the  resistance  to  elec- 
trolytic conduction.  The  minutest  traces  of  foreign  matter  are 
sufficient  to  produce  a  great  diminution  of  the  electrical  resistance 
of  water.  The  electric  resistance  of  water  as  determined  by  different 
observers  has  valaes  so  different  that  we  cannot  consider  it  as  a 
determined  quantity.  The  purer  the  water  the  greater  its  resistance, 
and  if  we  could  obtain  really  pure  water  it  is  doubtful  whether  it 
would  conduct  at  all. 

As  long  as  water  was  considered  an  electrolyte,  and  was,  indeed, 
taken  as  the  t^pe  of  electrolytes,  there  was  a  strong  reason  for 
maintaining  that  it  is  a  binary  compound,  and  that  two  volumes 
of  hydrogen  are  chemically  equivalent  to  one  volume  of  oxygen. 
If,  however,  we  admit  that  water  is  not  an  electrolyte,  we  are  free 
to  suppose  that  equal  volumes  of  o^gen  and  of  hydrogen  are 
chemically  equivalent. 

The  dynamical  theory  of  gae^  leads  us  to  suppose  that  in  perfect 
gases  equal  volumes  always  contain  an  equal  number  of  molecules, 
and  that  the  principal  part  of  the  specific  heat,  that,  namely,  which 
depends  on  the  motion  of  citation  of  the  molecules  among  each 
other,  is  the  same  for  equal  numbers  of  molecules  of  all  gases. 
Hence  we  are  led  to  prefer  a  chemical  system  in  which  equal 
volumes  of  oxygen  and  of  hydrogen  are  regarded  as  equivalent, 
and  in  which  water  is  regarded  as  a  compound  of  two  equivalents 
of  hydrogen  and  one  of  oxygen,  and  therefore  probably  not  capable 
of  direct  electrolysis. 
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While  electrolysis  fully  establishes  the  close  relationship  hetweea 
electrical  phenomeaa  and  those  of  chemical  combination,  the  &ct 
that  every  chemical  compound  is  not  an  electrolyte  shews  that 
ohemical  combination  is  a  process  of  a  higher  order  of  complexity 
than  any  purely  electrical  phenomenon.  Thus  the  combinations  of 
the  metals  with  each  other,  thoogh  they  are  good  conductors,  and 
their  components  stand  at  different  points  of  the  scale  of  electri- 
ficatioQ  by  contact,  are  not,  even  when  in  a  fluid  state,  decomposed 
by  the  current.  Most  of  the  combiDatione  of  the  Bubstances  which 
act  as  anions  are  not  conductors,  and  therefore  are  not  electrolytes. 
Besides  these  we  have  many  compounds,  containing  the  same  com- 
ponents as  electrolytes,  but  not  in  equivalent  proportions,  and  these 
are  also  non-conductors,  and  therefore  not  electrolytes. 

Oa  tie  Cotuervation  of  Energy  in  Electrolyns. 

S63.]  Consider  any  voltaic  circuit  consisting  partly  of  a  battery, 
partly  of  a  wire,  and  partly  of  an  electrolytic  cell. 

During  the  passage  of  unit  of  electricity  through  any  section  of 
the  circuit,  one  electrochemical  equivalent  of  each  of  the  substances 
in  the  cells,  whether  voltaic  or  electrolytic,  is  electrolysed. 

The  amount  of  mechanical  energy  equivalent  to  any  given 
chemical  process  can  be  ascertained  by  converting  the  whole  energy 
due  to  the  process  into  heat,  and  then  expressing  the  heat  in 
dynamical  measure  by  multiplying  the  number  of  thermal  units  by 
Joule's  mechanical  equivalent  of  heat. 

Where  this  direct  method  is  not  applicable,  if  we  can  estimate 
the  heat  given  out  by  the  snljstances  taken  first  in  the  state  before 
the  process  and  then  in  the  state  after  the  process  during  their 
reduction  to  a  final  state,  which  is  the  same  in  both  cases,  then  the 
thermal  equivalent  of  the  process  is  the  difference  of  the  two  quan- 
tities of  heat. 

In  the  case  in  which  the  chemical  action  maintains  a  Toltuo 
circuit,  Jonle  found  that  the  heat  developed  in  the  voltaic  cells  ie 
lees  than  that  due  to  the  chemical  process  within  the  cell,  and  that 
the  remainder  of  the  heat  is  developed  in  the  connecting  wire,  or, 
whea  there  is  an  electromagnetic  engine  in  the  circuit,  part  of  the 
beat  may  be  accounted  for  by  the  mechanical  work  of  the  engine. 

For  instance,  if  the  electrodes  of  the  voltaic  cell  are  first  con- 
nected by  a  short  thick  wire,  and  afterwards  by  a  long  thin  wire, 
the  heat  developed  in  the  cell  for  each  grain  of  zinc  dissolved  is 
greater  in  the  first  cose  than  in  the  second,  but  the  heat  deval^ied 

Toui.  Aft  ,--  ] 
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in  the  wire  is  greater  in  the  second  case  than  in  the  first.  The 
sum  of  the  heat  developed  ia  the  cell  snd  in  the  wire  for  each  grain 
of  zinc  dissolved  is  the  same  in  both  cases.  This  has  been  estab- 
lished by  Joale  by  direct  experiment. 

The  ratio  of  the  heat  generated  in  the  cell  to  tliat  generated 
in  the  wire  is  that  of  the  resistance  of  the  cell  to  that  of  the  wire, 
so  that  if  the  wire  were  made  of  sufficient  resistance  nearly  the 
whole  of  the  heat  would  be  generated  in  the  wire,  and  if  it  were 
made  of  sufficient  conducting  power  nearly  the  whole  oS  the  heat 
would  be  generated  in  the  cdl. 

Let  the  wire  be  made  so  as  to  hare  great  resistance,  then  the 
heat  generated  in  it  is  equal  in  dynamical  measmre  t»  the  product 
of  the  quantity  of  electricity  which  is  transmitted,  multiplied  by 
the  eleetromotive  force  under  which  it  is  made  to  pass  through 
the  wire. 

363.]  Now  during  the  time  in  which  an  electroehemieal  equi- 
valent of  the  substance  in  the  cell  andergoes  the  chemicd  process 
which  gives  rise  to  the  current,  one  anit  of  electricity  passes 
through  the  wire.  Hence,  the  heat  developed  by  the  passage  of 
one  unit  of  electricity  is  in  this  case  measured  by  the  electremotive 
force.  Bat  this  heat  is  that  which  one  electrochemical  equivalent 
of  the  sabstance  generates,  whether  in  the  cell  or  in  the  wire,  while 
nndergoing  the  given  chemical  process. 

Hence  the  following  important  theorem,  first  proved  by  Thomson 
{Piil.  Mag.,  Deo.  1851)  :— 

'  The  electromotive  fcvce  of  an  electrochemical  apparatus  is  in 
absolute  measnre  equal  to  the  mechantoal  equivalent  of  the  cheuiical 
action  on  one  electrochemical  equivalent  of  the  substance.* 

The  thermal  equivalents  of  many  chemical  actions  have  been 
determined  by  Andrews,  Hess,  Favre  and  Silbermann,  ftc.,  and  from 
these  their  mechanical  equivalents  can  be  deduced  by  multiplication 
by  the  mechanical  equivalent  of  heat. 

This  theorem  not  only  enables  us  to  calculate  from  purely  thermal 
data  the  electromotive  forces  of  different  voltaic  arrangements,  and 
the  electromotive  forces  required  to  effect  electrolysis  in  different 
eases,  hot  affords  the  means  of  actually  measuring  chemical  affinity. 

It  has  long  been  known  that  diemical  aflinity,  or  the  tendency 
which  exists  towards  the  going  on  of  a  certain  chemical  change, 
is  stronger  in  some  cases  than  in  others,  but  no  proper  measure 
of  this  tendency  could  be  made  till  it  was  shewn  that  this  tendency 
in  certain  cases  is  exactly  equivalent  to  a  certain  electromotive 

DigiLizedbyGoOJ^lc 


263.]  CALCULATION   OP   ELECTROMOTIVE   FOECE.  355 

force,  ftnd  can  therefore  be  measured  according  to  the  very  same 
prinoiples  used  in  the  measarement  of  electromotive  forces. 

Chemical  affinity  bein^  therefore,  in  certain  cases,  reduced  to 
the  form  of  a  measurable  quantity,  the  whole  theory  of  chemical 
processes,  of  the  rate  at  which  they  go  on,  of  the  displacement  of 
one  substance  by  another,  &c.,  becomes  much  more  intelligible  than 
when  chemical  affinity  was  regarded  as  a  quality  sui  generii,  and 
irreducible  to  numerical  measurement. 

When  the  volume  of  the  products  of  electrolysis  is  greater  than 
that  of  the  electrolyte,  work  is  d<we  during  the  electrolysis  in 
overcoming  the  pressure.  If  the  volume  of  an  electrochemical 
equivalent  of  the  electrtdyte  is  increased  by  a  volume  v  when 
electrolysed  under  a  pressure  p,  then  the  work  done  during  the 
passage  of  a  unit  of  electricity  in  overcoming  pressure  is  vp,  and 
the  electromotive  force  required  for  electrolysis  must  include  a 
part  equal  to  vp,  which  is  spent  in  performing  this  mechanical 
work. 

If  the  products  of  electrolysis  are  gases  which,  like  oxygen  and 
hydrc^n,  are  much  rarer  than  the  electrolyte,  and  fulfil  Boyle's 
law  veiy  exactly,  vp  will  be  very  nearly  constant  for  the  same 
temperature,  and  the  electromotive  force  required  for  electrolysis 
will  not  depend  in  any  sensible  degree  on  the  pressure.  Hence  it 
has  been  found  impossible  to  check  the  ^ectrolytic  decomposition 
ef  dilute  Bulphurie  acid  by  confining  the  decomposed  gases  in  a 
unall  space. 

When  the  products  of  electrolysis  are  liquid  or  solid  the  quantity 
vp  will  increase  as  the  pressure  increases,  so  that  if  v  is  positive 
an  increase  of  pressure  will  increase  the  electromotive  force  required 
for  electrolysis. 

In  the  same  way,  any  other  kind  of  work  done  during  electro- 
lysis will  have  an  effect  on  the  value  of  the  electromotive  force, 
as,  for  instance,  if  a  vertical  current  passes  between  two  zinc 
electrodes  in  a  solution  of  sulphate  of  zinc  a  greater  electromotive 
force  will  be  required  when  the  current  in  the  solution  flows 
upwards  than  when  it  flows  downwards,  for,  in  the  first  case,  it 
carries  zinc  from  the  lower  to  the  upper  electrode,  and  in  the 
second  from  the  upper  to  the  lower.  The  electromotive  force 
required  for  this  purpose  is  less  than  the  millionth  part  of  that 
of  a  DanielL's  cell  per  foot. 
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264.]  When  an  electric  current  ia  passed  through  an  electrolyte 
bounded  by  metal  electrodes,  the  accuranlation  of  the  ions  at  the 
electrodes  produces  the  phenomenon  called  FoUrization,  which  con- 
sists in  an  electromotive  force  acting  in  the  opposite  direction  to  the 
current,  and  producing  an  apparent  increase  of  the  resistance. 

When  a  continuoas  current  is  employed,  the  reaietanoe  appears 
to  increase  rapidly  from  the  commencement  of  the  current,  and 
at  last  reaches  a  value  nearly  constant.  If  the  form  of  the  vessel 
in  which  the  electrolyte  is  contained  is  changed,  the  resistance  is 
altered  in  the  same  way  as  a  similar  change  of  form  of  a  metallic 
conductor  would  alter  its  resistance,  but  an  additional  apparent 
resistance,  depending  on  the  nature  of  the  electrodes,  has  always 
to  be  added  to  the  true  resistance  of  the  electrolyte. 

265.]  These  phenomena  have  led  some  to  suppose  that  there  is 
a  finite  electromotive  force  required  for  a  cnrrent  to  pass  through 
an  electrolyte.  It  has  been  ^ewn,  however,  by  the  researches  of 
Lenz,  Neumann,  Beetz,  Wiedemann*,  Paalzowt,  and  recently  by 
those  of  MM.  F.  Kohlrausch  and  W.  A.  Nippoldfcj,  that  the  con- 
duction in  the  electrolyte  itself  .obeys  Ohm's  Law  with  the  same 
precision  as  in  metallic  conductors,  and  that  the  apparent  resistance 
at  the  bounding  surface  of  the  electrolyte  and  the  electrodes  is 
entirely  due  to  polarization. 

266.]  The  phenomenon  called  polarization  manifeBts  itself  in 
the  case  of  a  continuous  current  by  a  diminution  in  the  current, 
indicating  a  force  opposed  to  the  current.  Kesistance  is  also  per- 
ceived as  a  force  opposed  to  tiie  cnrrent,  but  we  can  distinguish 
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between  the  two  phenomena  by  iDstantaneously  removing  or  re- 
verging  the  electromotive  force. 

The  resisting  force  is  always  opposite  in  direction  fo  the  current, 
and  the  external  electromotive  force  required  to  overcome  it  is 
proportional  to  the  strength  of  the  current,  and  changes  its  direc- 
tion when  the  direction  of  the  current  is  changed.  If  the  external 
electromotive'  force  becomes  zero  the  current  simply  stops. 

The  electromotive  force  due  to  polarization,  on  the  other  hand, 
is  in  a  fixed  direction,  opposed  to  the  current  which  produced  it. 
If  the  electromotive  force  which  produced  the  current  is  removed, 
the  polarimtion  produces  a  current  in  the  opposite  direction. 

I^e  difference  between  the  two  phenomena  may  be  compared 
with  the  difference  between  forcing  a  current  of  water  through 
a  long  capillary  tube,  and  forcing  water  through  a  tube  of  moderate 
length  up  into  a  cistern.  In  the  first  case  if  we  remove  the  pressure 
which  produces  the  flow  the  current  will  simply  stop.  In  the 
second  case,  if  we  remove  the  pressure  the  water  will  begin  to  flow 
down  again  from  the  cistenr. 

To  make  the  mechanical  illustration  more  complete,  we  have  only 
to  suppose  that  the  cistern  is  of  moderate  depth,  so  that  when  a 
certain  amount  of  water  is  raised  into  it,  it  begins  to  overflow. 
This  will  represent  the  fact  that  the  total  electromotive  force  due 
to  polarization  has  a  maximnm  limit. 

267.]  The  cause  of  polarization  appears  to  be  the  exiBt«nce  at 
the  electrodes  of  the  products  of  the  electrolytic  decomposition  of 
the  fluid  between  them.  The  surfaces  of  the  electrodes  are  thus 
rendered  electrically  different,  and  an  electromotive  force  between 
them  is  called  into  action,  the  direction  of  which  is  opposite  to  that 
of  the  current  which  caused  the  polarization. 

The  ions,  which  by  their  presence  at  the  electrodes  produce  the 
phenomena  of  polarization,  are  not  in  a  perfectly  free  state,  but 
are  in  a  condition  in  which  they  adhere  to  the  surface  of  the 
electrodes  with  considerable  force. 

The  electromotive  force  due  to  polarization  depends  upon  the 
density  with  which  the  electrode  is  covered  with  the  ion,  but  it 
is  not  proportional  to  this  density,  for  the  electromotive  force  does 
not  increase  so  rapidly  as  this  density. 

This  deposit  of  the  ion  is  constantly  tending  to  become  free, 
and  either  to  diffuse  into  the  liquid,  to  escape  as  a  gas,  or  to  be 
precipitated  as  a  solid. 

Hie  rate  of  this  dissipation  of  the  polarization  is  exceedingly 
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Bcoall  for  slight  degreee  of  polarization,  and  exceedingly  rapid  near 
the  limiting  value  of  polarization. 

268.]  We  have  seen,  Art.  262,  that  the  electromotive  force  acting 
in  any  electrolytic  procesa  is  numerically  equal  to  the  mechanicfti 
equivalent  of  the  result  of  that  procesa  on  one  electrochemical 
equivalent  of  the  substance.  If  the  process  involves  a  diminution 
of  the  intrinsic  energy  of  the  substances  which  take  part  in  it, 
as  in  the  voltaic  cell,  then  the  electromotive  force  is  in  the  direction 
of  the  current.  IF  the  process  involves  an  increase  of  the  intrinsic 
energy  of  the  substances,  as  in  the  case  of  the  electrolytic  cell, 
the  electromotive  force  is  in  the  direction  opposite  to  that  of  the 
current,  and  this  electromotive  force  is  called  polarization. 

In  the  case  of  a  steady  current  in  which  electrolysis  goes  on 
continuously,  and  tlie  ions  are  separated  in  a  &ee  state  at  the 
electrodes,  we  have  only  by  a  suitable  process  to  measure  the 
intrinsic  energy  of  the  separated  ions,  and  compare  it  with  that 
of  the  electrolyte  in  order  to  calculate  the  electromotive  force 
required  for  the  electrolysis.  This  will  give  the  maximum  polari- 
zation. 

But  during  the  first  instants  of  the  process  of  electrolysis  the 
ions  when  deposited  at  the  electrodes  are  not  in  a  free  state,  and 
their  intriuHic  energy  is  less  than  their  ene^y  in  a  free  state, 
though  greater  than  their  energy  when  combined  in  the  electrolyte. 
In  fact,  the  ion  in  contact  with  the  electrode  is  in  a  state  which 
when  the  deposit  is  very  thin  may  be  compared  with  that  of 
chemical  combination  with  the  electrode,  bnt  as  the  deposit  in- 
creases in  density,  the  succeeding  portions  are  no  longer  so  in- 
timately combined  with  the  electrode,  but  simply  adhete  to  it,  and 
at  last  the  deposit,  if  gaseous,  escapes  in  bubbles,  if  liquid,  difiuses 
through  the  electrolyte,  and  if  solid,  forms  a  precipitate. 

In  studying  polarization  we  have  therefore  to  consider 

(1)  The  superficial  density  of  the  deposit,  which  we  may  call 
IT.  This  quantity  tr  represents  the  number  of  electrochemicRl 
equivalents  of  the  ion  deposited  on  unit  of  area.  Since  each 
electrochemical  equivalent  deposited  corresponds  to  one  unit  of 
electricity  transmitted  by  the  current,  we  may  consider  ir  as  re- 
presenting either  a  surface-density  of  matter  or  a  surface- density  of 
electricity. 

(2)  The  electromotive  force  of  polarization,  which  we  may  call  p. 
This  quantity  p  is  the  difference  between  the  electric  potentials 
of  the  two  electrodes  when  the  current  through  the  electrolyte 
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is  BO  feeble  thtA  the  proper  lesirtance  of  the  electrolyte  makes  tto 
sensible  diSei«noe  between  these  potentials. 

The  «lectromotiTe  force  p  at  any  instaat  is  nnmeric^ly  equal 
to  the  mechanical  equivalent  of  the  electrolytic  process  gving  on  at 
that  instant  which  corresponds  to  one  electrochemical  equivalent  of 
the  electrolyte.  This  electrolytic  process,  it  must  be  remembered, 
consists  in  the  deposit  of  the  ions  on  the  electrodes,  and  the  state 
in  which  they  are  deposited  depends  on  the  actual  state  of  the 
sur&oe  of  tlie  electrodes,  which  may  be  modified  by  previous 
deposits. 

Hence  th«  electromotive  force  at  any  instant  depends  on  the 
previous  history  of  the  electrode.  It  is,  speaking  very  roughly, 
ft  function  of  <r,  the  density  of  the  deposit,  such  that  ^  =  0  when 
cr  =  0,  but^  approaches  a  limiting  value  much  sooner  than  a  does. 
The  statement,  however,  that  ^  is  a  fbnction  of  a  cannot  be 
considered  accurate.  It  would  be  more  correct  to  say  that  p  is 
ft  function  of  the  chemical  state  of  the  superficial  layer  of  the 
deposit,  and  that  this  state  depends  on  the  density  of  the  deposit 
according  to  some  law  involving  the  time. 

269.]  (3)  The  third  thing  we  must  take  into  account  is  the 
dissipation  of  the  polarization.  The  polarization  when  left  to  itself 
diminishes  at  a  rate  depending  partly  on  the  intensity  of  the 
polarization  or  the  density  of  the  deposit,  and  partly  on  the  nature 
of  the  surrounding  medium,  and  the  chemical,  mechanical,  or  thermal 
action  to  which  the  surface  of  the  electrode  is  exposed. 

If  we  determine  a  time  T  such  that  at  the  rate  at  which 
the  deposit  is  dissipated,  the  whole  deposit  would  be  removed  in 
the  time  T,  we  may  call  T  the  modulus  of  the  time  of  dissipation. 
When  the  density  of  the  deposit  is  very  small,  T  is  very  large, 
and  may  be  reckoned  by  days  or  months.  When  the  density  of 
the  deposit  approaches  its  limiting  value  T  diminishes  very  rapidly, 
and  is  probably  a  minute  fraction  of  a  second.  In  fact,  the  rate 
of  dissipatioD  increases  so  rapidly  that  when  the  strength  of  the 
current  is  maintained  constant,  the  separated  gas,  instead  of  con- 
tributing to  increase  the  density  of  the  deposit,  escapes  in  bubbles 
as  fast  as  it  is  formed. 

270.]  There  is  therefore  a  great  difference  between  the  state  of 
polarization  of  the  electrodes  of  an  electtoly  tic  cell  when  the  polari- 
zation is  feeble,  and  when  it  is  at  its  maximum  value.  For  instance, 
if  a  number  of  electrolytic  cells  of  dilute  sulphuric  acid  with 
platinum  electrodes  are  arranged  in  series,  and  if  a  small  electro- 
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motwe  force,  such  as  that  of  one  Daniell's  cell,  be  made  to  act 
on  the  circuit,  the  eled.romotive  force  will  produce  a  current  of 
esceedinglf  short  duration,  for  after  a  very  short  time  the  elec- 
tromotive  force  arising  from  the  polarization  of  the  cell  will  balance 
that  of  the  Daniell's  cell. 

The  dissipation  will  be  very  small  in  the  case  of  so  feeble  a  state 
of  polarization,  and  it  will  take  place  by  a  verj  slow  absorption 
of  the  gases  and  diffuBion  through  the  liquid.  The  rate  of  this 
dissipation  is  indicated  by  the  exoeedingly  feeble  current  which 
still  continues  to  flow  without  any  visible  separation  of  gases. 

If  we  neglect  this  dissipation  for  the  short  time  during  which 
the  state  of  polarization  is  set  up,  and  if  we  call  Q  the  total 
quantity  of  electricity  which  is  transmitted  by  the  current  during 
this  time,  then  if  A  is  the  area  of  one  of  the  eleetrodes,  and  v 
the  density  of  the  deposit,  supposed  uniform, 

«  =  ^„. 

If  we  now  disconnect  the  electrodes  of  the  dectrolytic  apparatus 
from  the  Daniell's  cell,  and  connect  them  with  a  galvanometer 
capable  of  measuring  the  whole  dischai^  through  it,  a  quantity 
of  electricity  nearly  equal  to  Q  will  he  discharged  as  the  polari- 
zation disappears. 

271.]  Hence  we  may  compare  the  action  of  this  appamtua,  which 
is  a  form  of  Bitter's  Secondary  File,  wiih  that  of  a  Leyden  jar. 

Both  the  secondary  pile  and  the  Leyden  jar  are  capable  of  being 
charged  with  a  certain  amount  of  electricity,  and  of  being  after- 
wards discharged.  During  the  discharge  a  quantity  of  electricity 
nearly  equal  to  the  charge  passes  in  the  opposite  direction.  The 
difference  between  the  charge  and  tho  dischai^  arises  partly  from 
dissipation,  a  process  whieh  in  the  caee  of  small  charges  is  very 
slow,  but  which,  when  the  charge  exceeds  a  certain  limit,  becomes 
exceedingly  rapid.  Another  part  of  the  difference  between  the  charge 
and  the  discharge  arises  from  the  iact  that  after  the  electrodes 
have  been  connected  for  a  time  sufficient  to  produce  an  apparently 
complete  discharge,  so  that  the  current  has  completely  disappeared, 
if  we  separate  the  electrodes  for  a  time,  and  afterwards  connect 
them,  we  obtain  a  second  discharge  in  the  same  direction  as  the 
original  discharge.  This  is  called  the  residual  discbai^,  and  is  a 
phenomenon  of  the  Leyden  jar  as  well  as  of  the  secondary  pile. 

The  secondary  pile  may  therefore  be  compared  in  several  respects 
to  a  Leyden  jar.  There  are,  however,  certain  important  differences. 
The  charge  of  a  Leyden  jar  is  very  exactly  proportional  to  the 
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electromotiTe  force  of  the  charge,  that  is,  to  the  difference  of 
poteotiala  of  the  two  sur&cea,  and  the  charge  GorreBpondiog  to  unit 
of  electromotive  force  is  called  the  capacity  of  the  jar,  a  constant 
qoantity.  The  corresponding  qaantitj,  which  may  be  called  the 
capacity  of  the  secondary  pile,  increases  when  the  electromotive 
force  increases. 

The  capacity  of  the  jar  depends  on  the  area  of  the  opposed 
surfaces,  on  the  distance  between  them,  and  on  the  nature  of  the 
substance  between  them,  but  not  on  the  nature  of  the  metallic 
surfaces  themselves.  The  cap*city  of  the  secondary  pile  depends 
on  the  area  of  the  surfaces  of  the  electrodes,  bat  not  on  the  dietance 
between  them,  and  it  depends  on  the  natare  of  the  surface  of  the 
electrodes,  as  well  as  on  that  of  the  fluid  between  them.  The 
tnaximum  difference  of  the  potentials  of  the  electrodes  in  each 
element  of  a  secondary  pile  is  very  small  compared  with  the  maxi- 
mum difference  of  the  potentials  of  those  of  a  charged  Leyden  jar, 
•0  that  in  order  to  obtain  much  electromotive  force  a  pile  of  many 
elements  must  be  used. 

On  the  other  hand,  the  superficial  density  of  the  charge  in  the 
secondary  pile  is  immensely  greater  than  the  utmost  superficial 
density  of  &o  eharge  which  can  be  aceumulated  on  the  surfaces 
of  a  Leyden  jar,  insomnoh  that  Mr.  C.  F.  Varley*,  in  describing 
the  constraction  of  a  condenser  of  great  capacity,  recommends  a 
series  of  gold  or  platinum  plates  immersed  in  dilute  acid  as  prefer- 
able in  point  of  cheapness  to  induction  plates  of  tinfoil  separated 
by  insulating  material. 

The  form  in  which  the  energy  of  a  Leyden  jar  is  stored  up 
is  the  state  of  constraint  ef  the  dielectrie  between  the  conducting 
Burfaoes,  a  state  which  I  have  already  described  under  the  name 
of  electric  polarization,  pointing  out  those  phenomena  attending 
this  state  which  are  at  present  known,  and  indicating  the  im- 
perfect state  of  our  knowledge  of  what  really  takes  place.  See 
Arts.  62,111. 

The  form  io  which  the  energy  of  the  seoondary  pile  is  stored 
op  is  the  chemical  condition  of  the  material  stratum  at  the  surface 
of  the  electrodes,  consisting  of  the  ions  of  the  electrolyte  and  the 
•nbstance  of  the  electrodes  in  a  relation  varying  from  chemical 
combioatioQ  to  superficial  condensation,  mechanical  adherence,  or 
simple  juxtaposition. 

The  seat  of  this  energy  is  close  to  the  sur&ces  of  the  electrodes, 
•  ^MdficstioB  of  C.  F.  Varia;,  '  Electric  Tddgrspbs,  te^'  Jul  1800. 
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aod  not  throughout  the  sabstance  of  the  electrolyte,  and  the  fonn 
in  which  it  exists  may  he  called  electrolytic  polarization. 

After  studying  the  secondary  pile  in  connexion  with  the  Leyden 
jar,  the  studeat  should  again  compare  the  voltaic  battery  with 
some  form  of  the  electrical  machine,  such  as  that  described  in 
Art.  211. 

Mr.  Varley  has  lately  *  found  that  the  capacity  of  one  square 
inch  18  from  175  to  642  microfarads  and  upwards  for  platinum 
plates  in  dilute  sulphuric  acid,  and  that  the  capacity  increases  with 
the  electromotive  force,  being  about  175  for  0.02  of  a  Daniell's 
cell,  and  S42  for  1.6  Daniell's  cells. 

But  the  comparison  betiveen  the  I>eyden  jar  and  the  secondary 
pile  may  be  carried  still  farther,  as  in  the  following  experiment, 
due  to  Bufft-  It  is  only  when  the  glass  of  the  jar  is  cold  that 
it  is  capable  of  retaining  a  charge.  At  s  temperature  below  100''C 
the  glass  becomes  a  conductor.  If  a  test-tube  containing  mercury 
is  placed  in  a  vessel  of  mercury,  and  if  a  pair  of  electrodes  are 
connected^  one  with  the  inner  and  the  other  with  the  outer  portion 
of  mercury,  the  arrangement  constitntes  a  Leyden  jar  which  will 
hold  a  charge  at  ordinary  temperatures.  If  the  electrodes  are  con- 
nect«d  with  those  of  a  voltaic  battery,  no  current  will  pass  as  long 
as  the  glass  is  cold,  but  if  the  apparatus  is  gradually  heated  a 
current  will  begin  to  pass,  and  will  increase  rapidly  in  intensity  as 
the  temperature  rises,  though  the  glass  remains  apparently  as  hard 
as  ever. 

This  current  is  manifestly  electrolytic,  for  if  the  electrodes  are 
disconnected  from  the  battery,  and  connected  with  a  galvanometer, 
a  considerable  reverse  current  passes,  due  to  polarization  of  the 
surfaces  of  the  glass. 

If,  while  the  battery  is  in  action  the  apparatus  is  cooled,  the 
current  is  stopped  by  the  cold  glass  as  before,  hut  the  polarization 
of  the  surfaces  remains.  The  mercury  may  be  removed,  the  surfaces 
may  be  washed  with  nitric  acid  and  with  water,  and  fresh  mercury 
introduced.  If  the  apparatus  is  then  heated,  the  current  of  polar- 
ization appears  as  soon  as  the  glass  is  sufficiently  warm  to  conduct  it. 

We  may  therefore  regard  glass  at  IO0°C,  though  apparently  a 
solid  body,  as  an  electrolyte,  and  there  is  considerable  reason 
to  believe  that  in  most  instances  in  which  a  dielectric  has  a 
slight  degree  of  conductivity  the  conduction  is  electrolytic.    The 
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existence  of  polarizstion  may  be  regarded  as  oonclosive  eridence  of 
electrolysiB,  aod  if  the  eonductivity  of  a  subetance  increasea  as  the 
temperature  rises,  we  have  good  groonds  for  Buepecting  that  it  is 
electrolytic. 

0»  Gmsianl  Voltaic  Element*. 

272.]  When  a  series  of  experiments  is  made  with  a  voltaie 
batteiy  in  which  polarization  occurs,  the  polarization  diminiahee 
daring  the  time  the  current  is  not  flowing,  so  that  when  it 
begins  to  flow  again  the  current  is  stronger  than  after  it  has 
flowed  for  some  time.  If,  on  the  other  hand,  the  resistance  of  the 
circuit  is  diminished  by  allowing  the  cnrrent  to  flow  through  a 
short  shunt,  then,  when  the  current  is  again  made  to  flow  through 
the  ordinary  circuit,  it  is  at  first  weaker  than  its  normal  strength 
on  account  of  the  great  polarization  produced  by  the  use  of  the 
short  circuit. 

To  get  rid  of  these  irregularities  in  the  cnrrent,  which  are 
exceedingly  troublesome  in  experiments  involving  exact  measure- 
ments, it  is  necessary  to  get  rid  of  the  polarization,  or  at  least 
to  reduce  it  as  much  as  possible. 

It  does  not  appear  that  there  is  much  polarization  at  the  surface 
of  the  seine  plate  when  immersed  in  a  solution  of  sulphate  of  zinc 
or  in  dilute  sulphuric  acid.  The  principal  seat  of  polarization  is 
at  the  euT&ce  of  the  negative  metal.  When  the  fluid  in  which 
the  negative  metal  is  immersed  is  dilute  sulphuric  acid,  it  is  seen 
to  become  covered  with  bubbles  of  hydrogen  gas,  arising  from  the 
electrolytic  decomposition  of  the  fluid.  Of  course  these  bubbles, 
by  preventing  the  fluid  from  teaching  the  metol,  diminish  the 
surface  of  contact  and  increase  the  resistance  of  the  circuit.  But 
besides  the  visible  bubbles  it  is  certain  that  there  is  a  thin  coating 
of  hydrogen,  probably  not  in  a  free  state,  adhering  to  the  metal, 
and  as  we  have  seen  that  this  coating  is  able  to  produce  an  elec- 
tromotive force  in  the  reverse  direction,  tt  must  necessarily  diminish 
the  electromotive  force  of  the  battery. 

Various  plans  have  been  adopted  to  get  rid  of  this  coating  of 
hydrogen.  It  may  be  diroinisbed  to  some  extent  by  mechanical 
means,  such  as  stirring  the  liquid,  or  rubbing  the  surface  of  the 
negative  plate.  In  Smee's  battery  the  negative  plates  are  vertical, 
and  covered  with  finely  divided  platinum  firom  which  the  bubbles  of 
hydrogen  easily  escape,  and  in  their  ascent  produce  a  current  of 
liquid  which  helps  to  brush  off  other  bubbles  as  they  are  formed. 

A  far  more  efficacious  method,  however,  is  to  employ  chemical 
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means.  These  are  of  two  kinds.  In  tbe  batteries  of  Grove  and 
Bunsen  the  negative  plate  is  immersed  in  a  fiuid  rich  in  oxygen, 
and  the  hydrogen,  instead  of  f<«iDing  a  coating  on  the  plate, 
combines  with  this  substance.  In  Grove's  battery  the  plate  is 
of  platinum  immersed  in  strong  nitric  acid.  Id  Bnnsen's  first 
battery  it  is  of  carbon  in  the  same  acid.  Chromic  acid  is  also  used 
for  the  same  purpose,  and  has  the  advantage  of  being  free  from  the 
acid  fumes  produced  by  the  reduction  of  nitric  acid.     - 

A  different  mode  of  getting  rid  of  the  hydrogen  is  by  obid^ 
copper  as  the  negative  metal,  and  covering  the  sur&ce  with  a  coat 
of  oxide.  This,  however,  rapidly  disappears  when  it  is  used  as 
the  negative  electrode.  To  renew  it  Joule  has  proposed  to  make 
the  copper  plates  in  the  form  of  disks,  half  immersed  in  the  liquid, 
and  to  rotate  them  slowly,  so  that  the  air  may  act  on  the  parts 
exposed  to  it  in  turn. 

The  other  method  is  by  using  as  the  liquid  an  electrolyte,  the 
cation  of  which  is  a  metal  highly  negative  to  zinc. 

In  Saniell's  battery  a  copper  plate  is  immersed  in  a,  saturated 
solution  of  sulphate  of  copper.  When  the  eurreot  6owb  through 
the  solution  from  the  zinc  to  the  copper  no  hydrogen  appears-  on 
the  copper  plate,  but  copper  is  deposited  on  it.  When  the  solution 
is  saturated,  and  the  current  is  not  too  strong,  the  copper  appears 
to  act  as  a  true  cation,  the  anion  S  0|  travelling  towards  the  zinc 

"Wben  these  eonditions  are  not  fulfilled  hydrogen  is  evolved  at 
the  cathode,  but  immediately  acts  on  th«  solution,  throwing  down 
copper,  and  uniting  with  SO4  to  fonn  oil  of  vitriol.  When  this 
is  the  case,  the  sulphate  of  copper  next  the  copper  plate  is  replaced 
by  oil  of  vitriol,  the  liquid  becomes  colourless,  and  polarization  by 
hydrogen  gas  again  takes  place.  The  copper  deposited  in  this  way 
is  of  a  looser  and  more  friable  structure  than  that  deposited  by  true 
electrolysis. 

To  ensure  that  the  liquid  in  contact  with  the  copper  shall  be 
saturated  with  sulphate  of  copper,  crystals  of  this  substance  must 
be  placed  in  the  liquid  close  to  the  copper,  so  that  when  the  solution 
is  made  weak  by  the  deposition  of  the  copper,  more  of  the  crystals 
may  be  dissolved. 

We  have  seen  that  it  is  necessary  that  the  liquid  next  the  copper 
should  be  saturated  with  sulphate  of  copper.  It  is  still  more 
necessary  that  the  liquid  in  which  the  zinc  is  immersed  should  be 
free  from  sulphate  of  eopper.  If  any  of  this  salt  makes  its  way 
to  the  surface  of  the  zinc  it  is  reduced,  and  copper  is  deposited 
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on  the  zinc.  The  zinc,  copper,  and  fluid  then  form  a  little  circuit 
in  which  rapid  electrolytic  action  goes  on,  and  the  zinc  is  eaten 
anay  hy  an  action  which  contributes  nothing  to  the  useful  effect 
of  the  battery. 

To  prevent  this,  the  zinc  is  immersed  either  in  dilute  sulphuric 
acid  or  in  a  solution  of  sulphate  of  zinc,  and  to  prevent  the  solution 
of  sulphate  of  copper  &om  mixing  with  this  liquid,  the  two  liquids 
are  separated  by  a  division  conBisting  of  bladder  or  porous  earthen- 
ware, which  allows  electrolysis  to  take  place  through  it,  but 
effectually  prevents  mixture  of  the  fluids  by  visible  currents. 

In  some  batteries  sawdust  is  used  to  prevent  currents.  Tbe 
experiments  of  Graham,  however,  shew  that  the  process  of  diffusion 
goes  oa  nearly  as  rapidly  when  two  liquids  are  separated  by  a 
divinon  of  this  kind  as  when  they  are  in  direct  contact,  provided 
there  are  no  visible  currents,  and  it  is  probable  that  if  a  septutn 
is  employed  which  diminishes  the  diffusion,  it  will  increase  in 
exactly  the  same  mtio  the  resistance  of  the  element,  because  elec- 
trolytic  conduction  is  a  process  the  mathematical  laws  of  which 
have  the  same  form  aa  those  of  difibsion,  and  whatever  interferes 
with  one  must  interfere  equally  with  the  other.  The  only  differ- 
ence is  that  diffusion  b  always  going  on,  whereas  the  current  flows 
only  when  the  battery  is  in  action. 

In  all  forms  of  Daniell's  battery  the  final  result  is  that  the 
sulphate  of  copper  finds  its  way  to  the  zinc  and  spoils  the  battery. 
To  retard  this  result  indefinitely,  Sir  W.  Thomson  *  has  constmcted 
Daniell's  battery  in  the  following  form. 


In  each  cell  the  copper  plate  is  placed  horizontally  at  the  bottom 
•  Proo.  B.  S,  Jwi.  18, 1871. 
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and  a  saturated  BolutioD  of  sulphate  of  zinc  is  poured  over  it.  The 
zinc  is  in  the  form  of  a  grating  and  is  placed  horizontally  near  the 
surface  of  the  eolutioa.  A  glass  tube  is  placed  vertically  in  the 
solution  with  its  lower  end  just  above  the  surface  of  the  copper 
plate.  Crystals  of  sulpbatfi  of  copper  are  dropped  down  this  tube, 
and,  disBolvio^  in  the  liquid,  form  a  solution  of  greater  density 
than  that  of  sulphate  of  zinc  alone,  so  that  it  cannot  get  to  the 
zinc  except  by  diffusion.  To  retard  this  process  of  diffusion,  a 
siphon,  consisting  of  a  glass  tube  stuffed  with  cotton  wick,  is 
placed  with  one  extremity  midway  between  the  zinc  and  copper, 
and  the  other  in  a  vessel  outside  the  cell,  so  that  the  liquid  is 
very  slowly  drawn  off  near  the  middle  of  its  depth.  To  supply 
its  place,  water,  or  a  weak  solntioii  of  sulphate  of  zinc,  is  added 
above  when  required.  In  this  way  the  greater  part  of  the  sulphate 
of  copper  rising  through  the  liquid  by  diffusion  is  dnwa  off  by  the 
siphon  before  it  reaches  the  zinc,  and  the  zinc  is  surrounded  by 
liquid  nearly  free  from  sulphate  of  copper,  and  having  a  very  slow- 
downward  motion  in  the  cell,  which  still  further  retards  the  upward 
motion  of  tbe  sulphate  of  copper.  During  the  action  of  the  battery 
copper  is  deposited  on  the  coppei  plate,  and  SO4  travels  slowly 
through  the  liquid  to  the  zino  with  which  it  eombines,  forming- 
sulphate  of  zinc.  Thus  the  liquid  at  the  bottom  becomes  less  dense 
by  the  deposition  of  the  copper,  and  the  liquid  at  the  top  becomes 
more  dense  by  the  addition  of  the  sine.  To  prevent  this  actioB 
from  changing  the  order  of  density  of  the  strata,  and  so  producing 
instability  and  visible  currents  in  the  vessel,  care  must  be  taten  to 
keep  tbe  tube  well  supplied  with  crystals  of  sulphate  of  copper, 
and  to  feed  the  cell  above  with  a  solution  of  sulphate  of  zinc  suffi. 
ciently  dilute  to  be  lighter  than  any  other  stratum  of  the  liquid 
in  the  cell. 

Sanielt's  battery  is  by  no  means  the  most  powerful  m  common 
use.  The  electromotive  force  of  Grove's  cell  is  192,000,000,  of 
Baniell's  107,900,000  and  that  of  Bunsen'e  188,000,000. 

The  resistance  of  Daaiell's  cell  is  in  general  greater  than  that  of 
Grove's  or  Bunsen's  of  the  same  size. 

These  defects,  however,  are  more  than  counterbalanced  in  all 
cases  where  exact  measurements  are  required,  by  the  fact  that 
Caniell's  cell  exceeds  eveiy  other  known  arrangement  in  constancy 
of  electromotive  force.  It  hDs  also  the  advantage  of  continuing 
in  working  order  for  a  long  time,  and  of  emitting  no  gas. 
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On  S^ttemt  of  Linear  Conductori. 
278.]  Ant  coBdaetor  may  be  treated  a»  a  linear  ebndaetor  if  it 
is  arranged  bo  that  the  cairent  mnst  alwajB  pass  in  the  Bsme  manner 
between  two  portions  of  its  sur&ce  which  are  called  its  electrodes. 
For  instance,  a  mass  of  metsi  of  any  form  the  suriace  of  which  is 
entirely  covered  with  insulating  material  except  at  two  places,  at 
which  the  exposed  soriaee  of  the  conductor  is  in  metallic  contact 
with  electrodes  formed  of  a  perfectly  condnctiog  material,  may  be 
treated  as  a  linear  oonductor.  For  if  the  current  be  made  to  enter 
at  one  of  these  eleetrodes  and  escape  at  the  other  the  lines  of  flow 
will  be  determinate,  and  the  ration  between  electromotive  force, 
carrent  and  resistance  will  be  expressed  by  Ohm's  Law,  for  the 
current  in  every  part  of  the  mass  will  be  a  linear  function  of  K 
But  if  there  be  more  possible  electrodes  than  two,  the  conductor 
may  have  more  than  one  independent  current  through  it,  and  th«e 
may  not  be  conjugate  to  each  other.     See  Art.  282. 

OAw^t  Law. 
271.]  Let  E  be  the  electromotive  force  in  a  linear  conductor 
from  the  electrode  A^  to  the  electrode  A^.  (See  Art.  69.)  Let 
C  be  the  strength  of  the  electric  current  along  the  conductor,  that 
is  to  say,  let  C  uoits  of  electricity  pass  across  every  section  in 
the  direction  A^  A^  in  unit  of  time,  and  let  A  be  the  resistance  of 
the  conductor,  then  the  expression  of  Ohm's  Law  is 

E  =  CR.  (1) 

lanear  Conductori  arranged  in  Seriet. 

27B.]  Let  A^,  A^  be  the  electrodes  of  the  first  conductor  and  let 

the  second  conductor  be  placed  with  one  of  its  electrodes  in  contact 
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with  A^,  so  tliat  the  second  condactor  has  for  its  electrodes  A^,  A^. 
The  electrodes  of  the  third  conductor  may  be  denoted  by  A^ 
and  A^. 

Let  the  electromotive  forces  along  these  cond  actors  be  denoted 
by  Ej2,  E^,  E^,  and  so  on  for  the  other  conductors. 

Let  the  resistances  of  the  conductors  be 

■^j     ■'^la'    -^M)  ^c- 
Then,  since  the  conductors  are  arranged  in  series  so  that  the  same 
current  C  flows  through  each,  we  have  by  Ohm's  Law, 

^,a  =  CB^^,    E^  =  CR^,    E^  =  CR^.  (2) 

If  £  is  the  resultant  electromotive  force,  and  B  the  resnltaiit 
resistance  of  the  system,  we  must  have  by  Ohm's  Law, 

E  =  CR.  (3) 

Now        E  =  E^-\-E^-\-E^,  (4) 

the  sum  of  the  separate  electromotive  forces, 
=  GiB^+R^+B^  by  equations  (2). 
Comparing  this  result  with  (3),  we  find 

B  =  R^  +  B^  +  B^.  (5) 

Or,  ike  retutanceo/a  seriet  i^  conductors  U  the  mm  qfike  retitlaxcts 
ijf  the  conductors  taken  teparatelg. 

Potential  at  any  Point  of  the  Seriei. 

Let  A  and  C  be  the  eleckodes  of  the  seriesj  B  a  point  hrtween 

them,  a,  c,  and  i  the  potentials  of  these  points  respeotively.     Let 

Bi  be  the  resistance  of  the  part  from  Abo  B,  B^  that  of  the  part 

from  BtoC,  and  B  that  of  the  whole  from  Ato  C,  then,  since 

a~6  =  RjC,     b—c  =  RiC,     and    a—e  =  BC, 
the  potential  at  ^  is 

which  determines  the  potential  at  B  when  the  potentials  at  A  and 
C  are  given. 

Bemiance  of  a  Multiple  Conductor. 

276.]  Let  a  number  of  conductors  ASZ,  ACZ,  ADZ  be  arranged 
side  by  side  with  their  extremities  in  contact  with  the  same  two 
points  A  and  Z.  Hey  are  then  said  to  be  arranged  in  multiple 
arc 

Let  the  resistances  of  these  conductors  be  R^,  B^,  R^  respect- 
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iveXj,  and  the  onrreDts  C,,  C^,  0^,  and  let  the  resistance  of  the 
maltiple  condactor  be  B,  and  the  total  carrent  C.  Then,  since  the 
potentials  at  A  and  Z  are  the  same  for  all  the  conduetore,  they  have 
the  same  difference,  which  we  may-  cdl  E.    We  then  have 

^=  C^S,  =  C^Bt  =  CaSs  =  CB, 
but  C=:Ci  +  C^  +  C,, 

1111 

"'^"•^  :b=^  +  ^"'^"  ^'^ 

Or,  tie  reciprocal  of  ike  reeitianee  qf  a  muliiple  conductor  it  tie  auM 
of  the  reciprocait  of  the  component  conductori. 

If  we  call  the  reciprocal  of  the  resistance  of  a  conductor  the 
conductivity  of  the  conductor,  then  we  may  say  that  fie  con- 
ductivity of  a  mvliiple  conductor  ie  tie  sum  of  tie  conductivities  qf 
tie  component  conductori. 

Current  in  any  Sranci  of  a  Multijile  Conductor. 
From  the  equations  of  the  preceding  article,  it  appears  that  if 
C^  is  the  current  in  any  branch  of  the  multiple  conductor,  and 
Bi  the  resistance  of  that  branch, 

C,  =  C|,  (8) 

where  C  is  the  total  current,  and  B  is  the  rerastance  of  the  multiple 
conductor  as  previously  determined. 

Zonffitudinal  Hetielanee  of  Conductors  of  Vnifbrm  Sectioit. 

277.]  Let  the  redstance  of  a  cube  of  a  given  material  to  a  carrent 
parallel  to  one  of  its  edges  be  p,  the  side  of  the  cube  being  unit  of 
length,  p  is  ealled  the  '  specific  resistance  of  that  material  for  unit 
of  volume.' 

Consider  next  a  prismatio  conductor  of  the  same  material  whose 
length  is  /,  and  whose  seotioa  is  unity.  This  is  equivalent  to  I 
cubes  arranged  in  series.  The  resistance  of  the  conductor  is  there- 
fore Ip. 

Finally,  consider  a  conductor  of  length  I  and  uniform  section  i. 
This  is  equivalent  to  «  conductors  similar  to  the  last  arranged  in 
multiple  arc.     The  resistance  of  this  conductor  is  therefore 

I 

When  we  know  the  resistance  of  a  uniform  wire  we  can  determine 
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the  specific  reeiatance  of  the  material  of  which  it  is  made  if  we  can 
measure  its  length  and  its  section. 

The  sectional  area  of  small  wires  ia  most  aocnrately  determined 
by  calculation  from  the  length,  weiglit,  and  spe<»fic  gravity  of  Hie 
specimen.  The  determination  of  the  specific  gravity  is  sometimes 
inconvenient,  and  in  such  cases  the  resistance  of  a  wire  of  unit 
length  and  miit  mass  is  used  as  the  '  specific  resistance  per  unit  of 
weight,' 

If  r  is  this  resistance,  I  the  length,  and  m  the  mass  of  a  wire,  then 

m 

On  the  Dinumiotu  of  the  Quantitia  involved  in  tkeae  Hqnatiotu. 

378.]  The  reeistauce  of  a  condactor  is  the  ratio  of  the  electro- 
motive force  acting  on  it  to  the  current  produced.  The  conductr- 
ivity  of  the  conductor  ie  the  reciprocal  of  this  qnantity,  or  in 
other  words,  the  ratio  of  the  carrent  to  the  electromotive  force 
producing  it. 

Now  we  know  that  in  the  electrostatic  system  of  measurement 
the  ratio  of  a  quantity  of  electricity  to  the  potential  of  the  con- 
ductor on  which  it  is  spread  is  the  capacity  of  the  conductor,  and 
is  measured  by  a  line.  If  the  conductor  is  a  sphere  placed  in  an 
unlimited  field,  this  line  ia  the  radius  of  the  sphere.  The  ratio 
of  a  quantity  of  electricity  to  an  electromotive  force  is  therefore  a 
line,  but  the  ratio  of  a  quantity  of  electricity  to  a  cartent  is  the 
time  during  which  the  carrent  flows  to  transmit  that  quantity. 
Hence  the  ratio  of  a  current  to  an  electromotive  force  is  that  of  a 
line  to  a  time,  or  in  other  words,  it  ia  a  velocity. 

The  fact  that  the  conductivity  of  a  oondnctor  ia  expressed  in  the 
electrostatic  ^stem  of  measoremeBt  by  a  velodty  may  be  verified 
by  supposing  a  sphere  of  radius  r  charged  to  potwtial  F,  and  then 
connected  with  the  earth  by  the  g^ven  conductor.  Let  the  sphere 
contract,  so  that  as  the  electricity  escapes  through  the  oondoctor 
tiie  potential  <^  the  sphere  is  always  kept  equal  to  F,  Then  the 
charge  on  the  sphere  is  r^  at  any  instant,  and  the  current  is 

tt{»"^).  but,  since  Via  constant,  the  current  •«  57 '^i  »°^  the 
electromotive  force  through  the  conductor  is  F. 

The  conductivity  of  the  conductor  is  the  ratio  of  the  current  to 
the  electromotive  foree,  or  -^,  that  is,  the  velocity  with  which  the 
radius  of  the  sphere  must  diminish  in  order  to  maintain  the  potential 
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cotutant  when  the  duu-ge  b  allowed  to  pass  to  earth  Uirong^h  the 
conductor. 

Id  the  electrostatic  system,  therefore,  the  conductivity  of  a  con- 
ductor is  a  Telocity,  and  of  the  dimensioiu  [XT"*]. 

The  resistance  of  the  conductor  is  therefore  of  the  dimeaeioDS 

The  specific  resistance  per  unit  of  volume  is  of  the  dimension  of 
[T],  and  the  specific  ccmdnotiTity  per  unit  of  volume  is  of  the 
dimension  of  [f"']. 

The  numerical  magnitude  of  these  coefGcients  depends  only  on 
the  unit  of  time,  which  is  the  same  in  different  countries. 

The  specific  resistance  per  unit  of  weight  is  of  the  dimensions 
[l-'MT]. 

279,]  We  shall  afterwards  find  that  in  the  electromagnetic 
Eystem  of  measuremeut  the  resistance  of  a  conductor  is  expressed 
by  a  velocity,  so  that  in  this  system  the  dimensionB  of  the  resist- 
ance of  a  conductor  are  [^T*'']. 

The  conductivity  of  the  conductor  is  of  course  the  reciprocal  of 
this. 

The  specific  resistance  per  unit  of  volume  in  this  system  is  of  the 
dimensions  {£T'^],  and  the  specific  resistance  per  unit  of  weight 
b  of  the  dimensions  [Z"*r"*jl/'}. 

Oft  Linear  Byttems  t{f  Conductors  in  general. 

280.}  The  most  general  case  of  a  linear  system  is  that  of  « 
points,  Ai,  A^,...A^,  connected  together  in  p^rs  by  \n{H—\) 
linear  conductors.  Let  the  conductivity  (or  reciprocal  of  the  re- 
mstance)  of  that  conductor  which  oonneets  any  pair  of  points,  say 
A^  and  A^,  be  called  K^^,  and  let  the  current  from  ^  to  ^,  be  C^^. 
Let  Pf  and  P^  be  the  dectric  potentials  at  the  points  A^  and  A^ 
respectively,  and  let  the  intemal  electromotive  force,  if  there  be 
any,  along  the  conductor  from  A^ia  A^^m  E^. 

The  current  from  A^io  A^is,  by  Ohm's  Iaw, 

C„  =  Jf„«-P.  +  .5'„).  .     (I) 

Among  these  quantities  we  have  the  following  sets  of  relations : 

The  conductivity  of  a  conductor  ia  the  same  in  either  direction, 
or  K„  =  K„.  (2) 

The  electromotive  force  and  the  current  are  directed  quantities, 
•othat  ff^  =  -£'„,     and     C„  =  -'C„.  (3) 

Let  Pi,  Pj,  ...ii  be  the  potentials  at  ^„  A^,  ...A,  respectively, 
and  let  Qi,  Q^, ...  Q,  be  the  quantities  of  electricity  which  enter 
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the  system  in  nnit  of  time  at  each  of  these  points  respectively. 
These  are  necessarily  subject  to  the  oonditioa  of '  continuity ' 

«.+  <22- +  «-=«.  (4) 

since  electricity  can  neither  be  indefinitely  accumulated  nor  pro- 
duced within  the  system. 

The  condition  of '  continuity '  at  any  point  A^  is 

e,  =  c„+c„+&o.+c,..  (5) 

Substituting  the  values  of  the  currents  in  terms  of  equation 
(1),  this  becomes 

+  {K,,i;,,  +  &c.+K^E^,).     (6) 
The  qrmbol  j?,„  does  not  occur  in  this  equation.  lict  us  therefore 
give  it  the  value 

that  is,  let  K^^  be  a  quantity  equal  and  opposite  to  the  sum  of 
all  the  conductivities  of  the  conductors  which  meet  in  A^.  "We 
may  then  write  the  condition  of  continuity  for  the  point  A^, 

=  K^,E,,  +  &>!.  +  K^E^-Q,.     (8) 
By  substituting  1,  2,  &c.  n  for  p  in  this  equation  we  shall  obtain 
fi  equations   of  the   same   kind  from  which  to  determine  the  n 
potential  P^,  P^,  &e.,  i^. 

Since,  however,  if  we  add  the  system  of  equations  (8)  the  result 
is  identically  zero  by  (3),  (4)  and  (7),  there  will  be  only  n—l  in- 
dependent equations.  These  will  be  sufficient  to  determine  the 
differences  of  the  potentials  of  the  points,  but  not  to  determine  the 
absolute  potential  of  any.  This,  however,  is  not  required  to  calcu- 
late the  carrents  in  the  system. 
If  we  denote  by  2)  tlie  determinant 

■^m         ^\s>      ^Hii-i)< 

^n>         ^2i>      ■^s(«-i).  (9) 

^(■-1)1.    ^(--l)!I ^li.-l)(.i-ll  i 

and  by -Dp,,  the  minor  of  jP„ ,  we  find  for  the  value  of  J^— ^, 

+  (J„J!,,  +  &c.  +  £,..E^-Q,)l>p,  +  &c.    (10) 
In  the  same  way  the  excess  of  the  potential  of  any  other  point, 
say  A^,  over  that  of  A,  may  be  determined.     We  may  then  de- 
termine the  current  between  A^  and  A^  from  equation  (1),  and  so 
solve  the  problem  completely. 
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281.]  We  shall  now  demonstmto  a  reciprocal  property  of  any 
two  Gondnctors  of  the  system,  answering'  to  the  reciprocal  property 
we  have  already  deraonfltrated  for  statical  electricity  in  Art.  88. 

The  coefiScient  of  Q^  in  the  expression  for  P^  «  -^.    That  of  Qp 

Now  D^  differs  from  J),,  only  by  the  sabstitution  of  the  symbols 
such  as  K^  for  K^^.  Bnt,  by  equation  (2),  these  two  symbols  are 
equal,  since  the  conductivity  of  a  conductor  is  the  same  both  ways. 
Hence  -0«=iJ«..  (H) 

It  follows  from  this  that  the  part  of  the  potential  at  A^  arising- 
from  the  introduction  of  a  anit  current  at  J^  is  equal  to  the  part  of 
the  potential  at  A^  tamag  from  the  introduction  of  a  unit  current 
at.^p. 

We  may  deduce  from  this  a  prt^HMation  of  a  more  practical  form. 

Let  A,  S,  C,  Dhe  any  four  points  of  the  system,  and  let  the 
effect  of  a  ctureat  Q,  made  to  enter  the  system  at  A  and  leave  it 
at  £,  be  to  make  the  potential  at  C  exceed  that  at  D  by  P.  Then, 
if  an  equal  current  Q  be  made  to  enter  the  system  at  C  and  leave 
it  at  D,  ihe  potential  at  A  will  exceed  that  at  B  by  the  same 
quantity  P. 

If  an  electromotive  force  S  be  introduced,  acting  in  the  conductor 
from  A  to  S,  and  if  this  causes  a  current  G  from  X  to  1',  then  the 
same  electromotive  force  E  introduced  into  the  conductor  fimn  X  to 
y  will  cause  an  equal  current  C  from  ^  to  ^. 

The  electromotive  force  E  may  be  that  of  a  voltaic  battery  intro- 
duced between  the  points  named,  care  being  taken  that  the  resist- 
ance of  the  conductor  is  the  same  before  and  after  the  introduction 
of  the  battery. 

282  a.]  If  an  electromotive  force  S^^  act  along  the  conductor 
Ap  Af,  the  current  produced  along  another  conductor  of  the  system 
A^A,vi  easily  found  to  be 

K„  K^  E^  (!>,,+ S^~J}^-D„)  -t- 1>. 

There  will  be  no  current  if 

I>^+D^-D^-J)^  =  0.  (12) 

But,  by  (11),  the  same  equation  holds  if,  when  the  electromotive 
force  acts  along  A^A„  there  is  no  current  ia  A^A^.  On  account 
of  this  reciprocal  relation  the  two  condactore  referred  to  are  said  to 
be  conjugate. 

The  theory  of  conjugate  conductors  has  been  investigated  by 
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Kirchhoff,  who  has  stAtod  the  conditions  of  &  linear  ff^stem  in  the 
following  manner,  in  which  the  consideration  of  the  potential  is 
avoided. 

(1)  (Condition  of '  continuity.*)  At  any  point  of  the  system  the 
snm  of  all  the  currents  which  flow  towards  that  point  is  zero. 

(2)  In  any  complete  circuit  formed  hy  the  condactore  the  sam 
of  the  electromotive  forces  taken  roand  the  circuit  is  equal  to  the 
sum  of  the  products  of  the  current  in  each  conductor  multiplied  by 
the  resistance  of  that  conductor. 

We  obtain  this  result  by  adding  equations  of  the  form(])  for  the 
complete  circuit,  when  the  potentials  Decessarily  disappear. 

*282  i.']  If  the  coDdncting  wires  form  a  simple  network  and  if 
we  suppose  that  a  current  circulates  round  each  mesh,  then  the 
actual  current  in  the  wire  which  forms  a  thread  of  each  of  two 
neighbouring  meshes  will  be  the  difference  between  the  two 
carrents  circulating  in  the  two  meshes,  the  currents  being  reckoned 
positive  when  they  circulate  in  a  direction  opposite  to  the  motion 
of  the  hands  of  a  watch.  It  is  easy  to  establish  in  this  case  the 
following  proposition  : — Let  x  be  the  current,  E  the  electromotiTe 
force,  and  R  the  total  resistance  in  any  mesh ;  let  also  y,  i, ...  he 
currents  circulating  in  neighbouring  meshes  which  have  threads 
in  common  with  that  in  which  x  circulates,  the  resistances  of  those 
parts  being  i ,  t,...;  then 

Bw~»y—te~ke.  =  E. 
To  illustrate  the  use  of  this  rule  we  will  take  the  sraangement 
known  as  Wheatetone's  Bridge,  adopting  the  figure  and  notation  of 
Art.  347.  We  have  then  the  three  following  equations  repre- 
senting the  application  of  the  rule  in  the  case  of  the  three  cironita 
OBG,  OCA,  OAS  in  which  the  currents  x,  y,  z  respectively  ciicalatc, 
■''z.         {«+;8+y)»  -yy  -^z  =  E, 

—y  «  +  (i+y+a)y  — o^  =  0, 

—^  t  -ay  +  («  +  a+^)2  =  0. 

From  these  equations  we  may  now  determine  the  value  of  x^-y 
the  galvanometer  current  in  the  branch  OA,  but  the  reader  is 
referred  to  Art.  347  et  seq.  where  this  and  other  qneetions  connected 
with  Wheatstone's  Bridge  are  discussed. 

Heat  Qenerated  in  the  System. 
288.]  The  mechanical  equivalent  of  the  quantity  of  heat  generated 
*  [BitiMt«d  from  Qotw  of  Prgfamor  MaxwbU'i  lectuni  b;  Mi.  J.  A.  FlMiuiig,  B.A., 
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in  a  conductor  whose  resistance  is  i2  by  a  current  C  in  nnit  of  time 
is,  by  Art  242,  JE  =  RC  (13) 

We  bave  tberefore  to  determine  the  sum  of  such  quantities  as 
SC*  for  all  the  conductors  of  the  eystem. 

For  the  conductor  from  Ap  to  A^  the  conductivity  ia  K^,  and  the 
resistance  5^,  where  K^.R    =1.  (H) 

The  current  in  this  conductor  is,  according  to  Ohm's  Law, 

C«  =  Jf„('',-P.)-  (15) 

We  shall  suppose,  however,  that  the  value  of  the  current  is  not 
that  given  by  Ohm's  Law,  but  X,^,  where 

X„=C„+r^  (16) 

To  determine  the  heat  generated  in  the  system  we  have  to  find 
the  sum  of  all  the  quantities  of  the  form 
R    X*  • 
or        JH  =  2[S^cJ+2R^C„r^  +  B^Y'p^}.  (17) 

Giving  C^^  its  value,  and  rememberuig^  the  relation  between  K^^ 
and  B„,  this  becomes 

s  [(^,-P.)  (o„ + 2r„)  4  «„  r;,i  (i  s) 

Now  Biace  Loth  C  and  X  most  satisfy  the  condition  of  continuity 

«t^„»ehayo       Q,  =  C„+ C„-Hc<:.  +  C„,  (19) 

e,  =  I„  +  J„+&c.+X„,  (20) 

therefore  0  =  r„  +  7„+»».+ J„.  (21) 

Adding  together  therefore  sU  the  terms  of  (1 8),  we  find 

S(««i',.)=Sf,«.  +  S«„r%,.  (22) 

Now  sbce  B  is  always  positive  and  T'  n  essentially  positive,  the 
last  term  of  this  equation  mnst  be  essentially  positive.  Hence  the 
first  term  is  a  minimum  when  J"  is  zero  in  every  conductor,  that  is, 
when  the  current  in  every  conductor  is  that  given  by  Ohm's  Iaw. 

Hence  the  following  theorem : 

284.]  In  any  system  of  conductors  in  which  there  are  no  internal 
electromotive  forces  the  heat  generated  by  cnrrents  distrthnted  in 
accordance  with  Ohm's  Law  is  less  than  if  the  currents  had  been 
distributed  in  any  other  manner  consistent  with  the  actual  con- 
ditions of  supply  and  outflow  of  the  current. 

The  heat  actually  generated  when  Ohm's  Law  is  fulfilled  is 
mechanically  equivalent  to  S,P^  Q,,  that  is,  to  the  sum  of  the 
prodncta  of  the  quantities  of  electricity  supplied  at  the  different 
external  elecbodes,  each  multiplied  by  the  potential  at  which  it  is 
supplied. 
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Notation  of  Etectrie  (htrrenlt. 

285.]  At  any  point  let  an  element  of  area  dS  be  taken  normal 
to  the  axis  of  m,  and  let  Q  units  of  electricity  pass  across  this  u«a 
from  the  negative  to  the  positive  side  in  unit  of  time,  then,  if 

^becomes  ultimately  equal  to  u  when  dS  is  indefinitely  diminished, 

V  is  said  to  be  the  Component  of  the  electric  current  in  the  direction 
of  X  at  the  given  point. 

In  the  same  way  we  may  determine  v  and  v,  the  components  of 
the  current  in  the  directions  of  ^  and  2  respectively. 

286.]  To  determine  the  component  of  the  current  in  any  otiier 
direction  OE  through  the  given  point  0,  let  ^,  n,  ti  be  the  direction- 
cosines  of  03i ;  then  if  we  cut  off  fiom  the  axes  of  ai,  y,  £  portions 
equal  to  ^    t,         A   T- 

l    m  « 

respectively  at  A,  B  and  C,  the  triangle  ABC 
will  be  normal  to  OR. 
The  area  of  this  triangle  A£C  will  be 

~~     Imn 

Fig.  28.  and  by  diminishing  r  this  area  may  be  diminiahed 

without  limit. 
The  quantity  of  electricity  which  leaves  the  tetrahedron  ABCO 
by  the  triangle  ASC  must  be  equal  to  that  which  enters  it  through 
the  three  triangles  OBC,  OCA,  and  GAB. 
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the  correDt  Dormal  to  its  plane  U  «,  so  that  the  quantity  which 
enters  through  this  triangle  is  \i^  —  ■ 

The  quantities  which  enter  through  the  triangles  OCA  and  OJB 
respectiTely  are  «,  ,     ,    ,  w 

If  y  is  the  component  of  the  velocity  in  the  direction  OS,  then 
the  quantity  which  leaves  the  tetrahedron  through  ABC  is 

Since  this  is  equal  to  the  quantity  which  enters  through  the  three 
other  triangles, 

mnltiplying  hy  ■     ,  ■  ,  we  get 

y  =  Iv  +  mv-i-ini'.  (l) 

If  we  put  «*+»»  +  «i>»  =  r*, 

and  make  F,  m',  «'  such  that 

u  =  fr,        «  =  »'r,    and    w  =  »'r ; 
then  y  =  r(ll'  +  mm'+«n').  (2) 

Hence,  if  we  define  the  resultant  cnrrent  as  a  vector  whose 
magnitude  is  T,  and  whose  direction-cosines  are  F,  m',  «',  and  if 
y  denotes  the  current  resolved  in  a  direction  making  an  angle  $ 
with  that  of  the  resultant  current,  then 

y  =  rco8«i  (3) 

shewing  that  the  law  of  resolution  of  currents  is  the  same  as  that 
of  velocities,  forces,  and  all  other  vectors. 

287.]  To  determine  the  condition  that  a  given  surface  may  be  a 
snr&ce  of  flow,  let 

F{,,f,>)  =  \  (1) 

be  the  equation  of  a  family  of  sur&ces  any  one  of  which  is  given  hy 
making  k  constant ;  then,  if  we  make 

dXl*     dAl'     5x1'       1  ,,. 

the  direotion-oosines  of  the  normal,  reckoned  in  the  direction  in 
which  K  increaaes,  are 

,  ■■t'iX  .tAA  ■•r'*^  ,.\ 

das  dy  dz  ^  ' 
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[2S8. 

Hence,  if  y  is  the  component  of  the  current  nonnol  to  the  BiiTfiu;e, 

If  y  =  0  there  will  be  no  cnrrent  through  the  sor&oe,  and  the 
Bur&ce  may  be  called  a  Surface  -of  Flow,  becaose  the  lines  of  motion 
are  in  the  snr&ce. 

288.]  The  eqoatioa  of  a  snrface  of  flov  is  therefore 

d\        dK        d\  ,„, 

If  this  equation  ia  true  for  all  values  of  X,  all  the  surfaces  of  the 
family  will  be  surfaces  of  flow. 

289.]  Let  there  be  another  family  of  sar&ces,  whose  parameter 
is  V,  then,  if  these  are  also  ear&ces  of  flow,  we  shall  have 

d\'         d\'         d\'       „  ,„. 

If  Uiere  is  a  third  family  of  sorfacea  of  flow,  whose  parameter 
isA-'.then  ^^„       j^~        j^„ 

If  we  eliminate  between  these  three  equations,  «,  t>,  and  w  dis- 
appear together,  and  we  find 

d\         dk         d 


da> 
d^ 

dx  ' 
dK" 
dx    ' 


("} 


(12) 


dk'     dK' 

dy         di 

dK"       dK" 

dy         dz 
or        X*=<(>(A,X')i 
that  is,  X"  ia  some  function  of  X  and  X'. 

290.]  Now  consider  the  foar  surfaces  whose  parameters  are  X, 
X+SA,  K',  and  X'  +  6X',  These  four  surfaces  enclose  a  quadrDatenl 
tube,  which  we  may  call  the  tube  8A .  ax'.  Since  this  tube  is 
bounded  by  surfaces  across  which  there  is  no  flow,  we  may  call 
it  a  Tube  of  Flow.  If  we  take  any  two  sections  across  the  tube, 
the  quantity  which  enters  the  tube  at  one  section  must  be  eqnal 
to  the  qnantity  which  leaves  it  at  the  other,  and  since  this  quantity 
is  therefore  the  same  for  every  section  of  the  tube,  let  us  call  it 
LiK .  IX'  where  i^  is  a  function  of  X  and  K',  the  parameters  wluch 
determine  the  particular  tabe. 
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291.]  If  hS  deDotes  the  section  of  a  tube  of  flow  by  a  pkne 
normal  to  x,  we  hare  hj  the  theory  of  the  chan^  of  the  iode- 
pendent  variablea, 

and  by  the  d^oitioD  of  the  oomponmta  of  the  earrent 

»i8=!l!i\.bk'.  .  (14) 

H  —  Lf——  ——^\ 

~~      ^djf  dz        dz  dg  '    \ 

Similarly        v  =  L{^^—^^),  V  (16) 

~  ^da  djf  dy  dm  ' 
292.]  It  ie  alw^TB  possible  when  one  of  the  fanctions  A  or  \'  is 
known,  to  determine  the  other  so  that  Z  may  be  eqnal  to  unity. 
For  instance,  let  ns  take  the  plane  of  yz,  and  draw  upon  it  a  series 
of  equidistant  lines  parallel  to  ^,  to  represent  tbe  sections  of  the 
fiwnily  X'  by  tiiis  plane.  In  other  words,  let  the  fiuictioD  X'  be 
determined  by  the  oondition  that  when  «  =  0  V=  ^.  If  we  then 
make  2  =  1,  and  therefore  (when  a>  =  0) 


=  \udy\ 


then  in  the  plane  («  =  0)  the  amount  of  electricity  which  passes 
throDgh  any  portion  will  be 

ff«dydz  -jjd\  rfX'.  (16) 

Having  determined  the  nature  of  the  sections  of  the  surfaces  of 
flow  by  the  plane  of  yz,  the  form  of  the  surfaces  elsewhere  is 
determined  by  the  conditions  (8)  and  (9).  llie  two  functions  \ 
and  K'  thus  determined  are  sufficient  to  determiue  the  current  at 
every  point  by  equations  (15),  unity  being  anbstituted  for  L. 

0%  lAnrn  <f  FUm. 
298.]  Let  a  series  of  values  of  A  and  of  A'  be  chosen,  the  suc- 
cessive differences  in  each  series  being  nnity.  The  two  series  of 
snr&ces  defined  by  these  valuea  will  divide  space  into  a  system 
of  quadrilateral  tubes  through  each  of  which  there  will  be  a  unit 
corrent.  By  assuming  the  unit  sufficiently  small,  the  details  of 
the  current  may  be  expressed  by  these  tubes  with  any  desired 
amount  of  minnteoess.    Then  if  any  snr&ce  be  drawn  catting  the 
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BjEtem  of  tubes,  the  quantity  of  the  current  which  passes  throogh 
this  surface  will  be  expressed  by  the  number  of  tubes  which  cat  it, 
since  each  tube  carries  unity  of  current. 

The  actual  intersections  of  the  surfaces  may  be  called  Lines  of 
Flow.  When  the  unit  is  taken  sufficiently  small,  the  nomber  of 
lines  of  Bow  which  cut  a  surface  is  approziiaately  equal  to  the 
number  of  tubes  of  flow  which  out  it,  so  that  we  may  consider 
the  lines  of  flow  as  expressing  not  only  the  iireetion  of  the  carrent 
but  its  ttrength,  since  each  line  of  flew  thrsngh  a  given  section 
corresponds  to  a  unit  carrent. 

On  CvrrenUSheeta  and  Current-Iimctum*. 
294.]  A  stratum  of  a  conductor  contained  between  two  con- 
secutive  sur&ces  of  flow  of  one  system,  say  that  of  \',  is  called 
a  Current-Sheet.  The  tubes  of  flow  within  this  sheet  are  deter- 
mined  by  the  function  A.  If  X^  and  kp  denote  the  values  of  A  at 
the  points  A  and  P  respectlveljj  then'  the  current  &oin  right  to 
left  across  any  line  drawn  on  the  sheet,  from  ^  to  P  Is  Xp — A^. 
If  AP  be  an  element,  dt,  of  a  curve  drawn  on  the  shee^  the  current 
which  crosses  this  element  from  right  to  left  is 

This  function  X,  from  which  the  distribution  of  the  current  in 
the  sheet  can  be  completely  determined,  is  called  the  Current- 
Function. 

Any  thin  sheet  of  metal  or  conducting  matter  bounded  on  both 
sides  by  air  or  some  other  non-conducting  medium  may  be  treated 
as  a  current-sheet,  in  which  the  distribution  of  the  current  may 
be  expressed  by  means  of  a  current-function.     See  Art.  647. 

Equation  of*  Coatinuiiy.' 
296.]  If  we  differentiate  the  three  equations  (15)  with  respect  to 
II!,  y,  z  respectively,  remembering  that  £  is  s  function  of  A  and  A', 

ax      ay      as  *     ' 

The  corresponding  equation  in  Hydrodynamics  is  called  the 
Equation  of  '  Continuity.'  The  continuity  which  it  ezpreeses  is 
the  continuity  of  existence,  that  is,  the  fact  that  a  material  sub- 
stance cannot  leave  one  part  of  spnce  and  arrive  at  another,  without 
going  through  (he  space  between.     It  cannot  simply  vanish  in  the 


zed  by  Google 


295-]  EQUATION  OF  CONTllTriTT.  381 

one  place  and  appear  in  the  other,  but  it  mnst  travel  along  a  con- 
tinnooB  path,  so  that  if  a  closed  surface  be  drawn,  including  the 
one  place  and  excluding  the  other,  a  material  substance  in  passing 
from  the  one  place  to  the  other  must  go  through  the  closed  surface. 
Hie  most  general  form  of  the  equation  in  hydrodynamics  is 

where  p  signifies  the  ratio  of  the  quantity  of  tlie  substance  to  the 
volume  it  occnpies,  that  volume  beiDg  in  this  case  the  differential 
element  of  volume,  and  (p«),  (pv),  and  (pw)  signify  the  ratio  of  the 
quantity  of  the  substance  which  crosses  an  element  of  area  in  unit 
of  time  to  that  area,  these  areas  being  normal  to  the  axes  of  x,  y,  and 
z  respectively.  Thus  understood,  the  eqoation  is  applicable  to  any 
material  substuice,  solid  or  fluid,  whether  the  motion  be  continuous 
or  discoutiDuous,  provided  the  existence  of  the  parte  of  that  sub- 
stance is  continuous.  If  anything,  though  not  a  substance,  is 
subject  to  the  condition  of  continuous  existence  in  time  and  space, 
the  equation  will  express  this  condition.  In  other  parts  of  Physical 
Scieuce,  as,  for  instance,  in  the  theory  of  electric  and  magnetic 
quantities,  equations  of  a  ramilar  form  occur.  We  shall  call  such 
equations  'equations  of  continuity'  to  indicate  their  form,  tbough 
we  may  not  attribute  to  these  quantities  the  properties  of  matter, 
or  even  continuous  existence  in  time  and  space. 

The  equation  1[  17),  which  we  have  arrived  at  in  the  case  of 
electric  cnrreots,  is  identical  with  (18)  if  we  make  p  =  1,  that  is, 
if  we  suppose  the  substance  homogeneous  and  incompressible.  The 
equation,  in  the  case  of  fluids,  may  also  be  established  by  either 
of  the  modes  of  proof  given  in  treatises  on  Hydrodynamics.  In 
one  of  these  we  trace  the  course  and  the  deformation  of  a  certain 
element  of  the  fluid  as  it  moves  along.  In  the  other,  we  fix  onr 
attention  oa  an  element  of  space,  and  take  account  of  all  that 
enters  or  leaves  it.  The  former  of  these  methods  cannot  be  applied 
to  electric  cnnente,  as  we  do  not  know  the  velocity  with  which  the 
electricity  passes  through  the  body,  or  even  whether  it  moves  in 
the  positive  or  the  negative  direction  of  the  current.  All  that  we 
know  is  the  algebraical  value  of  the  quantity  which  crosses  unit 
of  area  in  unit  of  time,  a  quantity  correspon(Uug  to  [pu)  in  the 
equation  (18).  We  have  no  means  of  ascertaining  the  valne  of 
either  of  the  factors  p  or  v,  and  therefore  we  cannot  follow  a  par- 
ticular portion  of  electricity  in  its  course  through  the  body.  The 
other  method  of  iuvestigatiou,  in  which  we  consider  what  passes 
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through  the  walls  of  an  element  of  volume,  is  applicable  to  electric 
curreats,  and  is  perhaps  preferable  in  point  of  form  to  that  which 
we  have  given,  but  as  it  may  be  found  in  any  treatise  on  Hydro- 
dynamics we  need  not  repeat  it  here. 

Quantity  qfUkctridtg  vkich  pcusea  through  a  given  Surface. 

296.]  Let  r  be  the  leeultant  current  at  any  point  of  the  sur&ce. 

Let  (2^  be  an  element  of  the  earface,  and  let  c  be  the  angle  between 

r  and  the  normal  to  the  snrfacej  then  i^e  total  rarrent  tbroiig;h 

the  surface  will  be  r  r 

jJrc&BfdS, 

the  int^ration  being  extended  over  the  sur&oe. 

Ab  in  Art.  21,  we  may  transform  this  integral  into  the  form 

//rc«...=///(£.|  +  g)..*..  (>') 

in  the  case  of  any  closed  sorfacej  the  limits  of  the  triple  integration 
being  those  included  by  the  sur&ce.  This  is  the  expresuon  for 
the  total  efflux  from  the  closed  sur&ee.  Since  in  all  cases  of  steady 
currents  this  must  be  zero  whatever  the  limits  of  the  integntim, 
the  quantity  under  the  integral  sign  must  Tauiah,  and  we  obtain 
in  this  way  the  equation  of  continuity  ( 1 7). 


DigiLizedbyGoOglc 


CHAPTEE  Till. 


BESIBTANCB  AlTD  CONDUOTITITT   IS  THBEB  DIUE1TSI0K3. 


On  ike  matt  Qeneral  Belaiimt  betweeH  OurreKt  and  Eleetro- 

moUve  Force. 

297.]  Let  the  compooente  of  the  current  at  any  point  be  »,  v,  K>. 

Let  the  components  of  the  electronaotive  force  be  X,  Y,Z. 

The  electromotive  force  at  any  point  is  the  resultant  force  on 

a  onit  of  positive  electricity  placed  at  that  point.     It  may  arise 

(l)  from  electroetAtic  action,  in  which  case  if  F  is  the  potential, 

Z  =  -^.     Z  =  -^.     2  =  -f;  (.) 

dz  ay  az  ^  ' 

or  (2)  irom  electromagnetic  induction,  the  laws  of  which  we  sball 

afterwards  examine ;  or  (3)  from  thermoelectric  or  electrochemical 

action  at  the  point  itself,  tending  to  produce  a  current  in  a  given 

direction. 

We  ahall  in  general  anppose  tiiat  X,  T,  Z  represent  the  com- 
ponents of  the  actual  electromotive  force  at  the  point,  whatever 
be  the  origin  of  the  force,  but  we  shall  occasionally  examine  the 
result  of  supposing  it  entirely  due  to  variation  of  potentiaL 

By  Ohm's  Law  the  current  is  proportional  to  the  electromotive 
force.  Hence  X,  T,  Z  must  be  linear  functions  of  u,  v,  k.  We 
may  t^refore  aanune  as  the  equations  of  Besistanoe, 

r=P8«+Sjr+(2t«.,  V  (2) 

We  nmy  call  the  eoeflScients  iZ  the  coefficients  of  longitudinal 
natstaoce  in  Uie  directions  of  'tite  axes  of  coordinates. 

The  coefficients  P  ani^Q  may  be  called  the  coefficients  of  trans- 
verse resistance.  They  indicate  the  electromotive  force  in  one 
direction  requized  to  produce  a  current  in  a  different  direction. 
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If  we  were  at  liberty  to  assume  that  a  solid  body  may  be  treated 
as  a  system  of  linear  condactore,  then,  from  tlie  reciprocal  property 
(Art.  281)  of  any  two  conductors  of  a  linear  system,  we  might  shew 
that  the  electromotive  force  along  z  required  to  produce  a  unit 
current  parallel  to  y  must  be  equal  to  the  electromotive  force  along* 
y  required  to  produce  a  unit  current  parallel  to  z.  This  would 
shew  that  Pj  =  Q,,  and  similarly  we  should  find  P,  =  Qj,  and 
•^3  =  Qs-  When  these  conditions  are  satisfied  the  system  of  go* 
efficients  is  said  to  be  Symmetrical.  When  they  are  not  satisfied  it 
is  called  a  Skew  system. 

We  have  great  reason  to  believe  that  in  every  actual  ease  the 
system  is  symmetrical,  but  we  shall  examine  some  of  the  con- 
sequences of  admitting  the  possibility  of  a  skew  system. 

298.]  The  quantities  u,  v,  to  may  be  expressed  as  linear  fanctions 
of  X,  Y,  Zhyi  system  of  equations,  which  we  may  call  Equations 
of  Conductivity, 

v^qa+^tT+p^Z,   \  (8) 

«=PjX+gir  +  r^Z;J 
we  may  call  the  coefiBcients  r  the  coefficients  of  Longitndinal  con- 
ductivity, and  p  and  q  those  of  Transverse  conductivity. 

The  coefficients  of  resistance  are  inverse  to  those  of  conductivity. 
This  relation  may  be  defined  as  follows  : 

^t  [.PQA]  be  the  determinant  of  the  coefficients  of  resistance, 
and  [pqr]  that  of  the  coefficients  of  conductivity,  then 

[pit]  =J>,Aft  +  ?,J,?,  +  r,r,r,-ii,Jir,-jl,},)-,-ii,},»-„    (5) 
[PQX]  Ifr]  =  1,  (6) 


'nie  other  equations  may  be  formed  by  altering  tiie  symbols 
P,  Q,  S,p,  q,  r,  and  the  suffixes  1,  2,  3  in  cyclical  order. 

Saie  (f  GeneraiioH  of  Seat. 
299.]  To  find  the  work  done  by  the  current  in  nnit  of  time 
in  overcoming  resistance,  and  so  generating  heat,  we  multiply  the 
components  of  the  current  by  the  corresponding  components  of  the 
electromotive  force.  We  thus  obtain  the  following  expressions  for 
W,  the  quantity  of  work  expended  in  unit  of  time  : 
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W=Xu+7v  +  Zu>;  (a) 

=  BiH'  +  R,v'  +  R^K*  +  (P^+Q^)v«>-i-iP^+Q^Ku+{P^  +  Q^)vvi  (9) 

B7  a  proper  choice  of  axes,  either  of  the  two  latter  equations  may 
be  deprived  of  the  terms  involving  the  products  of  «,  v,  k  or  of 
X,  T,  Z.   The  system  of  axes,  however,  which  reduces  W  to  the  form 

R^u^  +  S^v^  +  B^k' 
is  not  in  general  the  same  as  that  which  redaces  it  to  &e  form 
T^X'  +  r^r^  +  r^Z^. 
It  is  only  when  the  coefficients  Pi,  P^,  P3  are  equal  respectively 
to  Q,,  Qg,  Q,  that  the  two  systems  of  axes  coincide. 
If  with  Thomson  *  we  write 

P-S+T,        Q  =  S-T;-I 
and  p  —  t+t,  q  =  t  —  t;  i 

then  we  have 

+  2  (5;  r^  Tj + 5j  7;  r, + &,  T-j  r,) + 5,  r,»  +  fl,  r,3 + Jig  r,' ; 
and  [J•e«]^  =  fl,J?,-5,'+y,*.      J 

If  therefore  ve  cause  £,,  ^,  ^  to  disappear,  «j  will  not  also  dis- 
appear anless  the  coefficients  T  are  zero. 

Condition  of  SlabUitjf. 

300.]   Since  the  equilibrium  of  electricity  is  stable,  the  work 

spent  in  maintaining  the  current  must  always  be  positive.     The 

ponditions  that  W  may  be  positive  are  that  the  three  coefficients 

Jt^,  R2,  Rg,  and  the  three  expressions 


(■•) 
(12) 


must  all  be  positive. 
There  are  similar  conditions  for  the  coefficients  of  conductivity. 

*  Tnau.  S.  S.  fijiii.,  18M-4.  p.  U5. 


DigiLizedbyGoOglc 


386  BBSISTANCB  AND   CONDPCTITITT.  [SOI. 

Equation  </  Continuity  in  a  Himogeneiyut  Medium. 
SOI.]  If  we  express  tlie  components  of  the  electromotive  force 
as  the  derivatives  of  the  potential  V,  the  equation  of  continaity 

du      dv      rfw      „  •,   . 

£  +  *  +  *="  (") 

becomes  in  a  homogeneous  medium 

d^F       d^V       d^r    „     d^r     „     d^V     ^     d^V       „    ,,^, 

^  ilx*       ^  dff^       ^  dz^  ^dydz        ^didx        'dxdy  ^     ' 

If  the  medium  ie  not  homogeneous  there  will  be  terms  arising 

from  the  variation  of  the  coefficients  of  conductivity  in  passing 

from  one  point  to  another. 

This  equation  corresponds  to  Xaplace's  equation  in  an  isotropic 
medium. 

302.]  If  we  put 

[«]  =  rira'"3  +  2*|*s«s— fi*!*— Tj*/— ^3*,",  (17) 

and    \^AS\:=  AyJ^A^JtlS^B^B^—A^B^-A^B^-A^B^,    (18) 
where  [r*]^,  =  r^r,— *,^     \ 

[r.]5,  =  ....-r,.„|  (19) 

and  so  on,  the  system  A^  S  will  be  inverse  to  the  system  r,  »,  and 
if  we  make 

Aix'+A^y'  +  A^i^+2Bjyz+2SiZiii+2St3y  =  lAS^p',  (20) 
we  shall  find  that 

r=;^i  (21) 

is  a  solution  of  the  equation. 

In  the  case  in  which  the  coeffirients  T  are  zero,  the  coefficients  A 
and  S  become  identical  with  E  and  S.  When  T  exists  this  is  not 
the  case. 

In  the  case  therefore  of  electricity  flowing  oat  from  a  centre  in  an 
infinite,  homogeneous,  but  not  isotropic,  medium,  the  equipotentisl 
surfaces  are  ellipsoids,  for  each  of  which  p  is  constant.  The  axes  of 
these  ellipsoids  are  in  the  directions  of  the  principal  axes  of  con- 
ductivity, and  these  do  not  coincide  vrith  the  principal  axes  of 
resistance  unless  the  system  is  symmetrical. 

By  a  transformation  of  this  equation  we  may  take  for  the  axes 
of  X,  y,  z  the  principal  axes  of  condactivity.  The  coefficients  of  the 
forms  t  and  B  will  then  be  reduced  to  zero,  and  each  coefficient 


DigiLizedbyGoOJ^lc 


303.]  SKEW  SYSTEM.  887 

of  the  form  A  will  be  the  reciprocal  of  the  corresponding  coefficient 
of  the  form  r.     The  expression  for  p  will  be 

^  +  ^-f^  =  ^^.  (22) 

303.]  The  theory  of  the  complete  system  of  eqoationa  of  resist- 
ance and  of  condactirity  is  that  of  linear  fonctiona  of  three  vari* 
shies,  and  it  is  exemplified  in  the  theory  of  Strains  *,  and  in  other 
parts  of  physics.  The  most  appropriate  method  of  treating  it  is 
that  by  which  Hamilton  and  Tait  treat  a  linear  and  vector  function 
of  a  vector.  We  shall  not,  however,  expressly  introduce  Quaternion 
notation. 

The  coefficients  T-^,  T^,  T,  may  be  reg-arded  as  the  rectangular 
components  of  a  vector  T,  the  absolute  magnitude  and  direction 
of  which  are  lized  in  the  body,  and  independent  of  the  direction  of 
l^e  axes  of  reference.  The  same  is  true  of  t^,  t^,  t^,  which  are  the 
components  of  another  vector  t. 

llie  vectors  7*  and  t  do  not  in  general  coincide  in  direction. 

Let  us  now  take  the  axis  of  z  so  as  to  coincide  with  the  rector 
T,  and  transform  the  equations  of  resistance  accordingly.  They 
will  then  have  the  form 

Y^SjU+HjV  +  S^w-i-Tu,  J.  (23) 

It  appears  from  these  equations  that  we  may  consider  the  elec- 
tromotive force  as  the  resultant  of  two  forces,  one  of  them  depending 
only  on  the  coefficients  R  and  S,  and  the  other  depending  on  falone. 
Hie  part  depending  on  R  and  S  is  related  to  t^e  current  in  the 
same  way  that  the  perpendicular  on  the  tangent  plane  of  an 
ellipsoid  is  reUted  to  the  radius  vector.  The  other  part,  depending 
on  T,  is  equal  to  the  prodact  of  T  into  the  resolved  part  of  the 
current  perpendicular  to  the  axis  of  T,  and  its  direction  is  per- 
pendicular to  T  and  to  the  curreotj  being  always  in  the  direction  in 
which  the  resolved  part  of  the  current  would  lie  if  turned  90*  in 
the  positive  direction  round  T. 

If  we  consider  the  current  and  T  as  vectors,  the  part  of  the 
electromotive  force  due  to  T  is  the  vector  part  of  the  product, 
Tx  current. 

The  coefficient  T  may  he  called  the  Rotatory  coefficient.     TTe 

have  reason  to  believe  that  it  does  not  exist  in  any  known  sub- 

•  Sm  Thonuon  uid  T«it'«  Natural  PhUo-oiJ']/,  S  13*. 
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stance.  It  should  be  found,  if  anywhere,  in  magnets,  which  have 
a  polarization  iu  one  direction,  probabl/  due  to  a  rotational  phe- 
nomenon in  the  substance. 

304.]  Assuming  then  that  there  is  no  rotatory  coefficient,  we 
shall  shew  how  Thomson's  Theorem  given  in  Art.  100  may  be 
extended  to  prove  that  the  heat  generated  by  the  cnrrents  in  the 
system  in  a  given  time  is  a  unique  minimum. 

To  simplify  the  algebraical  work  let  the  axes  of  coordinates  be 
chosen  so  as  to  reduce  expression  (9),  and  therefore  also  in  this  case 
expression  (lO),  to  three  terms;  and  let  us  consider  the  general 
characteristic  equation  (16)  which  thus  reduces  to 

d^r        dW        ^7  ,     ^ 

Also,  let  a,  d,  c  be  three  functions  of  x,  y,  z  satisfying  the  condition 
da       dh       de 
das      dy      dz  ' 
dV 


-  =  0; 


(25) 


and  let 


dV 

dr 


(26) 


(27) 


Finally,  let  the  triple-integral 

fr  =  JjJ{Sit^  +  B^li'+E^<i')dxdydz 

be  extended  over  spaces  bounded  as  in  the  enunciation  of  Art.  100 ; 
such  viz.  that  Fia  constant  over  certain  portions  or  else  the  normal 
component  of  the  vector  a,  6,  c  is  given,  the  latter  condition  beiog 
accompanied  by  the  further  restriction  that  the  integral  of  this 
ci>mponent  over  the  whole  botinding  surface  must  be  zero :  then  W 
will  be  a  minimum  when 

«  =  0,        e  =  0,        »  =  0. 
For  we  have  in  this  case 

riR^=\,        r,iZj=l,         rj5j=l; 
and  therefore,  by  (26), 

-=///('.ff-.ir-?r)-^- 


V//(" 


dV     dr     dr^,,^ 
S  +  '^  +  's)*"'^*- 


(28) 
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_  .    ,  du      dv      dw  ,     , 

But  since  -,  ■  +  —  +  -3-  =  0,  (29) 

dx      dy       dz         '  ^     ' 

the  third  term  vanishes  by  virtue  of  the  conditions  at  the  limits. 

The  first  term  of  (28)  is  therefore  the  unique  mini  mum  value  of  W. 

305.]  As  this  proposition  is  of  great  importance  in  the  theory  of 
electricity,  it  may  be  nsefnl  to  present  the  following  proof  of  the 
most  general  case  in  a  form  free  from  analytical  operations. 

Let  us  consider  the  propagation  of  electricity  through  a  conductor 
of  any  form,  homogeneous  or  heterogeneous. 

Then  we  know  that  , 

(1)  If  we  draw  s  line  along  the  path  and  in  the  direction  of 
the  electric  current,  the  line  most  pass  from  places  of  high  potential 
to  places  of  low  potential. 

(2)  If  the  potential  at  every  point  of  the  system  be  altered  in 
a  given  uniform  ratio,  the  current«  will  be  altered  in  the  same  ratio, 
according  to  Ohm's  Law. 

(3)  If  a  certain  distribution  of  potential  gives  rise  to  a  certain 
distribution  of  currents,  and  a  second  distribution  of  potential  gives 
rise  to  a  second  distribution  of  currents,  then  a  third  distribution  in 
which  the  potential  is  the  sam  or  difibrence  of  those  in  the  first 
and  second  will  give  rise  to  a  third  distribution  of  currents,  such 
that  the  total  current  passing  through  a  given  finite  surface  in  the 
third  case  is  the  sum  or  difference  of  the  currents  passing  through 
it  in  the  first  and  second  cases.  For,  by  Ohm's  Law,  the  additional 
current  due  to  an  alteration  of  potentials  is  independent  of  the 
original  current  due  to  the  original  distribution  of  potentials . 

(4)  If  the  potential  is  constant  over  the  whole  of  a  closed  surface, 
and  if  there  are  no  electrodes  or  intrinsic  electromotive  forces 
within  it,  then  there  will  be  no  currents  within  the  closed  surface, 
and  the  potential  at  any  point  within  it  will  be  equal  to  that  at  the 
surface. 

If  there  are  currents  within  the  closed  surface  they  must  either 
be  closed  curves,  or  they  must  begin  and  end  either  within  the 
closed  surface  or  at  the  surface  itself. 

But  since  the  current  must  pass  from  places  of  high  to  places  of 
low  potential,  it  cannot  flow  in  a  closed  curve. 

Since  there  are  no  electrodes  within  the  surface  the  current 
cannot  begin  or  end  within  the  closed  surface,  and  since  the 
potential  at  all  points  of  the  surface  is  the  same,  there  can  be 
00  current  along  lines  passing  from  one  point  of  the  surfact;  to 
•notlier. 
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Hence  there  are  no  carrenta  within  the  sarface,  and  therefore 
there  can  he  no  difference  of  potential,  aa  each  a  difference  voald 
prodnce  currents,  and  therefore  the  potential  within  the  closed 
surface  is  everywhere  the  fame  as  at  the  Burface. 

(6)  If  there  is  no  electric  current  through  any  part  of  a  closed 
sur&ce,  and  no  electrodes  or  intrinsic  electromotive  forcce  within 
the  surface,  there  will  be  no  currents  within  the  surface,  and  the 
potential  will  be  nniform. 

We  have  seen  that  the  currents  cannot  form  closed  curves,  or 
begin  or  terminate  within  the  snr&ce,  and  since  by  the  hypothesis 
they  do  not  pass  through  the  surface,  there  can  be  no  currents,  and 
therefore  the  potential  is  constant. 

(6)  If  the  potential  is  nniform  over  part  of  a  closed  surface,  and 
if  there  ia  no  current  through  the  remainder  of  the  surface,  the 
potential  within  the  surface  will  he  uniform  for  the  same  reasons. 

(7)  If  over  part  of  the  surface  of  a  body  the  potential  of  every 
point  !b  known,  and  if  over  the  rest  of  the  surface  of  the  body  the 
cnrrent  passing  through  the  surface  at  each  point  is  known,  then 
only  one  distribution  of  pot«atials  at  points  within  the  body  can 
exist. 

For  if  there  were  two  different  values  of  the  pot«ntial  at  any 
point  within  the  body,  let  these  be  Fi  in  the  first  case  and  F^  in 
tbe  second  case,  and  let  us  imagine  a  third  case  in  which  the 
potential  of  every  point  of  the  body  is  the  excess  of  potential  in  the 
first  case  over  that  in  the  second.  Then  on  that  part  of  the  surface 
for  which  the  potential  is  known  the  potential  in  the  third  case  will 
be  zero,  and  on  that  part  of  the  surface  through  which  the  currenta 
are  known  the  currents  in  the  third  case  will  be  zero,  eo  that  by 
(6)  the  potential  everywhere  within  the  surface  will  be  zero,  or 
there  is  no  excess  of  F^  over  F^,  or  the  reverse.  Hence  there  is 
only  one  possible  distribution  of  potentials.  This  proposition  is 
true  whether  the  solid  he  bounded  by  one  closed  aorface  or  by 
several. 

On  tie  Approximate  Calculation  of  the  Resittance  of  a  Condueior 
<f  a  given  Form. 

806.]  The  conductor  here  considered  has  its  surface  divided  into 
three  portions.  Over  one  of  these  portions  the  potentJal  is  main- 
tained at  a  constant  value.  Over  a  second  portion  the  potential  has 
a  constant  value  different  from  the  first.  The  whole  of  the  remainder 
of  the  surface  is  impervious  to  electricity.     We  may  suppose  the 
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oonditionB  of  the  first  snd  second  portions  to  be  ftdfilled  by  applying 
to  the  conductor  two  electrodes  of  perfectly  coDdacting  material, 
and  that  of  the  remainder  of  the  sarface  by  coating  it  with  per- 
fectly non-condacting  material. 

Under  these  circnmstancee  the  cnirent  in  every  part  of  the 
conductor  Is  simply  proportional  to  the  difference  between  the 
potentiala  of  the  electrodes.  Calling  this  difference  the  electro- 
motive force,  the  total  current  from  the  one  electrode  to  the  other 
is  the  product  of  the  electromotive  force  by  the  condactivity  of  the 
conductor  as  a  whole,  and  the  reeietance  of  the  conductor  is  the 
reciprocal  of  the  conductivity. 

It  is  only  when  a  conductor  is  approximately  in  the  circumBtances 
above  defined  that  it  can  be  said  to  have  a  definite  resiBtance,  or 
conductivity  as  a  whole.  A  resistance  coil,  consisting  of  a  thia 
wire  terminating  in  large  masses  of  copper,  approximately  eatiafiea 
these  coaditions,  for  the  potential  in  the  massive  electrodes  is  nearly 
constant,  and  any  differences  of  potential  in  different  points  of  the 
same  electrode  may  be  neglected  in  compariBon  with  the  difference 
of  the  potentials  of  the  two  electrodes. 

A  very  osefal  method  of  calculating  the  resistance  of  such  con- 
ductors has  been  given,  so  &r  as  I  know,  for  the  first  time,  by 
Ijord  Rayleigh,  in  a  paper  on  the  Theory  of  Resonance  *. 

It  is  founded  on  the  following  considerations. 

If  the  specific  resistance  of  any  portion  of  the  conductor  be 
changed,  that  of  the  remainder  being  unchanged,  the  resistance  of 
the  whole  conductor  will  be  iocreased  if  that  of  the  portion  is 
increased,  and  diminished  if  that  of  the  portion  be  diminished. 

This  principle  may  be  regarded  as  self-evident-,  but  it  may  easily 
be  shewn  that  the  value  of  the  expression  for  the  resistance  of  a 
system  of  conductors  between  two  points  selected  as  electrodes, 
increases   as  the   resistance  of  each  member  of  the   system  in- 


It  follows  from  this  that  if  a  surface  of  any  form  be  described 
in  the  substance  of  the  conductor,  and  if  we  further  suppose  this 
surface  to  be  an  infinitely  thin  sheet  of  a  perfectly  conducting 
substance,  the  resistance  of  the  conductor  as  a  whole  will  be 
diminished  unless  the  surface  is  one  of  the  eqnipotential  surfaces 
in  the  natural  state  of  the  conductor,  in  which  case  no  effect  will 
be  produced  by  making  it  a  perfect  conductor,  as  it  is  already  in 
electrical  cqailibrinm. 

•  Fltil.  7Va«.,  1871,  p.  77.    See  Art.  102. 
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If  therefore  we  draw  within  the  conductor  a  eeries  of  sor&cef, 
the  first  of  which  coincides  with  the  first  electrode,  and  the  kst 
with  the  second,  while  the  intermediate  surfaces  are  bounded  bj 
the  non-conducting  surface  and  do  not  intersect  each  other,  and 
if  we  suppose  each  of  these  suriaces  to  he  an  infinitely  thia  &he^ 
of  perfectly  conducting  matter,  we  shall  have  ohtained  a  ^stem 
the  resistance  of  which  is  certainly  not  greater  than  that  of  the 
oi-iginal  conductor,  and  is  equal  to  it  only  when  the  surfaces  we 
have  chosen  arc  the  natural  eqnipotential  surfaces. 

To  calculate  the  resistance  of  the  artificial  system  is  an  operation 
of  much  legs  difficulty  than  the  original  problem.  For  the  resist- 
anue  of  the  whole  is  the  snm  of  the  resistances  of  all  the  strata 
contained  between  the  consecutive  surfaces,  and  the  teastance  of 
each  stratum  can  be  found  thus  : 

Let  dS  be  an  element  of  the  surface  of  the  stratum,  v  the  thick- 
ness of  the  stratum  perpendicular  to  the  element,  p  the  speofic 
resistance,  E  the  difference  of  potential  of  the  perfectly  conducting 
snrfaces,  and  dC  the  current  through  dS,  then 

and  the  whole  current  throngh  the  stratum  is 

the  integration  being  extended  over  the  whole  stratum  bounded  by 
the  non-conducting  surface  of  the  conductor. 
Hence  the  conductivity  of  the  stratum  is 

and  the  resistance  of  the  stratum  is  the  reciprocal  of  this  quantity. 
If  the  stratum  be  that  bounded  by  the  two  surfaces  for  which 
the  function  F  has  the  values  F  and  i^-f-  dF  respectively,  then 

aod  the  resistance  of  the  stratum  is 

(») 


//; 


VFdS 


To  find  the  resistance  of  the  whole  artificial  conductor,  we  have 
only  to  integrate  with  respect  to  F,  and  we  find 
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(6) 


''"'\jii 


VFdS 

The  resistance  S  of  tlie  condactor  in  its  natural  state  is  greater 
tban  the  value  thus  obtained,  unless  allthe  surfaces  we  have  chosen 
are  the  natural  equipotential  surfaces.  Also,  since  the  true  value 
of  S  is  the  absolute  maximum  of  the  values  of  S^  which  cau  thus 
be  obtained,  a  small  deviation  of  the  chosen  surfaces  from  the  true 
equipotential  surfaces  will  produce  an  error  of  R  which  is  com- 
parative) j^  small. 

This  method  of  determining  a  lower  limit  of  the  value  of  the 
resistance  is  evidently  perfectly  general,  and  may  be  applied  to 
conductors  of  any  form,  oven  when  p,  the  specific  resistance,  varies 
in  any  manner  within  the  conductor. 

The  most  familiar  example  is  the  ordioary  method  of  determining 
the  resistance  of  a  straight  wire  of  variable  section.  In  this  case 
the  surfaces  chosen  are  planes  perpendicular  to  the  axis  of  the 
wire,  the  strata  have  parallel  &ces,  and  the  resistance  of  a  stratum 
of  section  S  and  thickness  dt  is 

iit,^e^.  (7) 

and  that  of  the  whole  wire  of  length  i  is 

i^.  =/'-?.  (.) 

where  S  is  the  transverse  section  and  is  a  function  off. 

This  method  iu  the  case  of  wires  whose  section  varies  slowly 
with  the  length  gives  a  result  very  near  the  truth,  but  it  is  really 
only  a  lower  limit,  for  the  tme  resistance  is  always  greater  than 
this,  except  in  the  case  where  the  section  is  perfectly  uniform. 

807.]  To  find  the  higher  limit  of  the  resistancej  let  us  suppose 
a  snrbce  drawn  in  the  conductor  to  be  rendered  impermeable  to 
electricity.  The  effect  of  this  must  be  to  increase  the  resistance  of 
the  conductor  unless  the  surface  is  one  of  the  natural  surfaces  of 
flow.  By  means  of  two  systems  of  surfaces  we  can  form  a  set 
of  tubes  which  will  completely  regulate  the  flow,  and  the  eflTect,  if 
there  is  any,  of  this  system  of  impermeable  surfaces  must  be  to 
increase  the  resistance  above  its  natural  value. 

The  resistance  of  each  of  the  tubes  may  be  calculated  by  the 
method  already  given  for  a  fine  wire,  and  the  resistance  of  the 
whole  conductor  is  the  reciprocal  of  the  sum  of  the  reciprocsle  of 
the  lenstoDces  of  all  the  tubes.  The  reeistaace  thus  foand  is  greater 
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than  the  natural   resiBfaiice,  except  when  the  tubes  follow   the 
natural  lines  of  flow. 

In  the  case  already  considered,  where  the  conductor  is  in  the 
form  of  an  elongated  solid  of  revolution,  let  us  measure  x  along  the 
axis,  and  let  the  radius  of  the  section  at  any  point  be  6.  Let  one 
set  of  impermeable  surfaces  be  the  planes  through  the  axis  for  each 
of  which  if)  is  constant,  and  let  the  other  set  be  surfaces  of  revolntioa 
for  which  ^e  _  ^52^  (9j 

where  iff  is  a  numerical  quantity  between  0  and  1 . 

Let  us  consider  a  portion  of  one  of  the  tubes  boonded  by  the 
surfaces  <ft  and  ^  +  d<t>,  ^  and  >^-\-d'^,  x  and  x-\-dx. 

The  section  of  the  tube  taken  perpendicular  to  the  axis  is 

yd^dt^  =  \b^d^dtp.  (10) 

If  S  be  the  angle  which  the  tube  makes  with  the  axis 

t»°9  =  +»S-  (11) 

The  tme  lengtb  of  the  element  of  the  tube  is  dxa&i6,  and  its 
true  section  is  i6*rf^i^cosff, 

so  that  its  resistance  is 


Let 


A=jj,d^.   »d    it=/^(g)'i,,  (13) 

the  integration  being  extended  over  the  whole  length,  x,  of  the 
conductorj  then  the  resistance  of  the  tube  d^d<p  is 


and  its  conductivity  is 

d^d<f> 


2  {A +  ,},£) 
To  find  the  conductivity  of  the  whole  conductor,  which  ia  the 
sum  of  the  conductivities  of  the  separate  tubes,  we  must  int^^ata 
this  expression  between  ^  =  0  and  ^  =  Ztt,  and  between  ^=0 
and  ^  =  1.     The  result  is 

i,=|l.g(.+|),  (H) 

which  may  be   less,  but   cannot  be   greater,  than  the  true  con- 
ductivity of  the  conductor. 
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When  -r-  is  always  a  smal]  quantity  -j  will  also  be  sniall,  and  we 
may  expand  the  expreasiou  for  the  conductivity,  tbas 

The  first  term  of  this  expression,  —j-,  is  that  which  we  should 

have  found  by  the  former  method  as  the  superior  limit  of  the  con- 
ductivity. Hence  the  true  conductivity  is  less  than  the  first  term 
but  greater  than  the  whole  series.  The  superior  value  of  the 
resistance  is  the  reciprocal  of  this,  or 

If,  besides  supposing  the  flow  to  be  guided  by  the  surfaces  ^  and 
^,  we  had  assumed  that  the  flow  through  each  tube  is  proportional 
to  d^  d<f>,  we  should  have  obtained  as  the  value  of  the  resistance 
under  this  additional  constraint 

jr=i(^+iS),  (17) 

which  is  evidently  greater  than  the  former  value,  as  it  ought  to  be, 
on  account  of  the  additional  constraint.  In  Lord  Rayleigh's  paper 
this  is  the  supposition  made,  and  the  superior  limit  of  the  resistance 
there  given  has  the  value  (17),  which  is  a  little  greater  than  that 
which  we  have  obtained  in  (16). 

808.]  We  shall  now  apply  the  same  method  to  find  the  correction 
whicb  mast  be  applied  to  the  length  of  a  cylindrical  conductor  of 
radius  a  when  its  extremity  is  placed  in  metallic  contact  with  a 
massive  electrode,  which  we  may  sQppoee  of  a  different  metal. 

For  the  lower  limit  of  the  resistance  we  shall  suppose  that  an 
infiaitely  thin  disk  of  perfectly  conducting  matter  is  placed  between 
the  end  of  the  cylinder  and  the  massive  electrode,  so  as  to  bring 
the  end  of  the  cylinder  to  one  and  the  same  potential  throngbont 
The  potential  within  the  cylinder  will  then  be  a  function  of  its 
length  only,  and  if  we  suppose  the  surface  of  the  electrode  where 
the  cylinder  meets  it  to  be  approximately  plane,  and  all  its  dimen- 
sions to  be  large  compared  with  the  diameter  of  the  cylinder,  the 
distribution  of  potential  will  be  that  due  to  a  conductor  in  the  form 
of  a  disk  placed  in  an  infinite  medium.     See  Arts.  ISl,  177. 

If  £  is  the  difference  of  the  potential  of  the  disk  from  that  of 
the  distant  parte  of  the  electrode,  C  the  current  issuing  from  the 
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sDrface  of  the  diek  into  the  electrode,  and  p'  the  specific  reeistaiice 
of  the  electrode ;  then  if  Q  is  the  amount  of  electricity  on  the  disk, 
which  we  assume  distributed  as  in  Art.  1 51,  we  have 


=  iaE.  (18) 

Hence,  if  the  lengtli  of  the  wire  from  a  giren  point  to  the 
electrode  is  L,  and  its  specific  resistance  p,  the  resistance  from  that 
point  to  any  point  of  the  electrode  not  near  tiie  junction  is 

and  this  may  be  written 

where  the  second  term  within  brackets  is  a  quantity  which  must 
be  added  to  the  length  of  the  cylinder  or  wire  in  calculating  its 
resistance,  and  this  is  certainly  too  small  a  correction. 

To  understand  the  nature  of  the  outstanding  error  we  may 
obserre,  that  whereas  we  have  supposed  the  (low  in  the  wire  up 
to  the  disk  to  be  uniform  throughout  the  section,  the  flow  from 
the  diek  to  the  eleotrode  is  not  uniform,  but  is  at  any  point  in- 
versely proportional  to  the  minimum  chord  through  that  point.  In 
the  actual  ease  the  flow  through  the  disk  will  not  be  uniform, 
but  it  will  not  vary  so  much  from  point  to  point  as  in  this  supposed 
case.  The  potential  of  the  disk  in  the  actual  case  will  not  be 
uniform,  but  will  diminish  from  the  middle  to  the  edge. 

309.]  We  shall  next  determine  a  quantity  greater  than  the  true 
resistance  by  constraining  the  Sow  through  the  disk  to  be  uniform 
at  every  point.  We  may  suppose  electromotive  forces  introduced 
for  this  purpose  acting  perpendicular  to  the  surface  of  the  disk. 

The  resistance  within  the  wire  will  be  the  same  as  before,  but 
in  the  electrode  the  rate  of  generation  of  heat  will  be  the  snrface- 
iotegral  of  the  product  of  the  flow  into  the  potential.     The  rate  of 

flow  at  any  point  is  - — ^,  and  the  potential  is  the  same  as  that  of 

an  electrified  snr&ce  whose  surfcee-density  is  <r,  where 

2ir<7  =  %,  (20) 

p'  being  the  specific  resistance. 
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We  have  therefore  to  determine  the  potential  energy  of  the 
electrification  of  the  disk  with  the  uniform  surface-density  <r. 

*  The  potential  at  the  edge  of  a  disk  of  uuiform  density  d-  is  easily 
found  to  be  4ao-.  The  work  done  in  adding  a  strip  of  breadth 
da  at  the  circumference  of  the  disk  is  2'aa<ida.Aaa,  and  the 
whole  potential  enetgy  of  the  disk  is  the  integral  of  this, 

or        P=^«'.'.  (2.) 

In  the  case  of  electrical  conduction  the  rate  at  which  work  is 
done  in  the  electrode  whose  resistance  is  ^  is  C^It.  But  from  the 
general  equation  of  conduction  the  current  across  the  disk  per  unit 
area  is  of  the  form  1    dV 

p'  dv 
4w 
P' 
Hence  the  rate  at  which  work  is  done  is 

P 
We  have  therefore 

C^K=^P.  (22) 

whence,  by  (20)  and  (21), 

^=7 


_8p^ 
and  the  correction  to  be  added  to  the  length  of  the  cylinder  is 


f,  3m   ' 
this  correction  being  greater  than  the  true  value.     The  true  cor- 
rection to  be  added  to  the  length  is  therefore  —  an,  where  ft  is  a 
number  lying  between  -  and  — ,  or  between  0.785  and  0.849- 

fLord  Rayleigh,  by  a  second  approximation,  has  reduced  the 
superior  limit  of  «  to  0,8282. 


»  PirafoMT  C«yt»Y,  LmtUm  MaA.  8oe.  Proa.  Ji.  p.  *7. 
Lord  SxTleigh  aiibasquei  "'       ''  '     "    "' 
e.  Free,  viii  p.  71. 


1  SAvleigh  aulMsqueDtlj  abb^ed  -8243  m  tha 
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CHAPTER    IX. 

COKDUCTION  TEfiOUOH  HBTBBOOEITBOUS  MEDIA.. 

Oit  He  CondUiont  to  be  Fulfilled  at  the  Surface  <^  Separation 
between  Two  Conducting  Media. 

810.]  Thbkjk  are  two  conditions  which  the  dietribution  of  currente 
must  fulfil  in  general,  the  condition  that  the  potential  must  be 
continnons,  and  the  condition  of '  continuity'  of  the  electric  currents. 

At  the  surface  of  separation  between  two  media  the  first  of  these 
conditions  requires  that  the  potentials  at  two  points  on  opposite 
sides  of  the  surface,  but  infinitely  near  each  other,  shall  be  equal. 
The  potentials  are  here  understood  to  be  measured  by  au  elec- 
trometer put  in  connexion  with  the  given  point  by  means  of  an 
electrode  of  a  given  metal.  If  the  potentials  are  measured  by  the 
method  described  in  Arts.  222,  246,  where  the  electrode  terminates 
in  a  cavity  of  the  conductor  filled  with  air,  then  the  potentials  at 
contigaoos  points  of  different  metals  measured  in  this  way  will 
differ  by  a  quantity  depending  on  the  temperature  and  on  the 
nature  of  the  two  metals. 

The  other  condition  at  the  sur&ce  is  that  the  current  through 
any  element  of  the  sur&ce  is  the  same  when  measured  ia  either 
medium. 

Thus,  if  V^  and  ^  are  the  potentials  in  the  two  media,  then  at 
any  point  in  the  sur&ce  of  separation 

r,  =  K.  (>) 

and  if  «i ,  fi ,  tOj  and  «2 ,  r^ ,  w^  are  the  componentB  of  currents  in  the 
two  media,  and  I,  m,  n  the  direction-cosines  of  the  normal  to  the 
surlace  of  separation, 

«l^+Pl»l+Wi«  =  ttj^  +  VjM  +  WjM.  (2) 

In  the  most  general  case  the  components  u,  v,  k  are  linear 
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iiiDctioDs  of  the  derivatives  of  F,  the  forms  of  which  are  given  in 
the  equations 

u  =  r^X  +  p^r  +  q^Z,  J 

V  =S^X+r^r+j>jZ,  i  (3) 

K=j>^X+qiY+  TgZ,  ) 
where  X,  Y,  Z  toe  the  derivatives  of  V  with  respect  to  u,  g,  z 
respectively. 

Let  OS  take  the  case  of  the  surface  which  separatee  a- medium 
having  these  coefficients  of  couduction  from  an  isotropic  medium 
having  a  coefficient  of  conduction  equal  to  t. 

Let  X*,  Y',  Z'  he  the  values  of  J,  Y,  Z  in  the  isotropic  medium, 
then  we  have  at  the  suriace 

r=T',  (4) 

or  Xdx-irYdy-irZdz:=X'dx-^Y'd^-\-Z'dz,  (5) 

when  Idx+mdy+ndi  =  0.  (6) 

This  condition  gives 

J'=X+4w(r;,       F=r+4w(Ti»,       Z''=Z  +  ^van,        (r) 
where  a  is  the  surface-denmtj. 

We  have  also  in  the  isotropic  mediom 

u'  =  rX',      tr=rY',      vf^^rZ',  (8) 

and  at  the  boundary  the  condition  of  flow  is 

«7+f'«i+w'i»  =  vZ+nm+Nrfl,  (9) 

OT     r{lX■\■tllY+nZ^■A^^[a) 

= /(»-,X+i^r+ y,Z)  +  «(y,X+ f,r+i>,^)  +  «(ftX+ y,r+ f,^),  (1 0) 
whence 
4wffr  =  ('('■i-'-)  +  'i'fa  +  'ys)X+(/^,+«(f,-r)  +  fij,)3' 

■v{lqt-\-mpi+n{r^~r))Z.  (11) 
The  quantity  a  represents  the  surface-density  of  the  cha^% 
on  the  suriace  of  separation.  In  crystallized  and  orguiized  sub- 
stances it  depends  on  the  direction  of  the  surface  as  well  aa  on 
the  force  perpendicular  to  it.  In  isotropic  substances  the  coeffi- 
cients p  and  q  are  zero,  and  the  coefficients  r  are  all  equal,  so  that 

4ffff  =  (^  -i)  {lX+mY-\-nZ),  (12) 

where  r,  is  the  conductivity  of  the  substance,  r  that  of  the  external 
medium,  and  I,  n,  »  the  direction- cosines  of  the  normal  drawn 
towards  the  mediom  whose  conductivity  is  r. 

When  both  media  are  isotropic  the  conditions  may  be  greatly 
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simplified,  for  if  i  is  the  specific  resistance  per  nnit  of  Tolnme,  then 
idV  idV  \d7 

and  if  V  is  the  normal  drawn  at  any  point  of  the  surface  of  sepsra- 
tion  from  the  first  medium  towards  the  second,  the  condition  of 
continuity  is  ^  '^^i  _  J_  ^Zl 

If  f  J  and  6i  are  the  angles  which  the  lines  of  flow  in  the  first  and 
second  media  respectively  make  with  the  normal  to  the  eurface 
of  separation,  then  the  tangents  to  these  lines  of  flow  are  ia  the 
same  plane  with  the  normal  and  on  opposite  sides  of  it,  and 

;t,tand,  =  ;t,tan02.  (15) 

This  may  be  called  the  law  of  refraction  of  lines  of  flow. 

Sll.]  As  an  example  of  the  conditions  which  must  he  fulfilled 
when  electricity  crosses  the  surface  of  separation  of  two  media, 
let  us  suppose  the  surface  spherical  and  of  radius  a,  the  specific 
resistance  being  k^  within  and  k^  without  the  surface. 

Let  the  potential,  both  within  and  without  the  surface,  be  ex- 
panded in  solid  harmonics,  and  let  the  part  which  depends  on 
t^e  surface  harmonic  Si  he 

ri  =  (Ji;'  +  A'-"""'}^«.  (1) 

r,  =  (^2H  +  5jr-('+»)5i  (2) 

within  and  without  the  sphere  respectively. 

At  the  surface  of  separation  where  7-  =  a  we  must  have 

From  these  conditions  we  get  the  equations 

(«) 


(^■'.-i^>)'-""-(i:*.-:5^-)(i+')  =  »- 

ise  equations  are  sufficient,  when  we  know  two  of  t 
mtities  ^j,  A.^,  B^,  B^,  to  deduce  the  other  two. 
jet  US  suppose  A^  and  B^  known,  then  we  find  the  fo 
iressions  for  A^  and  B^, 

ft(i+ll  +  *.i)A  +  (i,-^(i+l)Ji»-"""     \ 
'^-  *,(2i+l)  '  ( 


-t,)i^i.""+(t|i+i,('+'))A 


(«) 


i,(2i+l) 
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Id  tide  whj  we  can  find  the  conditions  which  each  term  of  the 
harmomo  expansion  of  the  potential  mnst  satisfy  for  any  number  of 
strata  bounded  by  concentric  spherical  sor&ces. 

812.]  Let  OS  (mppoBe  the  radios  of  the  first  spherical  snrfiice 
to  be  aj,  and  let  there  be  a  second  spherical  surface  of  radios  a, 
greater  than  %, beyond  which  the  specific  resistance  ia  i^.  If  there 
are  no  sonrces  or  sinks  of  electricity  within  these  spheres  there 
will  be  no  ii^nite  values  of  F,  and  we  shall  hare  S^  =  0. 

We  then  find  for  J^  and  B^,  the  coefficients  for  the  outer  medium, 

+•■(•■+ i)(^-*.)(*.-*»)(^r"]^i. 

The  value  of  the  potential  in  the  oater  medium  depends  partly 
on  the  external  sources  of  electricity,  which  produce  currents  in- 
dependently of  the  ^stence  of  the  sphere  of  heterogeneous  matter 
within,  and  partly  on  the  disturbance  caneed  by  the  introduction  of 
the  heten^neoos  sphere. 

The  first  part  most  depend  on  solid  harmonics  of  positive  degrees 
only,  because  it  cannot  have  infinite  values  within  the  sphere.  The 
second  part  must  depend  on  harmonics  of  negative  degrees,  because 
it  mnst  vanish  at  an  infinite  distance  from  the  centre  of  the  sphere. 

Hence  the  potential  due  to  the  external  electromotive  forces  must 
be  expanded  in  a  series  of  eolid  harmonics  of  positive  degree.  Let 
Jg  be  the  coeffiaent  of  one  of  these,  of  the  form 

THitai  we  can  find  Ai,  the  corresponding  coefficient  for  the  inoeF 
sphere  by  equation  (6),  and  from  this  deduce  J^,  B^,  and  Bg.  Of 
these  Bj  represents  the  effect  on  the  potential  in  the  outer  mediimi 
due  to  the  introdnction  of  the  heterogeneous  spheres. 

Let  us  now  suppose  >^  =  jij,  so  that  the  case  is  that  of  a  hollow 
shell  for  which  iti^i^,  separating  an  inner  from  an  oater  portion  of 
the  same  medium  for  which  t  =  k^. 

If  we  put 


(2i+i)«j,i,+;(i+i)(i,-*0'(>  -  (^)    ) 
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then       ^  =  itAj(2i+l)"C4,j  . 

A,  =  i,(2i+l){i,li+l)  +  t,i)CJ„  1 

B,  =  i(i,-i,)(i.(i+l)+«.0(V'"-V'*'K4,- 

The  difference  between  A^  the  undistarbed  coefficient,  and  A^  its 
value  in  the  hollow  within  the  spherical  shell,  is 

A- A = (*.-*■)'>■(;+ i)(i  -  (^)"*Va-       (8) 

Since  this  quantity  is  always  positive  what«ver  be  tlie  valuee 
of  1^  and  igt  '^  follows  that,  whether  the  spherical  shell  conducts 
better  or  worse  than  the  rest  of  the  medium,  the  electrical  action 
in  the  space  occupied  hy  the  shell  is  less  than  it  would  otherwise 
be.  If  the  shell  is  a  better  conductor  than  trhe  rest  of  the 
medium  it  tends  to  equalize  the  potential  all  round  the  inner 
sphere.  If  it  is  a  worse  conductor,  it  tends  to  prevent  the 
electrical  currents  from  reaching  the  inner  sphere  at  ajl. 

The  case  of  a  solid  sphere  may  be  deduced  &om  this  by  making 
Oi  =  0,  or  it  may  be  worked  out  independently. 

313.]  The  most  important  term  io  the  hwmonic  expansion  is 
that  in  which  i  =  I,  for  which 


Ja=3i,(A,-ia)VCJ3,  S^-{i^~ki){2\+is)ia^'~aj_')CAj.J 

The  case  of  a  solid  sphere  of  resistance  i^  may  be  deduced  firom 
this  by  making  Oj  =  0.    We  then  have 

^-^^-  ■»■=»■) 

■Oh  =  1 — -^rr  fh  As.  ] 

It  is  ea^  to  shew  from  the  general  expressions  that  the  value 
ef  B^  in  the  case  of  a  hollow  sphere  having  a  nucleus  of  resistance 
£,,  surrounded  by  a  shell  of  resistance  k^,  is  the  same  ae  that  of 
a  uniform  solid  sphere  of  the  radine  of  the  oat«r  surface,  and  of 
resistance  K,  where 

y_   {^h  +  hW  +  i^i-hW    t  /,,x 
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314.]  If  there  ore,*  spheres  of  radiae  Aj  and  resistance  ii,  placed 
in  a  medium  whose  resistance  is  i^i  at  such  distances  from  each 
other  that  their  effects  in  distarbiog  the  course  of  the  current 
may  he  taken  as  independent  of  each  other,  then  if  these  spheres 
are  all  contained  within  a  sphere  of  radios  a^,  the  potential  at  a 
great  distance  from  the  centre  of  this  sphere  will  be  of  the  form 

V  =  (^Ar  +  nB~)ooee,  (12) 

where  the  value  of  B  is 

The  ratio  of  the  volume  of  the  n  small  spheres  to  that  of  the 
sphere  which  contains  them  is 

p  =  -^-  (") 

The  value  of  the  potential  at  a  great  distance  from  the  sphere 
may  therefore  be  writton 

r=j(,+/,V^^^^)«<»»-  (15) 

Now  if  the  whole  sphere  of  radius  a,  had  been  made  of  a  material 
of  specific  resistance  K,  we  should  have  had 

That  the  one  ezpTUaion  should  b«  eqiiivalent  to  the  other, 

*-2l,  +  i,-2j>(i,-i,)*'-  '"' 

This,  therefore,  is  the  specific  resistance  of  a  compound  medium 

coUBisting  of  a  substance  of  specific  resistance  k^,  in  which  are 

disseminated  small  i^eres  of  specific  resistance  i^,  the  ratio  of  the 

volume  of  all  the  small  spheres  to  that  of  the  whole  being  ^.    In 

order  that  the  action  of  these  spheres  may  not  produce  effects 

depending  on  their  interference,  their  radii  must  he  small  compared 

with  their  distaDces,  and  therefore^  must  be  a  small  fraction. 

This  result  may  be  obtained  in  other  ways,  but  that  here  given 

involves  only  the  repetition  of  the  result  already  obtained  for  a 

single  sphere. 

When  the  dietuice  between  the  spheres  is  not  great  compared 

i  —Jk 

with  their  radii,   and  when    — | 1-   is  considerable,  then   other 

2it,  +  i, 

terms   enter   into  the  result,  which  we  dhall  not  now  consider. 

In  consequence  of  these  terms  certain  systems  of  arrangement  of 
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the  spheres  cause  the  lesiEtaoce  of  the  componnd  medinm  to  be 
different  in  different  directions. 

Jpplicalion  of  the  Pnttciple  t^  Images. 

815.]  Let  US  take  as  an  example  the  case  of  two  media  separated 
by  a  plane  surface,  and  let  ns  sappose  that  there  is  a  source  8 
of  electricity  at  a  distance  a  from  the  plane  sur&ce  in  the  first 
medium,  the  quantity  of  electricity  flowing  from  the  source  in  unit 
of  time  being  S. 

If  the  first  medium  had  been  infinitely  extended  the  current 
at  any  point  P  would  have  been  in  the  direction  SP,   and  the 

potential  at  P  would  have  been  —  where  E  =  — -^  and  r,  =  SP. 

In  the  actoal  case  the  conditions  may  be  satisfied  by  taking 

a  point  /,  the  image  of  8  in  the  second  medium,  such  that  13 

is  normal  to  the  plane  of  separation  and  is  bisected  by  it.     Let  r^ 

be  the  distance  of  any  point  from  /,  then  at  the  surface  of  separation 

ri  =  r,,  (I) 

dp dy  ^^^ 

Let  the  potential  7^  at  any  point  in  the  first  medium  be  that 

due  to  a  quantity  of  electricity  S  placed  at  8,  together  with  an 

imaginary  quantity  S^  at  7,  and  let  the  potential  F^  at  any  point 

of  the  second  medium  be  that  due  to  an  imaginaiy  quantity  ^  at 

S,  then  if  E      K  E, 

r,=  — +  ^     and     r,  =  :^,  (3) 


(<) 

(5) 
(6) 

« 

The  potential  in  the  first  medium  is  therefore  the  same  as  would 
be  produced  in  air  by  a  charge  E  placed  at  8,  and  a  charge  E^ 
at  /  on  the  electrostatic  theory,  and  the  potential  in  the  second 
medium  is  the  same  as  that  which  would  be  prodaced  in  ait  by 
a  charge  E^  at  8. 
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the  superficial  condition  T,  =  V^  gives 

E+E^  =  E^. 
and  the  condition 

1  ar^     1  dF, 

l^d»         k,dy 

gives 

whence 

317.]  8TBATUM  WITH   PAEALLEL  SIDES.  405 

The  current  at  aoy  point  of  the  first  medium  is  the  eame  as  would 
have  been  produced  by  the  source  8  toother  with  a  source  y — ^  S 
placed  at  7  if  the  first  medium  had  been  infinite,  and  the  current 
at  any  point  of  the  second  medium  is  the  same  as  would  have  been 

produced  by  a  source  . ,  ' , -.  placed  at  ^if  the  second  medium  had 
beeu  infinite. 

We  have  thus  a  complete  theory  of  electrical'images  in  the  case 
of  two  media  separated  by  a  plane  boundaiy.  Whatever  be  the 
nature  of  the  electromotive  forces  in  the  first  medium,  the  potential 
they  produce  in  the  first  medium  may  be  found  by  combining  their 
direct  effect  with  the  effect  of  their  image. 

If  we  suppose  the  second  medium  a  perfect  conductor,  then 
k^  =  0,  and  the  image  at  /  ie  equal  and  opposite  to  the  souice 
at  S,  This  is  the  case  of  electric  imagesy  as  in  Thomson's  theory 
in  electrostatics. 

If  we  suppose  the  second  medium  a  perfeet  insulator,  then 
ij  ■=  oe,  and  the  ira^e  at  /is  equal  to  the  source  at  S  and  of  the 
same  sign.  This  is  the  case  of  images  in  hydrokinetics  when  the 
fluid  is  bounded  by  a  rigid  plane  surface. 

816.]  The  method  of  inversion,  which  is  of  so  much  use  in 
electrostatics  when  the  bounding  surface  is  supposed  to  be  that 
of  a  perfect  conductor,  is  not  applicable  to  tin  more  general  case 
of  the  Burfkce  separating  two  conductors  of  unequal  electric  resist- 
ance. The  method  of  inversion  in  two  dimensions  is,  however, 
applicable,  as  well  as  the  more  general  method  of  transformation  in 
two  dimensions  given  in  Art.  190*. 

Conduction  through  a  Plate  teparat'mg  Tko  Media. 

817.]  Let  us  next  consider  the  effect  of  a  plate  of  thickness  AS  of 
a  medium  whose  resist- 
ance is  ifcg,  and  separating 
two  media  whose  resist- 
ancea  are  k^  and  ^,,  in 
altering  the  potential  dua 
to  a  source  S  in  the  first 
medium. 

The  potential  will  b» 


t 

t 

^ 

4         (          ' 

s 

'      •        •'••'. 
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406  CONDtTCTIOK  IN  HBTEE00ENB0U8  MEDIA.  [318. 

equal  to  that  due  to  a  Bystem  of  chafes  placed  in  air  at  certain 
points  along  the  normal  to  the  plate  through  S. 

Make 

AI=SA,     BI^=SB,    AJ^=IyA,    BT,=JiB,    AJ^=T^A,  &c.; 
then  we  have  two  Beriee  of  points  at  dietances  from  each  other  equal 
to  twice  the  thickness  of  the  plat«. 

318.]  The  potential  in  the  first  medium  at  aoy  point  P  is  equal  to 

ys-'pT  +  n.^w,-'^'-'  f»> 

that  at  a  point  F'  in  the  second 

and  that  at  a  point  P"  in  the  third 

where  /,  P,  Sea.  represent  the  imaginary  charges  placed  at  the 
points  I,  &c.,  and  the  accents  denote  that  the  potential  is  to  be 
taken  within  the  plate. 

Then,  hy  the  hist  Article,  for  the  sutfkce  through  A  we  have, 

^=|^*-    ^'=^^-  (") 

For  the  surface  through  B  we  find 
Similarly  for  the  surface  through  A  again, 

■'-''lit''-  '^  =  ^''-  (") 


and  for  the  surface  through  B, 

-  *3~*a  : 

=  r— ^   aid    p'=  -r—-^' 
*i  +  *a  h  +  h 

we  find  for  the  potential  in  the  first  medium, 


(») 


'Tt  +('-''Vp7-+/('-p')pp'j7-+*'«' 
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p'(l-,')(,/)— j^.      (15) 


319.]  STRATrPlED  CONDTTCTOES.  407 

For  the  potential  m  the  third  mediam  we  fiod 

r  =  {.+,o(i-p)j!{^  +  ^  +  it..+M:|.        (16, 

If  the  first  medimn  is  the  same  as  the  third,  then  i^  =  i^  and 
p  =  p',  and  the  potential  on  the  other  side  of  the  plate  will  be 

r=(i-^)^|i5^.^  +  b,.+^j.  (17) 

If  the  plate  is  a  very  much  better  conductor  than  tlie  rest  of  tho 
medium,  p  is  very  nearly  equal  to  1 .  If  the  plate  is  a  nearly  perfect 
insulator,  p  is  nearly  eqaat  to  —1,  and  if  the  pliCte  differs  little  ia 
conducting  power  from  the  rest  of  the  medium,  p  is  a  small  quantity 
positive  or  negative. 

The  theory  of  this  case  was  first  stated  by  Green  in  hie  '  Theory 
of  Magnetic  Induction'  {Ettag,  p.  65).  Hia  result,  however,  is 
correct  only  when  p  is  nearly  equal  to  1  *.  T^ie  quantity  g  which 
he  OSes  is  connected  with  p  by  the  equations 

_    2p    _  \-k^  _    3ff    _ii-i3 

^  ~  3— p  ~  i^  +  zij'     *"  ~  2+s  ~ii+Aj* 

If  we  put  p  = ,  we  shall  have  a  solution  of  the  problem  of 

the  magnetic  induction  excited  by  a  magnetic  pole  in  an  infinite 
plate  whose  coefficient  of  magnetization  is  k. 

On  Stratijied  Conductor*. 
819.]  Let  a  conductor  be  cotnpoaed  of  alternate  strata  of  thick- 
ness c  and  </  of  two  substances  whose  coefficients  of  conductivity 
are  different.     Required  the  coefficients  of  resistance  and  conduc- 
tivity of  the  compound  conductor. 

Let  the  plane  of  the  strata  be  normal  to  Z,  Let  every  symbol 
relating  to  the  strata  of  the  second  kind  be  accented,  and  let 
every  symbol  relating  to  the  compound  conductor  be  marked  with 
a  bar  thus,  X     Then 

1=X  =  X',        (c  +  e')S  =  «*+cV, 
T=  7=7',        (c  +  ^)v  =  cf-(-c't^; 

(c  +  /)y=  CZ+<^Z',  K  =  W  =  ¥/. 

"We  must  first  determine  »,  »',  f,  v',  Z  and  Z'  in  terms  of 
X  Tand  w  from  the  equations  of  resistance,  Art.  297,  or  those 

•  Saa  Sr  W.  Tbonuan'i  'Note  on  Induoed  MkgnetioQ  in  •  Plato,'  Comb,  tmd 
l>ub.  Malk.  /aunr..  Not.  IStG,  or  S^pruit,  nii.  ix.  {  IfiS. 
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408  COHDDCTION  IN  HBTBBOOBNEOUS  MEDIA.  [32O: 

of  couductivitf,  Art.  298.     If  we  pnt  D  for  the  determittaut  of  the 
coefficients  of  resistance,  we  find 

u^r^D  =  BgJ-  §3  r+Kq^D, 

^H     =-Pt^-giY+ie. 
Similar  equations  with  the  eymboU  accented  give  the  values 
of  »',  t/  and  ^.     Having  found  «,  v  and  w  in  terms  of  X,  l^and  Z, 
we  may  write  down  the  equations  of  conductivity  of  the  stratified 

conductor.     If  we  make  A  =  —  and  ^'=  — >,  we  find 
'■a  »■> 

^'-      A+A'     '  *'-     A  +  A'     * 

-   _  ^ft+^'Pa'  -   _  ^^2  +  ^'?/ 

■'''-      i  +  i'     '  ''-     i  +  4-     ' 

_  'P>+-^p;    **'(?i-gi')fe-?.') 

'^^  <:  +  «"  (*  +  ;!')  (t  +  <0 

^  _  »?»+'^?i'  _  ^^(a-KXpi-K) 

_  eri  +  <'fi'       ^*'(ft-A')fa-g»') 
'~      c+<f  (i  +  ,17(e+e-) 

_  Cfi  +  c-y       ^yfa-fiOfe-g,-) 

320.]  If  neither  of  the  two  substances  of  which  the  strata  are 
formed  has  the  rotatory  property  of  Art.  303,  the  Talae  of  any 
P  OT  p  will  be  equal  to  that  of  its  corresponding  Q  or  }.  From 
this  it  follows  that  in  the  stratified  conductor  also 


ft  =  Si..        H  =  tf        P.  =  ?.. 
or  thet«  is  no  rotatory  property  developed  by  stratification,  unless 
it  exists  in  the  mat«rialB. 

321.]  If  we  now  suppose  that  there  is  no  rotatory  property,  and 
also  that  the  axes  of  w,  y  and  z  are  the  principal  axes,  then  tile 
p  and  q  cocfiicieuts  vanish,  and 

-   _  ori  +  er,'  _   _  cr^  +  i^r^  _  c+e' 

''"      c+c-     '  ■■'-      c+«-     '  '■"£      7' 

U  ^  '.' 
If  we  begin  with  both  substances  isotropic,  but  of  different 
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322.]  STRATIFIED  COHJJUCTOBS.  409 

condaotivitiee,  then  the  result  of  stretifioation-  will  be  to  make 
the  resistance  greatest  in  the  direction  of  a  normal  to  tlie  strata, 
and  the  resistance  in  all  directions  in  the  plane  of  the  strata  will 
be  equal. 

822.]  Take  an  isotropic  substance  of  condnctivify  r,  cut  it  into 
exceeding:Iy  thin  slices  of  thickness  a,  and  place  them  alternately 
witli  slices  of  a  substance  whose  conductivity  is  t,  and  thickness  i^a. 

Let  these  slices  be  normal  to  m.  Then  cut  this  compound  con- 
dnctor  into  thicker  slices,  of  thickness  b,  normal  to  y,  and  alternate 
these  with  slices  whose  conductivity  is  t  and  thicknees  i^6. 

Lastly,  cut  the  new  conductor,  into. still  thicker  bIjccb,  of  thick- 
ness c,  normal  to  z,  and  alternate  them,  with  slices  whose  con- 
ductivity is  «  and  thickness  i^c. 

The  result  of  the  three  operations  will  be  to  cut  the  substance 
whose  conductivity  is  r  into  rectangular  parallelepipeds  whose 
dimensions  are  a,  b  and  c,  where  h  is  exceedingly  small  compared 
with  c,  and  a  is  exceedingly  small  compared  with  h,  and  to  embed 
these  parallelepipeds  in  the  substance  whose  conductivity  is  >,  so 
that  they  are  separated  from  each  other  i^a  m  the  direction  of  x, 
ijb  in  that  of;,  and  i^c  in  that  of  e.  The  condnctivities  of  the 
conductor  so  formed  in  the  directions  of  x,  y,  and  z  are  to  be  found 
by  three  applications  in  order  of  the  results  c^  Art.  321.  We 
thereby  obtain 

(l+A^(l+i,){V+*) 
_(l+.^  +  i,^s)r+(ti  +  >a+tj.t,  +  ^ti4*i^^a)> 

The  accuracy  of  this  investigation  depends  upon  the  three  dimen- 
sions of  the  parallelepipeds  being  of  different  orders  of  magnitude, 
80  that  we  may  neglect  the  conditions  to  be  fulfilled  at  their  edges 
and  angles.     If  we  make  H,,  ^  and  ^  each  unity,  then 

5r+3»  3r+5*  2r-f  6» 

fi  =  z :-  «j         *■«  = ;:-  «>         '"s  = =—  *■ 

'        ir  +  4t  '  '       2f  +  6»  '        r+7s 

If  r  =  0,  that  is,  if  the  medinm  of  which  Uie  parallelepipeds 
are  made  is  a  perfect  insulator,  then. 
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410  COSDUCTION  IN  HETEKOOSNEOUS  MEDIA.  [323- 

If  r  =  00,  that  is,  if  the  parallelepipeds  are  perfect  condactors, 
fj  =  -J  »,        fj  =  I »,         rg  =  2  «. 

In  every  oaae,  provided  i,  =  i^  =  ij,  it  may  be  shewn  that 
r,,  T^  and  r^  are  in  ascending  order  of  magnitude,  bo  that  the 
greatest  conductivity  is  in  the  direction  of  the  longest  dimensions 
of  the  parallelepipeds,  and  the  greatest  resistance  in  the  direction 
of  their  shortest  dimensions. 

323.]  In  a  rectangular  parallelepiped  of  a  conducting  solid,  let 
there  be  a  conducting  channel  made  from  one  angle  to  the  opposite, 
the  channel  being  a  wire  covered  with  insulating  material,  and 
let  the  lateral  dimensions  of  the  channel  he  so  small  that  the 
conductivity  of  the  solid  is  not  affected  except  on  account  of  the 
current  conveyed  along  the  wire. 

Let  the  dimensions  of  the  parallelepiped  in  the  directions  of  the 
coordinate  axes  be  a,  b,  c,  and  let  the  conductivity  of  the  channel, 
extending  from  the  origin  to  the  point  (aic),  be  ahcK. 

The  electromotive  force  acting  between  the  extremities  of  the 
channel  is  aX+6F+cZ, 

and  if  C  be  the  current  along  the  channel 

C=Ka6c{aX+br+cZ). 

The  current  across  the  face  lie  of  the  parallelepiped  is  ben,  and 
this  is  made  up  of  that  due  to  the  conductivity  of  the  solid  and 
of  that  dne  to  the  conductivity  of  the  channel,  or 

bcu  =  bc{riX+j>sT+q^Z)+Ka6c(aX+br+cZ), 
or  « ,=  {r^  +  Ka')X-t-(p^  +  Kab)T+(q^+Kca)Z. 

In  the  same  way  we  may  find  the  values  of  c  and  K.  The 
coefficients  of  conductivity  as  altered  by  the  effect  of  the  channel 
will  be 

r^  +  Ka',  r^  +  S6',  rg  +  Kc', 

jfj-i-Kbc,  ^g+Kca,  p^  +  Kab, 

q-i  +  Kbc,  q^  +  Kea,  q^  +  Kab. 

In  these  expressions,  the  additions  to  the  values  of  pi,  &c.,  doe 
t«  the  effect  of  the  channel,  are  equal  to  the  additions  to  the  values 
of  qj,  &c.  Hence  the  values  of  p^  and  q^  cannot  be  rendered 
unequal  by  the  introduction  of  linear  channels  into  every  element 
of  volume  of  the  solid,  and  therefore  the  rotatory  property  of 
Art.  303,  if  it  does  not  exist  previously  in  a  solid,  cannot  be 
introduced  by  such  means. 
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824.]  To  construct  a  JrameKori  of  linear  conductors  vkich  shall 
hate  any  given  coefficients  of  conductivity  forming  a  tymmetrtcal 
system,  , 

Let  the  space  be  divided  into  equal  Email  cubeu,  of  which  let  the 
figure  repreeeat  one.    Let  the  coordinates  of  the 
points  0,  L,  M,  N,  and  their  potentials  be  as 
follows : —  SB    y    z  Potential 

0        0    0    0       j+r+z 

£  0     1     1  X 

3f      1    0    1  r  *' 

jv       1    1    0  z  ^■^'- 

Let  these  four  points  be  conneeted  by  six  condactore, 
OL,        OM,        OA',        My,       .NL,        IM, 
of  which  the  oondnctivitieB  are  respectively 

A,        S,         C/      P,         Q,        R. 
The  electromotive  forces  along  these  conductors  will  be 
T+Z,    Z+X,    X+7.     r-z,    Z-X,    X-T, 
and  the  currents 

A{Y+Z),  S{Z+X),  C{X+r),  PiY-Z),  Q{Z-X},  B(X-r). 
Of  these  currents,  those  which  convey  electricity  in  the  positive 
direction  of  »  are  those  along  LM,  LN,  OM  and  ON,  aoA  the 
quantity  conreyed  is 

n.=  {B-k-C+q^M)X-\.{C-B)Y  ^{B-q)Z. 

Similarly 
V  =  {C-R)X  +{C+A  +  B-i-P)T^{A--P)Z; 

w={B~Q)X  +(A-P)r  +{A  +  £+P+Q)Zi 

whence  we  find  by  oomparison  with  the  equations  of  conduction. 
Art.  298, 

4A  =  ^  +  rj— r,+  2j9,,  iP  =  rj+r,— r,— 2/ii, 

i£'=r,-i-ri-rt  +  2p,,  iQ  =  r^+r^-r^-ip^, 

4(7  =  ri+r,~r,+  2j>t,  iB  =  ri  +  rt-r^~.2p^. 
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CHAPTEE  X. 


CONDUCTTION  IS   DJBLBCTBICS. 


825,]  Wb  have  seen  that  wlien  electrometive  foroe  acta  on  a 
dielectric  medium  it  prodnces  in  it  a  state  whicti  ve  have  called 
electric  polarization,  and  which  we  have  described  as  consistiDg 
of  electric  displacement  within  the  mediam  in  a  direction  whic^, 
in  isotropic  media,  coinddee  witli  that  of  the  electromotive  force, 
comhined  with  a  superficial  charge  on  every  element  of  volome 
into  which  we  may  suppose  the  dielectric  divided,  which  is  negative 
on  the  side  toward  which  the  force  acts,  and  positive  on  the  side 
from  which  it  acts. 

When  electromotive  force  acta  oa  a  eondacting  medinm  it  also 
produces  what  is  called  an  electric  current. 

Now  dielectric  media,  with  very  few,  if  any,  exceptions,  are  also 
more  or  less  imperfect  conductors,  and  many  media  which  are  not 
good  insulators  exhibit  phenomena  of  dielectric  induction.  Hence 
we  are  led  to  study  the  state  of  a  medinm  in  which  induction  and 
conduction  are  going  on  at  the  same  time. 

For  simplicity  we  shall  suppose  the  medium  isotropic  at  every 
point,  but  not  necessarily  homogeneous  at  different  points.  In  this 
case,  the  equation  of  Foisson  becomes,  by  Art.  83, 

where  K  is  the  '  specific  inductive  capacity.' 

The  '  equation  of  continuity'  of  electric  currents  becomes 

daV  dm^'^  dif\r  dy^  '*'  dx^r  dj*      di  ~    '  ^^ 

where  r  is  the  specific  resistance  referred  to  unit  of  volome. 

When  £"  or  r  is  discontinooos,  these  equations  must  be  trans- 
formed into  those  appropriate  to  suriaces  of  discontinuity. 
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In  a  Btrictly  homogeaeons  medinm  r  md  K  are  both  constant,  bo 
that  we  find 

d^r     d'V     dW  p         dp 

whence  p  =  G;  *>■  j  (4) 

or,  if  we  put  ^  =  T~ '         p  =  Ce~^.  (S) 

This  reealt  ahewB  that  under  the  action  of  any  external  electric 
forces  on  a  homogeneous  medium,  the  interior  of  which  is  originally 
charged  in  any  manner  with  electricity,  the  internal  charges  will 
die  away  at  a  rote  which  does  not  depend  on  the  external  forces, 
so  that  at  length  there  will  be  no  charge  of  electricity  within 
the  medium,  after  which  no  external  forces  can  either  produce  or 
maintain  a  charge  in  any  internal  portion  of  the  medintn,  pro- 
vided the  relation  between  clectromotiTe  force,  electric  polarication 
and  condaction  remains  the  same.  When  dismptive  discharge 
occurs  these  relations  cease  to  be  true,  and  internal  charge  may 
be  produced. 

On  Conduction  through  a  Condetuer. 

826.]  Let  £7  be  the  capacity  of  a  condenser,  R  its  resistance,  and 
E  the  electromotiTe  force  which  act«  on  it,  that  is,  the  difference  of 
potentials  of  the  snriaces  of  the  metallic  electrodes. 

Then  the  quantity  of  electricity  on  die  side  from  which  the 
electromotire  force  acts  will  be  CE,  and  the  current  through  the 
substance  of  the  condenser  in  the  direction  of  the  electromotiye 
force  will  be  •^• 

If  the  electrification  is  supposed  to  be  produced  by  an  electro- 
motive force  E  acting  in  a  oirooit  of  which  the  condenser  forms 

part,  and  if  ~  representa  the  cnrrent  in  that  circuit,  then 

dq_B     dE 

di-B-^^ir  ™ 

Let  a  battery  of  electromotive  force  E^,  and  resistance  r^  be 
introduced  into  this  circuit,  then 


dt  j-i  R^    dt 

Hence,  at  any  time  ^, 
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Next,  let  the  circuit  fj  be  broken  for  »  time  i^, 

£{  =  E^)  =  E^e  r*  wbere  T^  =  CR.  (9) 

Finally,  let  the  surfaces  of  the  condeneer  be  connected  by  means 
of  a  wire  whose  resistance  is  r,  for  a  time  t^, 

E(-=E^  =  Ke~^v,h&nT.=  £^.  (10) 

If  Qs  is  the  total  diechai;^  throng  tbis  wire  in  the  time  t^, 

In  this  way  we  may  find  the  discharge  through  a  wire  which 
IB  made  to  connect  the  sur&ces  of  a  condenser  after  being  chained 
for  a  time  ^,  and  then  insulated  for  a  time  t^.  If  the  time  of 
charging  is  safficient,  as  it  generally  is,  to  develope  the  whole 
charge,  and  if  the  time  of  discharge  is  sufficient  for  a  complete 
discharge,  the  discharge  is 

827.]  In  a  condenser  of  this  kind,  first  charged  in  any  way,  next 
discharged  through  a  wire  of  small  resistance,  and  then  insalated, 
no  new  electrification  will  appear.  In  most  actual  ocmdensera^ 
however,  we  find  that  after  discharge  and  iosulatioa  a  new  obuge 
is  gradually  dereloped,  of  the  same  kind  as  the  original  cha^e, 
but  inferior  in  intensity.  This  is  called  the  residual  charge.  To 
acconnt  for  it  we  most  admit  that  the  constitution  of  the  dielectric 
medium  is  different  from  that  which  we  have  just  described.  We 
shall  find,  however,  that  a  medium  formed  of  a  conglomeration  of 
email  pieces  of  different  simple  media  would  possess  this  property. 

Theory  of  a  Composite  Lieleetric, 

828.]  We  shall  suppose,  for  the  sake  of  simplicity,  that  the 
dielectric  consists  of  a  number  of  plane  strata  of  different  materials 
and  of  area  unity,  and  that  the  electric  forces  act  in  the  direction 
of  the  normal  to  the  strata. 

Letdj,  a^,  &c.  be  the  thicknesses  of  the  difierent  strata. 

Xi,  X^,  &c.  the  resultant  electrical  forces  within  the  strata. 

PiiPt,  &c.  the  currents  due  to  conduction  through  the  strata. 
/itJa^  &c-  the  electric  disptaceniente. 

«,,  «„  &c.  the  total  currents,  due  partly  to  conduction  and  partly 
to  variation  of  displacement 
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r,,  fj.  &c.  the  epecific  resistancea  referred  to  unit  of  volume. 

A*!,  A',,  &c.  the  specific  indactive  capacities. 

^1,  if,  &c.  the  reciprocals  of  the  specific  indactive  capacities. 

]?  the  electromotiTe  force  due  to  a  voltaic  battery,  placed  ia 
the  part  of  the  circuit  leading  from  the  last  sttatnm  towards  the 
first,  which  we  ehalt  suppose  good  cooductors. 

Q  the  total  qnaotity  of  electricity  which  has  passed  through  this 
port  of  the  cironit  up  to  the  time  i. 

R^  the  resistance  of  the  battery  with  its  comiecting  wires. 

0-12  ^^^  Bur&ce-denaity  of  electricity  on  the  surface  which  sflpaistes 
the  first  and  second  strata. 

Then  in  the  first  stratum  we  hare,  by  Ohm's  Law, 

J,  =  r,i>i.  (1) 

By  the  theory  of  electrical  diE^lacemeat, 

•r.  =  «•*■/,.  (a) 

By  the  definititm  of  the  total  current, 

with  similar  eqnatioDa  for  the  other  strata,  in  eadi  of  which  the 
qoaotitieB  have  the  suffix  belonging  to  that  stratom. 

To  determine  the  sDr&ce-density  on  any  staitum,  we  have  an 
equation  of  tiie  form  _    =/*-~^i,  (*) 

and  to  determine  ite  variation  we  have 

By  differentiating  (4)  with  respect  to  i,  and  equating  the  result 
to  (6),  we  obtain 

or,  by  taking  aooonnt  of  (3), 

«,  =  Ha  =  &c.  =  ».  (7) 

That  is,  the  total  current  s  is  the  same  in  all  the  strata,  and  is 
equal  to  the  current  through  the  wire  and  battery. 
We  have  also,  in  virtue  of  equations  (1)  and  (2), 

from  which  we  may  find  X^  by  the  inverse  operation  on  », 
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The  total  electromotive  force  S  is 

E=a^Xi  +  aaXt  +  Ssc.,  (10) 

an  equation  between  E,  ihc  external  electromotive  force,  and  v,  the 
external  current. 

If  the  ratio  of  r  to  ^  is  the  same  is  all  the  strata,  the  equation 
reduces  itself  to 

which  is  the  case  we  have  already  examined,  and  in  which,  as  we 
found,  DO  phenomenon  of  residual  charge  can  take  place. 

If  there  are  n  substances  having  different  ratios  of  r  to  i,  the 
general  equation  (11),  when  cleared  <^  inverGe  operations,  will  be 
a  linear  differential  equation,  of  ihe  «th  order  with  respect  to  B 
and  of  the  (n—  l)th  order  with  respect  to  »,  ^  being  the  independent 
variable. 

From  the  form  of  the  equation  it  is  evident  that  tlie  order  of 
the  different  strata  is  indifferent,  so  that  if  there  are  several  strata 
of  the  same  substance  we  may  sappese  them  united  into  one 
without  altering  the  phenomena. 

839.]  Let  us  now  suppose  that  at  first y^,  ^,  &e.  are  all  zero, 
and  that  an  electromotive  force  E  is  suddenly  made  to  act,  and  let 
us  find  its  instantaneouB  effect. 

Integrating  (8)  with  respect  to  t,  we  find 

Q  =Judi  =  j-JXidi+  —-Zi+const.  (IS) 

Now,  since  Xj  is  always  in  this  case  finite,  I  X^di  must  be  in- 

sensibie  when  i  is  insensible,  and  therefore,  since  X^  is  originally 
zero,  the  instantaueons  effect  wiU  be 

X,  =  l.i^Q.  (14) 

Hotce,  by  equation  (10), 

E=  in  {iin^+it^a^+SK.)  Q,  (15) 

and  if  £7  be  the  electric  capacity  of  the  system  as  measured  in  this 
instantaneous  way, 

^=y  =  4»(V,  +  ^<i,  +  &c.)'  ("J 
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Ibia  U  tte  same  resalt  that  we  sliould  have  obtaioed  if  we  had 
Delected  the  conductivity  of  the  strata. 

Let  US  next  suppose  that  t^e  electromotive  force  :E  is  continned 
Bniform  for  an  indefinitely  long  time,  or  till  a  uniform  current  of 
conduction  equal  to  jd  ia  established  throug^h  the  system. 

We  have  then  X^  =  r^p,  etc.,  and  therefore  by  (10), 

^=  (r,fli  +  rjaj+&c.)j»-  <1?) 

If  fi  be  tlie  total  resistance  of  the  system, 

E 
S  =  —  Kfjai  +  fiflj  +  Sw.  {18) 

In  this  state  we  have  by  (2), 

If  we  now  suddenly  connect  the  extreme  strata  hy  means  of  a 
conductor  of  small  resistance,  £  will  be  suddenly  changed  from  its 
original  value  E^  to  zero,  and  a  quantity  Q  of  electricity  will  pass 
through  the  conductor. 

To  determine  Q  we  observe  that  if  X{  be  the  new  value  of  X^, 
tlienby(13),  i;' =  X,  +  4  «i,  Q.  (20) 

Hence,  by  (1 0),  putting  E  =  0, 

0  =  fl,i;  +  &c.  +  4ff(a,Ai+fl,ii+&c)Q,  (21) 

or  0  =  ^„+-i«.  (22) 

Hence  Q  = — CEq  where  C  is  the  capacity,  as  given  by  equation 
(16).  The  instantaneous  discharge  ia  therefore  equal  to  the  in- 
stantaneous charge. 

Let  us  next  suppose  the  connexion  broken  immediately  afW  this 
discharge.     We  shall  then  have  «  =  0,  so  that  by  equation  (B), 

X,  =  J's"^'.  (23) 

where  X'  is  the  initial  value  afl«r  the  discharge. 
Hence,  at  any  time  t, 

(  r  1    -i^« 

X^  =  E,\^-i^i,C^e    '.    . 

The  value  of  E  at  any  time  is  therefore 
-So  {(-i--4"'l*i(?)  «"*?'+  (^-4»'>,*iC)r^'+&c.j,  (24) 

TOL.I.  ■«  /"-  T 
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and  the  iostantaneoue  diecharge  after  any  time  t  is  EG.    This  is 
called  the  residual  discharge. 

If  the  ratio  of  r  to  i  is  the  same  for  all  the  strata,  the  value  of  E 
ivill  be  reduced  to  zero.  If,  howevei,  this  ratio  is  not  the  same,  let 
the  terms  be  arranged  according  to  the  ralues  of  this  ratio  in 
descending  order  of  magnitude. 

The  Bom  of  all  the  coefficients  is  evidently  zero,  bo  that  when 
f  =  0,  I!  =  0.  The  coefficients  are  also  in  descending  order  of 
magoitude,  and  so  are  the  exponential  terms  when  i  is  positive. 
Hence,  when  i  is  positive,  E  will  be  positive,  so  that  the  residoal 
discharge  is  always  of  the  same  sign  as  the  primary  discharge. 

When  t  is  indefinitely  great  all  the  terms  disappear  unless  any 
of  the  strata,  are  perfect  insulators,  in  which  case  r,  is  infinite  for 
that  stratum,  and  R  is  infinite  for  the  whole  system,  and  the  final 
value  of  £  is  not  zero  but 

£  =  Ef,{l -i-na^&iC}.  (25) 

Henccj  when  some,  but  not  all,  of  the  strata  are  perfect  insolators, 
a  residunl  discharge  may  be  permanently  preserved  in  the  system. 

830.]  We  shall  next  determine  the  total  discha^e  through  a  wire 
of  resistance  ^^  kept  permanently  in  connexion  with  the  extreme 
strata  of  the  system,  euppoeing  the  system  first  charged  by  mesiffi 
of  a  long-continued  applicatioa  of  the  electromotive  force  E. 

At  any  instant  we  have 

^='h'"iA+«s''sft+**-+A«  =  0,  (26) 

and  alBO,  by  (3),  « =;'i+  ■^•-  (27) 

Hence  (^  +  5o)»  =  «i*-i^ +a2r«^*+&o.  (28) 

Integrating  with  respect  to  i  in  order  to  find  Q,  we  get 

(£  +  So)Q="h^ii/i-A)  +  ''2rt{A'-/^+S^^  (29) 

where  ^  is  the  initial,  and/^'  the  final  value  of^. 

In  this  oaee/i'=  0,  and  by  (2)  and  (20) /i=  ^^(-A— — C). 
Hence       {R+R„)Q  =  ^[^  +  ^ +  Sco.)-E,CS,  {30) 

=  -f  .4«.^*,^(^-^)'].      (30 

where  the  summation  is  extended  to  all  quantities  of  this  form 
belonging  to  every  piur  of  strata. 
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It  appears  &om  tlua  that  Q  is  always  negative,  that  is  to  say,  in 
the  opposite  direction  to  that  of  the  current  employed  in  charging 
the  syatem. 

This  investigation  shews  that  a  dielectric  composed  of  strata  of 
different  kinds  may  exhibit  the  phenomena  known  as  electric 
absorption  and  residual  discharge,  although  none  of  the  substances 
of  which  it  is  made  exhilnt  these  phenomena  when  alone.  An 
investigation  of  the  cases  in  which  the  materials  are  arranged 
otherwise  than  in  strata  would  lead  to  similar  results,  though 
the  calculations  would  be  more  complicated,  bo  that  we  may 
conclude  that  the  phenomena  of  electric  absorption  may  be  ex- 
pected in  the  case  of  snhstances  composed  of  parts  of  different 
kinds,  even  though  these  individual  parts  should  be  microscopically 
small. 

It  by  no  means  follows  that  every  subBtance  which  exhibits  this 
phenomenon  is  so  composed,  for  it  may  indicate  a  new  kind  of 
electric  polarization  of  which  a  homogeneous  substance  may  be 
capable,  and  this  in  some  cases  may  perhaps  resemble  electro- 
chemical polarization  mneh  more  than  dielectric  polarization. 

The  object  of  the  investigation  is  merely  to  point  oat  the  true 
mathematical  character  of  the  so-ealled  electric  absorption,  and  to 
shew  bow  fundamentally  it  differs  from  the  phenomena  of  heat 
which  seem  at  first  sight  analogous. 

881.]  If  we  take  a  thick  plate  of  any  substance  and  heat  it 
on  one  side,  so  as  to  produce  a  flow  of  heat  through  it,  and  if 
we  then  suddenly  cool  the  heated  side  to  the  same  temperature 
as  the  other,  and  leave  the  plate  to  itself,  the  heated  side  of  the 
plate  will  again  become  hotter  than  the  other  by  conduction  from 
within. 

Now  an  electrical  phraomenon  exactly  analogous  to  this  can 
be  produced,  and  actually  occurs  in  tel^raph  cables,  hut  its  mathe- 
matical laws,  thongh  exactly  agreeing  with  those  of  heat,  differ 
entirely  from  those  of  the  stratified  condenser. 

In  the  caae  of  heat  there  is  true  absorption  of  the  heat  into 
flie  substance  with  the  result  of  making  it  hot.  To  produce  a  truly 
analogous  phenomenon  in  electricity  is  impossible,  bat  we  may 
imitate  it  in  the  following  way  in  the  form  of  a  lecture-room 
experiment. 

Let  A^,  A^,  &c.  be  the  inner  conducting  surfaces  of  a  series  of 
condenset%  of  which  Jg,  B^,  B^,  &o.  are  the  outer  surfaces. 

Let  Ai,  A^,  fto.  be  connected  in  series  by  conueziom  of  lesiit- 
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ance  R,  and  let  s  cnrreot  be  passed  aloDg  this  series  from  left  to 
right. 

Let  us  firet  eappose  the  pliitee  S,,,  Sj,  S^,  each  insulated  and 
free  from  charge.  Theo  the  total  quantity  of  electricity  on  each  of 
the  plates  S  must  i^naio  zero,  end  since  the  eleotricity  oa  the 
plates  diB  'm  each  case  eqnal  and  opposite  to  thai  of  the  opposed 


"^■^Njc^^S^'^V^ 


Kg.  26. 

surface  they  will  not  be  electriBed,  and  no  alteiutioa  of  the  current 
will  be  obBerred. 

But  let  the  plates  if  be  all  connected  together,  or  let  each  be 
connected  with  the  earth.  Then,  since  the  potential  of  Ji  is 
positive,  while  that  of  the  plates  S  is  zero,  Ai  will  be  positively 
electrified  and  B^  negatively. 

If  i*!,  P^,  &c.  are  the  potentials  of  the  plat«s  Ai,  A^,  &a.,  and  C 
the  capacity  of  each,  and  if  we  suppose  that  a  quantity  of  electricity 
equal  to  Qg  passes  through  the  wire  on  the  left,  Qj  through  the 
connexioD  Bi,  and  so  on,  then  the  quantity  which  exists  od  the 
plate  Ai  is  Qo—Qi,  and  we  have 

Similarly  Qi—Qi  =  C^Pi, 


and  soon. 

But  by 

Ohm' 

Law 

we  have 

■p. 

-A 

=  V# 

^. 

-p. 

=  ^f 

If  we  suppose  the  valnes  of  C  the  same  for  each  plate,  and  those 
of  S  the  same  for  each  wire,  we  shall  have  a  series  of  equations  of 
the  form 
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«.-2«,+  «.  =  .B«'^'. 

If  there  are  »  quantities  of  electricity  to  be  determined,  and  if 
either  the  total  electromotive  force,  or  some  ot^er  equivalent  con- 
ditiona  be  given,  the  differential  equation  for  determining'  any  one 
of  them  will  be  linear  and  of  the  nth  order. 

By  an  apparatus  arranged  in  this  vay,  Mr.  Varley  succeeded  in 
imitating  the  electrical  action  oFa  cable  12,000  miles  long. 

Wlien  an  electromotive  force  is  made  to  act  along  the  wire  on 
the  left  hand,  the  electricity  which  flows  into  the  system  is  at  first 
principally  occupied  in  charging  the  different  condensers  beginning 
with  A^,  and  only  a  very  small  fraction  of  the  current  appears 
at  the  right  hand  till  a  considerable  time  has  elapsed.  If  galvano- 
meters be  placed  in  circuit  at  S^,  B^,  Slc.  they  will  be  affected 
by  the  current  one  after  another,  the  interval  between  the  times  of 
eqoal  indications  being  greater  as  we  proceed  to  the  right. 

332.]  In  the  case  of  a  telegraph  cable  the  conducting  wire  is 
separated  from  conductors  outside  by  a  eylindrical  sheath  of  gutta- 
percha, or  other  insulating  material.  Each  portion  of  the  cable 
thus  becomes  a  condenser,  the  outer  surface  of  which  is  always  at 
potential  zero.  Hence,  in  a  given  portion  of  the  cable,  the  quantity 
of  free  electricity  at  the  sorfaoe  of  the  conducting'  wire  is  equal 
to  the  product  of  the  potential  into  the  capacity  of  the  portion  of 
the  cable  considered  as  a  condenser. 

If  til,  0,  are  the  outer  and  inner  radii  of  the  insulating  sheath, 
and  if  f  is  its  specific  dielectric  capacity,  the  capacity  of  unit  of 
length  of  the  cable  is,  by  Art.  1 26, 

.=  -£-.  0) 

21ogi 

Let  9  be  the  potential  at  any  point  of  the  wire,  which  we  may 
consider  as  the  same  at  every  part  of  the  same  section. 

Let  Q  be  the  total  quantity  of  electricity  which  has  passed 
through  that  section  since  the  beginning  of  the  current.  Then  the 
quantity  which  at  the  tame  t  exists  between  sections  at  »  and  at 
3>  -t-  S«,  is  ,        dO     ^  dO 

e-(«+^».).  "  -a^»«. 

and  this  is,  by  what  we  have  said,  equal  to  eviai. 
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Hence  cv  =  -^-  (2) 

Again,  the  electromotive  force  at  any  section  is  —  ^.  and  by- 
Ohm's  Law,  dv  __  ,dQ 

where  k  is  the  resistance  of  unit  of  length  of  the  conductor,  and 


(3),  we  find  .  rfp      d^u  ,  . 

This  is  the  partial  differential  eqnation  which  mnat  be  solved 
in  order  to  obtain  the  potential  at  any  instant  at  any  point  of  the 
cable.  It  is  identical  with  that  which  Fourier  gives  to  determine 
the  temperature  at  any  point  of  a  stratum  through  which  heat 
is  flowing  in  a  direction  normal  to  the  stratum.  In  the  case  of 
beat  c  repreeentfi  the  capacity  of  unit  of  volume,  or  what  Foarier 
denotes  by  CD,  and  it  represents  the  reciprocal  of  the  eondoctivity. 

If  the  sheath  is  not  a  perfect  insulator,  and  if  i^  is  the  resist- 
ance of  unit  of  length  of  the  ^eath  to  conduction  through  it  in  a 
radial  direction,  ihsa  if  p,  is  the  specific  resistance  of  tiie  insulating 
material,  it  is  easy  to  shew  that 

*.-f,P,%.S.  (5) 

The  equation  (2)  will  no  longer  be  true,  for  the  electricity  is 
expended  not  only  in  charging  the  wire  to  the  extent  represented 
by  cv,  but  in  escaping Vt  a  rate  represented  by  t-  .  Hence  the  rate 
of  expenditure  of  electricity  will  be  ' 

d'Q  dv        1  ,  , 

-d^l^'df  +  J^"'  (®) 

whence,  by  comparison  with  (3),  we  get 

,dv       d*v       k  .. 

'''di  =  v-K'-  W 

and  this  is  the  equation  of  conduction  of  heat  in  a  rod  or  ring 
as  given  by  Fourier  *, 

833.]  If  we  had  supposed  that  a  body  when  raised  to  a  high 
potential  becomes  electrified  throughout  its  substance  as  if  elec- 
tricity were  compressed  into  it,  we  should  have  arrived  at  equa- 
tions of  this  very  form.     It   is  remarkable   that  Ohm  himself, 
■  Th^He  dt  U  Chaltur,  Art.  106. 
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misled  by  the  analogy  between  electricity  and  heat,  entert^ned 
an  opinion  of  this  hind,  and  was  thus,  by  means  of  an  erroneona 
opinion,  led  to  employ  the  equations  of  Fourier  to  express  the 
true  laws  of  condaction  of  electricity  through  a  long  wire,  long 
before  the  re^  reason  of  the  appropriateness  of  these  equations  had 
been  suspeoted. 

MechanictU  IHmtration  of  the  Tropertiet  <ifa  Sieleetno. 

S34.]  Five  tubes  of  equal  sectional  area  A,  JB,  C,  D  and  P  are 
arranged  in  circuit  as  in  the  figure. 
A,B,  (7 and i> are  vertical  and  equal, 
and  P  is  horizontal. 

The  lower  halves  of  A,  B,  C,  D 
are  filled  with  mercury,  their  upper 
halves  and  the  horizontal  tube  P  are 
fiUed  with  water. 

A  tube  with  a  stopcock  Q  con- 
nects the  h>wer  part  of  A  and  B 
with  that  of  C  and  D,  and  a  piston 
P  is  made  to  slide  in  the  horizontal 
tube. 

Let  us  begin  by  supposing  that 
the  level  of  the  mercury  in  the  four 
tubes  is  the  same,  and  that  it  ia 
indicated  by  A^,  B^,  C^,  Dg,  that 
the  piston  is  at  P^,  and  that  the 
stopcock  Q  is  shut. 

Now  let  the  piston  be  moved  from  P^  to  P^,  a  distance  a.  Then, 
since  the  sections  of  all  the  tubes  are  equal,  the  level  of  the  mercury 
in  A  and  C  will  rise  a  distance  a,  or  to  ^  and  Oj ,  and  the  mercury 
in  B  and  B  will  sink  an  equal  distance  a,  or  to  Bj  and  1\ . 

The  difference  of  pressure  on  the  two  sides  of  the  piston  will 
be  represented  by  ia. 

This  arrangement  may  serve  to  represent  the  state  of  a  dielectric 
acted  on  by  an  electromotive  force  4  a. 

The  excess  of  water  in  the  tube  B  may  he  taken  to  represent 
a  positive  charge  of  electricity  on  one  side  of  the  dielectric,  and  the 
excess  of  mercury  in  the  tube  A  may  represent  the  negative  charge 
on  the  other  side.  The  excess  of  pressure  in  the  tube  P  on  the 
side  of  the  piston  next  B  will  then  represent  the  excess  of  potential 
on  the  positive  side  of  the  dielectric. 
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If  the  pietoD  ie  free  to  move  it  will  more  back  to  Pg  and  be 
in  equilibriom  there.  This  Tepresente  the  cooqtlete  discharge  of 
the  dielectric. 

Daring  the  discharge  there  is  a  reversed  motioii  of  the  liquids 
throughout  the  whole  tube,  and  this  represents  that  change  of 
electric  displacement  which  we  have  supposed  to  take  place  in  a 
dielectric. 

I  have  supposed  every  part  of  the  syatem  of  tabes  filled  witJi 
incompressible  liquids,  in  order  to  represent  the  property  of  all 
electric  displacement  that  there  is  oo  real  accumulation  of  elec- 
tricity at  any  place. 

Let  OB  now  consider  the  effect  of  opening  the  stopcock  Q  while 
the  piston  P  is  at  i*, . 

The  level  of  A^  and  D,  will  remain  anchanged,  bnt  that  of  B  and 
C  will  become  the  same,  and  will  coincide  with  Bg  and  Cg . 

The  opening  of  the  stopcock  Q  corresponds  to  the  existence  of 
»  part  of  the  dielectric  which  has  a  slight  condncting  power,  but 
which  does  not  extend  through  the  whole  dielectric  bo  as  to  form 
an  open  channel. 

The  charges  oa  the  opposite  sides  of  the  didectric  remun  in- 
sulated, hut  their  difference  of  potential  diminishes. 

In  fact,  the  difference  of  pressure  oa  the  two  sides  of  the  piston 
sinks  from  4a  to  2a  during  the  passage  of  the  fluid  through  Q, 

If  we  now  shut  the  stopcock  Q  and  allow  the  ^ton  B  to  move 
freely,  it  wilt  come  to  equilibrium  at  a  point  B^,  and  the  discharge 
will  be  apparently  only  half  of  the  charge. 

The  level  of  the  mercury  in  A  and  B  will  be  ia  above  its 
original  level,  and  the  level  in  the  tubes  C  and  B  will  be  {a 
below  lie  original  level.  Tbis  is  indicated  by  the  levels  A^,  B,, 
C-i,  A- 

If  the  piston  is  now  fixed  luid  the  stopcock  opened,  mercary  will 
flow  from  BtoC  till  the  level  in  the  two  tubes  is  again  at  Bf^  and 
Cg.  There  will  then  be  a  difference  of  pressure  =  a  on  the  two 
sides  of  the  piston  P.  If  the  stopcock  is  then  closed  and  the  piston 
B  left  free  to  move,  it  will  again  come  to  equilibrium  at  a  point  P,, 
half  way  between  P^  and  Pg.  This  corresponds  to  the  residual 
charge  which  is  observed  when  a  charged  dielectric  is  first  dis- 
charged and  then  left  to  itself.  It  gradually  recovers  part  of  its 
charge,  and  if  this  is  again  discharged  a  third  charge  is  formed,  the 
successive  charges  diminishing  in  qutvitity.  In  the  case  of  the 
illustrative  experiment  each  charge-  is  half  of  the  preceding,  and  th« 
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diBcharffes,  which  are  \,  i,  &c.  of  the  original  charge,  form  a  series 
whose  sum  is  equal  to  the  original  charge. 

If,  instead  of  opening  and  closing  the  stopcock,  we  had  allowed  it 
to  remain  nearly,  bat  not  quit«,  closed  during  the  whole  experiment, 
we  should  have  bad  a  case  resembling  that  of  the  electrification  of  a 
dielectric  which  is  a  perfect  insulator  and  yet  exhibits  the  pheno- 
menon called  '  electric  absorption.' 

To  represent  the  case  in  which  there  is  true  conduction  throngb 
the  dielectric  we  most  either  make  the  piston  leaky,  or  we  must 
establish  a  communication  between  the  top  of  the  tube  A  and  the 
top  of  the  tube  J3. 

In  this  way  wo  may  construct  a  mechanical  illustration  of  the 
properties  of  a  dielectric  of  any  kind,  in  which  the  two  electricities 
are  represented  by  two  real  fluids,  and  the  electric  potential  is 
represented  by  fluid  pressure.  Charge  and  discharge  are  repre- 
sented by  the  motion  of  the  piston  P,  and  electromotive  foroe  by 
the  resultant  force  on  the  piston. 
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CHAPTER   XI. 

THE  llEASUBEHEST  OF   ELECTBIC  BESIBTAITCE. 

835.]  In  the  present  state  of  electrical  seieaoe,  the  determination 
of  the  electric  resistance  of  a  conductor  may  be  conaidered  as  the 
cardinal  operation  in  electricity,  in  the  same  sense  that  the  deter- 
mination of  weight  is  the  cardinal  operation  in  chemistry. 

The  reason  of  this  ia  that  the  determination  in  absolate  measure 
of  other  electrical  magnitadee,  snch  as  quantities  of  electricity, 
electromotive  forces,  currents,  &c.,  requires  in  each  case  a  com- 
plicated series  of  operations,  inrolving  generally  observations  of 
time,  measarements  of  distances,  and  determinatione  of  moments 
of  inertia,  and  these  operations,  or  at  least  some  of  them,  most 
be  repeated  for  every  new  determinstion,  because  it  is  impossible 
to  preserve  a  unit  of  electricity,  or  of  electromotive  force,  or  of 
current,  in  an  unchangeable  state,  so  as  to  be  available  for  direct 
comparison. 

But  when  the  electric  resistance  of  a  properly  shaped  conductor 
of  a  properly  chosen  material  has  been  once  determined,  it  is  found 
that  it  always  remains  the  same  for  the  same  temperature,  so  that 
the  conductor  may  be  used  as  a  standard  of  resistance,  vitb  which 
that  of  other  conductors  can  be  compared,  and  the  comparison  of 
two  resistances  is  an  operation  which  admits  of  extr^e  accuracy. 

When  the  unit  of  electrical  resistance  has  been  fixed  on,  material 
copies  of  this  unit,  in  the  form  of '  Resistance  Coils,*  are  prepared 
for  the  Qse  of  electricians,  so  that  in  every  part  of  the  world 
electrical  resistances  may  be  expressed  in  terms  of  the  same  unit. 
These  unit  resistance  coils  are  at  present  the  only  examples  of 
material  electric  standards  which  can  be  preserved,  copied,  and  used 
for  the  purpose  of  measurement.  Measures  of  electrical  capacity, 
which  are  also  of  great  importance,  are  still  defective,  on  account 
of  the  disturbing  influence  of  electric  absorption. 

886.J  The  unit  of  resistance  may  be  an  entirely  arbitrary  one, 
as  in  the  case  of  Jacobi's  Etalon,  which  was  a  certain  copper 
wire  of  22.4932  grammes  weight,  7.61975  metres  length,  foid  0.667 
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millimetres  diameter.  Copies  of  tliis  hftve  been  made  b^  Lejeer  of 
Leipaig,  and  are  to  be  found  in  different  places. 

According  to  another  method  the  anit  may  be  defined  m  the 
reeistance  of  a  portion  of  a  definite  substance  of  definite  dimensions. 
Thus,  Siemens'  unit  i§  -defined  as  the  resistance  of  a  oolomn  of 
mercnry  of  one  metre  long,  and  one  sqaare  millmetre  section,  at 
the  temperature  0°C. 

837.]  Finally,  the  unit  may  be  defined  with  reference  to  the 
electrostatic  or  the  electromagnetic  system  of  units.  In  practice 
the  electromagnetic  system  is  nsed  in  all  telegraphic  fperations, 
and  therefore  the  only  systematic  units  -actually  in  use  are  those 
of  this  system. 

In  the  electromagnetic  system,  as  we  shall  shew  at  the  proper 
place,  a  resistance  is  a  qaantity  homogeneone  with  a  velocity,  and 
may  therefore  be  expressed  as  a  vetocity.     See  Art.  636. 

888,]  The  first  actoal  measurements  on  this  system  were  made 
by  Weber,  who  employed  as  hia  anit  one  millimetre  per  second. 
Sir  W.  lltoinBon  afterwards  used  one  foot  per  second  as  a  nnit, 
but  a  large  number  of  electricians  have  now  ^reed  to  nse  the 
anit  of  the  British  Association,  which  professes  to  represent  a 
resistance  which,  expressed  as  a  velocity,  is  ten  millions  of  metres 
per  second.  The  magnitude  of  this  nnit  is  more  convenient  than 
that  of  Weber's  nnit,  which  is  too  sm^l.  It  is  sometimes  referred 
to  as  the  BA.  nnit,  bnt  in  order  to  connect  it  with  the  name  of 
the  discoverer  of  tlie  laws  of  resistance,  it  is  called  the  Ohm. 

839.]  To  recollect  its  valne  in  absolute  measure  it  is  usefnl 
to  know  that  ten  millions  of  metres  is  professedly  the  distance 
from  the  pole  to  the  eqnator,  measnred  along  the  meridian  of  Paris. 
A  l>ody,  therefore,  which  in  one  second  travels  along  a  meridian 
from  the  pole  to  the  equator  would  have  a  velocity  which,  on  the 
electromagnetic  system,  is  professedly  represented  by  an  Ohm. 

I  say  professedly,  because,  if  more  accniate  researches  should 
prove  that  the  Ohm,  as  constructed  from  the  British  Association's 
material  standards,  is  not  really  represented  by  this  velocity,  elec- 
tricians would  not  alter  their  standards,  but  would  apply  a  cor- 
rection. In  the  sane  way  the  metre  is  professedly  one  ten-millionth 
of  a  certain  quadiantal  arc,  bnt  though  this  is  found  not  to  be 
exactly  true,  the  length  of  the  metre  has  not  been  altered,  bnt  the 
dimensions  of  the  earth  are  expressed  by  a  less  simple  number. 

According  to  the  system  of  the  British  Association,  the  absolute 
value  of  the  unit  is  originally  cAoten  so  as  to  rq>reeent  as  nearly 
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as  possible  a  quantity  derived  from  the  electromagnetic  absolate 
Eystem. 

340.]  "When  a  material  unit  representing  this  abstract  quantity 
has  been  made,  other  standards  are  constructed  by  copying  this  unit, 
a  process  capable  of  extreme  accuracy — of  much  greater  accuracy 
than,  for  instance,  the  copying  of  foot-rules  from  a  standard  foot. 

These  copies,  made  of  the  most  permanent  materials,  are  dis- 
tributed over  all  parts  of  the  world,  so  that  it  is  not  likely  that 
any  difficulty  will  be  found  in  obtaining  copies  of  them  if  the 
original  standards  should  be  lost. 

But  such  units  as  that  of  Siemens  can  without  very  great 
labour  be  reconstructed  with  considerable  accuracy,  so  that  as  the 
relation  of  the  Ohm  to  Siemens  unit  is  kuown,  the  Ohm  can  be 
reproduced  even  without  having  a  standard  to  copy,  though  the 
labour  is  much  greater  and  the  accuracy  much  less  than  by  the 
method  of  copying. 

Finally,  the  Ohm  may  be  reproduced 
by  the  electromagnetic  method  by  which 
it  was  originally  determined.  This  method, 
which  is  considerably  more  laborious  than 
the  determination  of  a  foot  from  the  seconds 
pendulum,  is  probably  inferior  in  accuracy 
to  that  last  mentioned.  On  the  other  hand, 
the  determination  of  the  electromagnetic 
unit  in  terms  of  the  Ohm  with  an  amount 
of  accuracy  corresponding  to  the  progress 
of  electrical  science,  is  a  most  important 
physical  research  and  well  worthy  of  being 
repeated. 

The  actual  resistance  coils  constructed 
to  represent  the  Ohm  were  made  of  an 
alloy  of  two  parts  of  silver  and  one  of  pla- 
tinum in  the  form  of  wires  from  .5  milli- 
metres to  .8  millimetres  diameter,  and  from 
one  to  two  metres  in  length.  These  wires 
Pi-  ^  were  sohlered  to  stout  copper  electrodes. 

The  wire  itself  was  covered  with  two  layers 
of  silk,  imbedded  in  solid  paraffin,  and  enclosed  in  a  thin  brass 
case,  so  that  it  can  be  easily  brought  to  a  temperature  at  which 
its  resistance  is  accurately  one  Ohm.  This  temperature  is  marked 
oD  the  insulating  support  of  the  coil.     (See  Fig.  28.) 
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On  tie  Forma  of  Beiiatanee  Coilt. 

341.]  A  Besisfance  Coil  ie  a  coaductor  capable  of  being  easily- 
placed  in  the  voltaic  circuit,  so  as  to  iutrodace  iato  tbe  circuit 
a  known  resistance. 

The  electrodes  or  ends  of  the  coil  must  be  BDcb  that  no  appre- 
ciable error  may  arise  from  the  mode  of  making  the  connexions. 
For  resistances  of  considerable  magnitude  it  is  sn£Scient  that  the 
electrodes  sboold  be  made  of  stout  copper  wire  or  rod  well  amal- 
gamated with  mercury  at  the  ends,  and  that  the  ends  should  be 
made  to  prees  on  flat  amalgamated  copper  surfaces  phiced  in  mercury 
cups. 

For  very  great  resistances  it  is  sufficient  that  the  electrodes 
should  be  thick  pieces  of  brass,  and  that  the  connexions  should 
be  made  by  inserting  a  wedge  of  brass  or  copper  into  the  interval 
between  them.     This  method  is  found  very  convenient. 

The  resistance  coil  itself  consists  of  a  wire  well  covered  with 
silk,  the  ends  of  which  are  soldered  permanently  to  the  elec- 
trodes. 

The  coil  most  be  so  arranged  that  its  t«niperatm9  may  be  easily 
observed.  For  this  purpose  the  wire  is  coiled  on  a  tube  and 
covered  with  another  tube,  so  that  it  may  be  placed  in  a  vessel 
of  water,  and  that  the  water  may  have  access  to  the  inside  and  the 
outside  of  the  coil. 

To  avoid  the  electromagnetic  effects  of  the  current  in  the  coil 
the  wire  is  first  doubled  back  on  itself  and  then  coiled  on  the  tube, 
ao  that  at  every  part  of  the  coil  there  are  equal  and  opposite 
currents  in  the  adjacent  parts  of  the  wire. 

When  it  is  desired  to  keep  two  coils  at  the  same  temperature  the 
wires  are  sometimes  placed  side  by  side  and  coiled  up  together. 
This  method  is  especially  useful  when  it  is  moM  important  to 
secure  equality  of  resistance  than  to  know  the  absolute  value  of 
the  resistance,  as  in  the  case  of  the  equal  arms  of  Wheatstooe's 
Bridge,  (Art.  347). 

When  measuremeDts  of  resistance  were  first  attempted,  a  resist- 
ance coil,  consisting  of  an  uncovered  wire  ooiled  in  a  spiral  groove 
round  a  cylinder  of  insulating  nuterial,  was  much  used.  It  was 
called  a  Rheostat.  The  accurate  with  which  it  was  found  possible 
to  compare  resistances  was  soon  found  to  be  inconsistent  with  the 
use  of  any  instrument  in  which  the  contacts  are  not  more  perfect 
than  can  be  obtained  in  the  rheostat.    The  rheostat,  however,  is 
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still  UB^  for  adjaeting  the  resistance  where  Bccurat«  meaBurement  is 
not  required. 

Eesietance  coils  are  generally  niade  of  those  metals  whose  resist- 
ance is  greatest  and  which  vary  least  with  temperatnre.  German 
silver  fulfils  these  conditions  very  well,  bat  some  specimens  are 
found  to  change  their  properties  during  the  lapse  of  years.  Hence, 
for  standard  coils,  eeven^  pure  metals,  and  also  an  alloy  of  platinam 
and  silver,  have  been  employed,  and  the  relative  resistance  of  these 
during  several  years  has  been  found  constant  up  to  the  limits  of 
modern  accuracy. 

342.]  For  very  great  resistances,  such  as  several  millions  of 
Ohms,  the  wire  must  be  either  very  long-  or  very  thin,  and  the 
construction  of  the  coil  is  expensive  and  difficult.  Hence  tellurium 
and  selenium  have  been  proposed  as  materials  for  constructing 
standards  of  great  resistance.  -A  very  ingenious  and  easy  method 
of  construction  has  been  lately  proposed  by  Phillips  *.  On  a  piece 
of  ebonite  or  ground  glass  a  fine  pencil-line  is  drawn.  The  ends 
of  this  filament  of  plumbago  are  connected  to  metallic  electrodes, 
and  the  whole  is  then  covered  with  insulating  varnish.  If  it 
should  be  found  that  the  resistance  of  such  a  pencil-line  remains 
constant,  this  will  be  the  best  method  of  obtaining  a  resistance  of 
several  millions  of  Ohms. 

343.]  There  are  various  arraogementft  by  which  redstaDce  coils 
may  be  easily  introduced  into  a  circuit. 

For  instance,  a  series  of  eoils  of  which  the  resistances  are  1,  2, 
4,  8,  16,  &c.,  arranged  according  to  the  powers  of  2,  may  be  placed 
in  a  box  in  series. 


^n  ^9 


Fig.  29. 
The  electrodes  consist  of  stout  brass  plates,  so  arranged  on  the 
outside  of  the  box  that  by  inserting  a  brass  plug  or  wedge  between 
•  PA»).  Mag.,  Jnljr,  1S70. 
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two  of  them  as  a  shnnt,  the  resiatAnce  of  the  corresponding  coil 
may  be  put  oat  of  the  circuit.  This  anaogement  was  introduced 
by  Siemens. 

Each  interval  between  the  electrodes  is  marked  with  the  resist- 
ance of  the  correspoading  coil,  so  that  if  we  wish  to  make  the 
resistance  box  eqaal  to  107  we  express  107  in  the  binary  scale  as 
64  +  32  +  8  +  2  +  1  or  1101011.  We  then  take  the  plugs  out 
of  the  holes  corresponding  to  64,  32,  8,  2  and  I,  and  leave  the 
plugs  in  1 6  and  4. 

This  method,  founded  on  the  binary  scale,  is  that  in  which  tbe^ 
smallest  number  of  separate  coils  is  needed,  and  it  is  also  that 
which  can  be  most  readily  tested.  For  if  we  have  another  coil 
equal  to  1  we  can  test  the  equality  of  1  and  1',  then  that  of  1  +  1' 
and  2,  then  that  of  1  + 1'  +  2  and  i,  and  so  on. 

The  only  disadvantage  of  the  arrangement  is  that  it  requires 
a  fiuniliarity  with  the  binary  scale  of  notation,  which  is  not 
generally  possessed  by  those  accustomed  to  express  every  number 
in  the  decimal  scale. 

S44.]  A  box  of  resiBtance  coils  may  be  ^ranged  in  a  diferent 
way  for  the  purpose  of  mea- 
suring conductivities  instead  of 
resietancee. 

The  coils  are  placed  so  that 
one  end  of  each  is  connected 
wiUi  a  long  thick  piece  of 
metal  which  fbrms  one  eleo-  j.   m 

trode  of  the  box,  and  the  other 
end  is  connected  with  s  stoat  piece  of  brass  plate  as  in  the  former 


The  other  electrode  of  the  box  is  a  long  brass  plate,  such  that 
by  inserting  brass  plugs  between  it  and  the  electrodes  of  the  coils 
it  may  be  connected  to  the  first  electrode  through  any  given  set  of 
coils.  The  conductivity  of  the  box  is  then  the  sum  of  the  con- 
ductivities of  the  coils. 

In  the  figure,  in  which  the  resistances  of  the  coils  are  1, 2, 4,  ftc., 
and  the  plugs  are  inserted  at  2  and  8,  the  conductivity  of  the 
box  is  I  +  ^  a  I,  and  the  resistaooe  of  the  box  is  therefore  f 
or  1.6. 

This  method  of  combining  resistance  coils  for  the  measurement 
of  fractional  resistaaces  was  introduced  by  Sir  W.  Thomson  under 
the  name  of  the  method  of  multiple  arcs.    See  Art.  2  76. 
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Ott  the  Comparison  <^  Beiia(ancei. 
S45.]  If  S  is  th«  electromotive  force  of  a  battery,  and  li  the 
resistance  of  the  battery  and  ite  connexions,  inclndiog  the  ^van- 
ometer  used  in  meafiUring  the  current,  and  if  the  stren^h  of  the 
current  is  /  when  the  battery  connexioiiB  ate  closed,  and  I^,  I^ 
when  additional  resifltances  r,,  r„  are  introduced  into  the  circuity 
then,  by  Ohm's  Law, 

Eliminating  E,  the  electromotive  force  of  the  battery,  and  R 
the  resistance  of  the  batteiy  and  its  connexions,  we  get  Ohm's 
formula  r^       (I—I^I^ 

This  method  requires  a  measurement  of  the  ratios  of  /,  /^  and  /,, 
and  this  implies  a  galvanometer  graduated  for  absolute  mea- 
surements. 

If  the  resistances  r,  and  r^  are  equal,  then  7^  and  I^  are  eqnal, 
and  we  can  test  the  equality  of  currents  by  a  galvanometet  which 
is  not  capable  of  determining  their  ratios. 

But  this  is  rather  to  be  taken  as  an  example  of  a  faulty  method 
than  as  a  practical  method  of  determining  resistance.  The  electro- 
motive force  E  cannot  be  mainfained  rigorously  constant,  and  the 
internal  tesistance  of  the  batteiy  is  also  exceedingly  variable,  so 
that  any  methods  in  which  these  are  assumed  to  he  even  for  a  short 
time  constant  are  not  to  he  depended  on. 

346.]  The  comparison  of  resistances  can  be  made  with  extreme 


accuracy  by  either  of  two  methods,  in  which  the  reault  ia  in- 
dependent of  variations  of  £  and  E. 
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The  first  of  these  methods  depende  on  the  use  of  the  differential 
galvanometer,  an  instrument  in  which  there  are  two  coils,  the 
ourrentB  in  which  are  independent  of  each  other,  so  that  when 
the  currents  are  made  to  flow  in  opposite  directions  they  act  in 
opposite  directions  on  the  needle,  and  when  the  ratio  of  these 
currents  is  that  of  fit  to  »  they  have  no  resultant  effect  on  the 
galvanometer  needle. 

Let  Ii,  /j  be  the  currents  througli  the  two  coils  of  the  galvan- 
ometer, then  the  deflexion  of  the  needle  niay  be  written 

Now  let  the  battery  current  I  be  divided  between  the  coils  of 
the  galvanometer,  and  let  resistances  A  and  S  be  introduced  into 
the  first  and  second  coils  respectively.  Let  the  remainder  of  the 
resistance  of  the  coils  and  their  connexions  be  a  and  fi  reE^>ect- 
ively,  and  let  the  resistance  of  the  battery  and  its  conttexiona 
between  C  and  Dhe  r,  and  its  electromotive  force  £. 

Then  we  find,  by  Ohm's  Law,  for  the  difference  of  potentials 
betweeo  Candi>, 

fmd  since  ^i+^s  =  ^> 

T  -   wMl  T         lP^  +  «  T-  F  ■i±«±^±3 

^i  =  ^—D"         A  =  -fi^o-'         I-S 5 • 

where  D  =  {A  +  a){S+p)  +  r(A  +  a+£+^. 

The  deflexion  of  the  galvanometer  needle  is  tlierefore 

and  if  there  ia  no  observable  deflexion,  then  we  know  that  the 
quantity  enclosed  in  brackets  cannot  differ  from  zero  by  more  than 
a  certain  small  quantity,  depending  on  the  power  of  the  battety, 
the  suitableness  of  the  arrangement,  the  delicacy  of  the  galvano- 
meter, and  the  accuracy  of  the  observer. 

Suppose  that  B  has  been  adjusted  so  that  there  ia  no  apparent 
deflexion. 

Now  let  another  conductor  J^  be  substituted  for  A,  and  let 
A^  be  adjusted  till  there  is  no  apparent  deflexion.  l%ien  evidently 
to  a  first  approximation  A^=  A. 

To  ascertain  the  d^ree  of  accuracy  of  this  estimate,  let  the 
altered  quantities  in  the  second  observation  be  accented,  then 

?0UI.  »f  ,-  T 
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«(5+j3)-«(^  +  a)=^y. 

HeQCe  n{Jf-A)  =  ~i-^h'. 

If  b  and  5',  inst«ad  of  being  both  appareDtly  zeiOj  had  been  only 
obeerved  to  be  equal,  then,  onless  we  also  could  assert  that  E  =  W, 
the  right-hand  side  of  the  equation  might  not  be  zero.  In  &ct, 
the  method  would  be  a  mere  modification  of  that  already  described. 

The  merit  of  the  method  conaistB  in  the  faot  that  the  thing 
observed  is  the  absence  of  any  deflexion,  or  in  other  words,  the 
method  is  a  Null  method,  one  in  which  the  non-existence  of  a  force 
is  assert«d  Irom  an  obserration  in  which  the  force,  if  it  had  been 
different  from  zero  by  more  than  a  certain  email  amount,  would 
have  produced  an  observable  effect. 

Null  methods  are  of  great  value  where  they  can  be  employed,  but 
they  can  only  be  employed  where  we  can  cause  two  equal  and 
opposite  quantities  of  the  same  kind  to  enter  into  the  experiment 
together. 

In  the  case  before  us  both  ft  and  S'  are  quantities  too  small  to  be 
observed,  and  therefore  any  change  in  the  value  <^  E  will  not  aflfeet 
the  accuracy  of  the  result. 

The  actual  degree  of  accuracy  of  this  method  might  be  ascer- 
tained by  making  a  number  of  observations  in  each  of  which  A' 
is  separately  adjusted,  and  comparing  the  result  of  each  observation 
with  the  mean  of  the  whole  series. 

But  by  putting  ^  out  of  adjustment  by  a  known  quantity,  as, 
for  instance,  by  inserting  at  i  or  at  if  an  additional  resistance 
equal  to  a  hundredth  part  of  A  or  of  S,  and  then  observing 
the  resulting  deviation  of  the  galvanometer  needle,  we  can  estimate 
the  number  of  degrees  corresponding  to  an  error  of  one  per  cent. 
To  find  the  actual  degree  of  precision  we  must  estimate  the  smallest 
deflexion  which  could  not  escape  obeerratiou,  and  compare  it  with 
the  deflexion  due  to  an  error  of  one  per  cent. 

*  If  the  comparison  is  to  he  made  between  A  and  B,  and  if  the 
positions  of  A  and  B  are  exchanged,  then  the  second  equation 
becomes 
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If  IK  and  «,  A  and  S,  a  and  p  aie  approzimatelj  equal,  tlien 

H«re  Jt— y  may  be  token  to  be  the  BHuiUest  observable  deflexion 
of  the  galvanometer. 

If  the  galvanometer  wire  be  made  long«r  and  thinner,  retaining 
the  same  total  mass,  then  n  will  vary  as  the  length  of  the  wire 
and  a  as  the  square  of  the  length.    Hence  there  will  be  a  minimnm 

value  of ~ i-  when 

If  we  suppose  r,  the  battery  resistance,  small  compared  with  A, 
thisgivee  o=  ^A; 

or,  tia  renitanee  of  «ac4  eoil  of  He  gahawmeter  thould  he  one-third 
of  tie  retittanee  to  be  meatured. 

We  then  find  •  o  a* 

If  we  allow  the  current  to  Bow  through  one  only  of  the  coils 
of  the  galvanometer,  and  if  the  deflexion  thereby  produced  is  A 
(supposing  the  deflexion  strictly  proportional  to  the  deflecting 
force),  then 

mE  ZnE .,         „       ,  I   . 

A  =  -J- =  -  -J-  if  f  =  0  and  a  =  -^A. 

A  +  a-i-r      i  A  3 

„  S-'A      2  8-8' 

Hence  — ^ —  =  -  — -—  * 

A  3     A 

In  the  differential  galvanometer  two  currents  are  made  to 
prodace  equal  and  opposite  efl^ts  on  the  suspended  needle.  ^Hie 
force  with  which  either  current  acts  on  the  needle  depends  not 
only  on  the  strength  of  the  current,  but  on  the  position  of  the 
windings  of  the  wire  with  respect  to  the  needle.  Hence,  unless 
the  coil  is  very  careinlly  wound,  the  ratio  of  »  to  x  may  change 
when  the  position  of  the  needle  ii  changed,  and  therefore  it  is 
necessary  to  determine  this  ratio  by  proper  methods  during  each 
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course  of  experiments  if  any  alteration  of  the  poaition  of  the  needle 
is  suspected. 

The  other  null  method,  in  which  Wheststone's  Bridge  is  nsed, 
requires  only  an  ordinary  galvanometer,  and  the  observed  zero 
deflexion  of  the  needle  is  due,  not  to  the  opposing  action  of  two 
currents,  but  to  the  non-existence  of  a  current  in  the  wire.  Hence 
we  have  not  merely  a  null  deflexion,  but  a  null  current  as  the 
phenomenon  observed,  and  no  errors  can  arise  from  want  of 
regularity  or  change  of  any  kind  in  the  coils  of  the  galvanometer. 
The  galvanometer  is  only  required  to  be  sensitive  enough  to  detect 
the  existence  and  direction  of  a  current,  without  in  any  way 
determining  its  value  or  comparing  its  value  with  that  of  anotliet 
current. 

347.]  Wheatstone's  Bridge  consists  essentially  of  six  conductors 

connecting  four  points.    An  electromotive 

force  E  is  made  to  act  between  two  of  the 

points   by  means  of  a  voltaic  battery  in- 

troduced  between  £  and  C.    The  current 

between  the  other  two  points  0  and  A  is 

measured  by  a  galvanometer. 

Under  certain  circumstances  this  current 

'  becomes  zero.    The  conductors  £C  and  OA 

are  then  said  to  be  *onjugaie  to  each  oUier, 

which  implies  a  certain  relation  between  the  resistances  of  the 

other  fonr  conductors,  and  this  relation  is  made  use  of  in  measuring 


If  the  current  in  OA  it  zero,  the  potential  at  0  must  be  equal 
to  that  at  A.  Now  when  we  know  the  potentials  at  B  and  C  we 
can  determine  those  at  0  and  A  by  the  rule  given  in  Art.  275, 
provided  there  is  no  current  in  OA, 

f.     By  +  C^        .     B6  +  Ce 

whence  the  condition  is  bB=scy, 

where  b,  e,  0,  y  are  the  resistances  in  CA,  AS,  BO,  and  OC  re- 
spectively. 

To  determine  the  degree  of  accuracy  attainable  by  this  method 
we  must  ascertain  the  strength  of  the  current  in  OA  when  this 
condition  is  not  fulfilled  exactly. 

Let  A,  B,  C  and  0  be  the  four  points.  Let  the  currents  along 
BC,  CA  and  AB  he  x,  y  and  e,  and  the  resistances  of  these 
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coaductoTB  a,  h  and  e.  Let  the  cnrrentB  alon^  OA,  OB  and  OC  be 
f,  t),  C  BQ^  the  resiBtancee  <t,  0  and  7.  Let  an  electromotive  force 
E  act  aloQff  BC.    Bequired  the  cnrtent  £  along  OA, 

Let  the  poteotialB  at  the  points  A,  B,  C  and  0  be  denoted 

by  the  symbols  A,  S,  C  and  0,    The  eqaations  of  couduotioo  are 

a»  =  B~C+F,  a(=0—A, 

hy  =  C-A,  ^ij  =  0—B, 

ez=A-S,  yC=0~Ci 

with  the  eqoations  of  coDtinnity 

i+y-s  =  0, 
r}  +  z—x  5=  0, 

C+x-y  =  0. 

By  eonsidering  the  system  as  made  up  of  three  circuits  OBC, 
OCA  aod  OAB,  in  which  the  cnrrents  are  at,  y,  e  respectively,  and 
applying  Kircbhoff's  rule  to  each  cycle,  we  eliminate  the  values 
of  the  potentials  0,  A,  B,  C,  and  the  currents  (,  >),  C  *^  obtain  the 
following  equations  for  x,  y  and  z, 

{a+p+y)x~yy  ~^z  = «, 

—ym      +(*+y+a)y-o«  =  0, 

-^v      —ay  +(e  +  a+^)ii  =  0. 

Henoe,  if  we  pat 

I       — y       i  +  y+o         —a     If 

E 
we  and  f  =  -g(Sj3-cy), 

aiHl  »=§{(4+y)(':+j3)  +  a(i  +  e+0+y)}. 

348.]  Hlo  value  of  il  may  be  expressed  in  the  symmetrical  form, 
I>=a&+fc03+y)4-M(y  +  a)  +  'i*(a  +  ;3)  +  (a  +  «  +  c)(j3y  +  yo+oj3) 
or,  since  we  suppose  the  battery  in  the  conductor  a  and  the 
galvanometer  in  a,  we  may  put  S  the  battery  resistance  for  a  and 
Q  the  galvanometer  resistance  for  a.    We  then  find 

2)  =  5e(i  +  c  +  ^  +  y)  +  J(*  +  y)(<'+^) 

+  G(A+c)0  +  y}  +  4c{3+y)+j8y{*  +  c). 

If  the  electromotive  force  E  were  made  to  act  along  OA,  the 
resistance  of  OA  being  still  a,  and  if  the  galvanometer  were  placed 
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in  SC,  tbe  Tesistance  of  SC  being  etill  a,  then  the  value  of  H 
woald  remain  the  same,  and  the  current  in  £C  due  to  the  electro- 
motive force  E  acting  along  Od  would  be  equal  to  the  current 
in  OA  due  to  the  electromotive  force  E  acting  in  SC. 

But  if  we  simply  diseonuect  the  battery  and  the  galvanometer, 
and  without  altering  their  respective  lesistances  connect  the  battery 
to  0  and  A  and  the  galvanometer  to  S  and  O,  then  in  the  value  of 
J)  we  must  exchange  the  values  of  B  and  G.  If  i)*  be  the  valae 
of  2)  afler  this  exchange,  we  find 

S-V  =  (G-l){(i  +  c)[^  +  y)-(i  +  ,)(^  +  c)], 

=  (i-o){(«-«(«-r)}- 

Let  UE  suppose  that  the  resistance  of  the  galvanometer  is  greater 
than  that  of  the  battery. 

Let  us  also  suppose  that  in  its  original  position  the  galvanometer 
connects  the  junction  of  the  two  conductors  of  least  resistance  j3,  y 
with  the  junction  of  the  two  conductors  of  greatest  resistance  b,  e, 
or,  in  other  words,  we  shall  suppose  that  if  the  quantities  b,  c,  y,  j3 
-  are  arranged  in  order  of  magnitade,  b  and  e  stand  together,  and 
y  and  ^  stand  together.  Hence  the  qnantitiea  6—fi  and  e~y  are 
of  the  same  sign,  so  that  their  prodnct  is  positive,  and  therefore 
D—If  is  of  the  same  sign  as  S—  6, 

If  therefore  the  galvanometer  is  made  to  connect  the  junction  of 
the  two  greatest  resistances  with  that  of  the  two  least,  and  if 
the  galvanometer  resistance  is  greater  than  that  of  the  battery, 
then  the  value  of  D  will  be  less,  and  the  value  of  the  deflexion 
of  the  galvanometer  greater,  than  if  the  connexions  are  exchanged. 

The  rule  therefore  for  obtaining  the  greatest  galvanometer  de- 
flexion in  a  given  system  is  as  follows : 

Of  the  two  resistances,  that  of  the  battery  and  that  of  the 
galvanometer,  connect  the  greater  resistance  so  as  to  join  the  two 
greatest  to  the  two  least  of  the  four  other  resistances. 

S49.]  We  shall  suppose  that  we  have  to  determine  the  ratio  of 
the  resistances  of  the  conductors  AB  and  AC,  and  that  this  is  to  be 
done  by  finding  a  point  0  on  the  conductor  BOC,  such  that  when 
the  points  A  and  0  are  connected  by  a  wire,  in  the  conrse  of  which 
a  galvanometer  is  inserted,  no  sensible  deflexion  of  t^e  galvano- 
meter needle  occurs  when  the  battery  is  made  to  act  between  B 
and  C. 

The  conductor  BOC  may  be  supposed  to  be  a  wire  of  uniform 
resistance  divided  into  equal  parts,  so  that  the  ratio  of  the  resist- 
ances of  £0  and  OC  may  be  read  oW  at  once. 
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Instead  of  the  whole  conductor  being  a  nniform  wire,  we  may 
make  the  part  near  0  of  each  a  wire,  and  the  parts  on  each  side 
may  be  coils  of  any  form^  the  resistance  of  which  is  accurately 
known. 

We  shall  now  use  a  different  notation  instead  of  the  symmetrical 
notation  with  which  we  commenced. 

Let  the  whole  resistance  of  £dC  be  S. 

Let  cs^mS  and  J  =  (1  — «)  R. 

Let  the  whole  resistance  of  BOG  be  S. 

Let  j3  =  ff5  and  y  =  (1  — r)  S. 

The  value  of  n  is  read  off  directly,  and  that  of  m  is  deduced  from 
it  when  there  is  no  sensible  deviation  of  the  galvanometer. 

Let  the  resistance  of  the  battery  and  its  connexions  be  S,  and 
that  of  the  galyanometer  and  ite  connexions  6. 

We  find  as  before 
D=6{BS+£S+BS}+m{l-m)S^{S+8)  +  n{l-R)8'{S+R) 

+  (m+n—2m»)SIi3, 
and  if  f  is  the  current  in  the  galvanometer  wire 
EBS 
D 

In  order  to  obtain  the  most  accurate  reanlta  we  must  make  the 
deviation  of  the  needle  as  great  as  pooibte  compared  with  the  value 
of  (n— m).  This  may  be  done  by  properly  choosing  the  dimensions 
of  the  galvanometer  and  the  standard  resistance  wire. 

It  will  be  shewn,  when  we  come  to  Galvanomeby,  Art.  716, 
that  when  the  form  of  a  galvanometer  wire  is  changed  while 
its  mass  remains  constant,  the  deviation  of  the  needle  for  unit 
current  is  proportional  to  the  length,  but  the  resistance  increases 
as  the  square  of  the  length.  Hence  the  maximum  deflexion  is 
shewn  to  occur  when  the  resistance  of  the  galvanometer  wire  is 
equal  to  the  constant  resistance  of  the  rest  of  the  circuit. 

In  the  present  case,  if  fi  is  the  deviation, 

S  =  cjoi 

where  C  is  some  constant,  and  0  is  Hke  galvanometer  resistance 
which  varies  as  the  square  of  the  length  of  the  wire.  Hence  we 
find  that  in  the  value  of  J),  when  &  is  a  maximum,  the  port 
involving  0  must  be  made  equal  to  the  rest  of  the  expression. 

If  we  also  put  n  =  n,  as  is  the  case  if  we  have  made  a  correct 
observation,  we  find  t^e  best  value  of  &  to  be 
0  =  n{l-n){R+S), 
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£  = 


ThiB  result  is  easily  obtained  by  considering  tbe  resietance  from 
AtoO  through  the  system,  remembering  that  BC,  being  coojogate 
to  AO,  has  no  effect  on  this  resistance. 

In  the  same  way  we  shonld  find  that  if  the  total  area  of  the 
acting  surfaces  of  tbe  battery  is  giveo,  the  most  advantageous 
arrangement  of  the  batt«ry  is  when 

'  It  +  S  ' 

Finally,  we  shall  determine  tbe  value  of  S  snch  that  a  given 
change  in  the  value  of  n  may  produce  tbe  greatest  galvanometer 
deflexion.    By  differentiating  the  expression  for  f  we  find 

If  we  have  a  great  many  determinations  of  resistance  to  make 
in  which  the  actual  resistance  has  nearly  tbe  same  value,  then  it 
may  be  worth  while  to  prepare  a  galvanometer  and  a  battery  for 
this  purpose.     In  this  case  we  find  that  the  best  arrangement  is 

S  =  B,        S  =  iB,         0  =  2n(l-n)S, 
and  if  n  =  {,  6=  %B. 


OnikeUieof  WkeaUione'i  Bridge. 
350.]  We  have  already  explained  tbe  general  theory  of  Wheat- 
stone's  Bridge,  we  shall  now  consider  some  of  its  applications. 


Kg.  83. 


Tbe  comparison  which  can  be  effected  with  the  greatest  exact- 
ness is  that  of  two  equal  resistances, . 
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Let  (u  enppose  that  ^  is  a  standard  raBistance  coil,  and  that 
we  viish  to  adjust  y  to  be  equal  in  resistance  to  j9. 

Two  other  coils,  b  and  c,  are  prepared  which  are  eqoal  or  nearly 
eqoal  to  each  other,  and  the  four  coils  are  placed  with  their  electrodes 
in  mercnry  onps  so  that  the  current  of  the  hattery  is  divided 
between  two  branches,  one  consisting  of  $  and  y  and  the  other 
of  b  and  e.  The  eoils  b  and  e  are  connected  by  a  wire  PB,  as 
nnifonn  in  its  resistance  as  possible,  and  fombhed  with  a  scale 
of  equal  parts. 

The  galvanometer  wire  connects  the  junction  of  /3  and  y  with 
a  point  Q  of  the  wire  PS,  and  the  point  of  contact  at  Q  is  made 
to  vary  till  on  closing  first  the  battery  circuit  and  then  the 
galvanometer  circnit,  no  deflexion  of  the  galvanometer  needle  is 
observed. 

The  ooils  j3  and  y  are  then  made  to  change  places,  and  a  new 
position  is  found  for  Q,  If  this  new  position  is  the  same  as  the 
old  one,  then  we  know  that  the  exchange  of  p  and  y  has  produced 
no  change  in  the  proportions  of  the  resistances,  and  therefore  y 
is  rightly  adjusted.  If  Q  has  to  be  moved,  the  direction  and 
amount  of  the  change  will  indicate  the  nature  and  amount  of  the 
alteration  of  the  length  of  the  wire  of  y,  which  will  make  its 
resistance  eqnal  to  that  of  ^. 

If  the  resistances  of  the  coils  i  and  e,  each  including  part  of  the 
wire  PR  up  to  its  zero  reading,  are  equal  to  that  of  6  and  c 
divisions  of  the  wire  respectively,  then,  if  »  is  the  scale  reading 
of  Q  in  the  6rst  case,  and  jr  that  in  the  eeoond, 

b~x      y '         b—y      3 ' 

whence  g  =  ,  +  (^±%4. 

Since  J— j*  is  nearly  eqnat  to  c-f-«,  and  both  are  great  with 
reqiect  tommy,  we  may  write  this 


'--^C+^f^')- 


and 

'When  y  is  adjusted  as  well  as  we  can,  we  substitute  for  b  and  c 
other  ooils  of  (say)  ten  times  greater  resistance. 

The  remaining  difference  between  ^  and  y  will  now  produce 
a  ten  times  greater  difference  in  the  position  of  Q  than  with  the 
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origioitl  coils  b  and  e,  and  in  this  way  we  can  couti&nally  increase 
the  accuracy  of  the  comparison. 

The  adjnstmenti  by  meana  of  the  wire  with  eliding  contact  piece 
is  more  quickly  made  than  by  means  of  a  resistance  box,  and  it  is 
capable  of  continuous  variation. 

The  battery  must  never  be  introduced  instead  of  the  galvano- 
meter into  the  wire  with  a  sliding  contact,  for  the  passage  of  a 
powerful  corrsnt  at  the  point  of  contact  would  injure  the  surface 
of  the  wire.  Hence  this  arrangement  is  adapted  for  the  case  in 
which  the  resistance  of  the  galvanometer  is  ^«ster  thui  that  of  the 
battery. 

When  y,  the  resistance  to  be  measured,  a  the  resistance  of  the 
battery,  and  a  the  resistance  of  the  galvanometer,  are  given,  the 
best  values  of  the  other  resistances  have  been  shewn  by  Mr.  Oliver 
Heaviside  (Phil.  Mag.  Feb.  1873)  to  be 
c  =  -/aa, 


i  = 


0  = 


On  the  Metuurement  of  Small  Beiittancet. 
S51.]  When  a  short  and  thick  conductor  is  introduced  into  a 
circuit  its  resistence   is  so   small   compared  with  tiie  resistance 
occasioned  by  unavoidable  faults  in  the  connexions,  such  as  want 
of  contact  or  imperfect  soldering,  that  no  correct  value  of  the 
resistance  can  be  deduced  from  experi- 
ments made  in  the  way  described  above. 

Tb(!  object  of  such  experiments  is 
generally  to  determine  the  specific  re- 
sistance of  the  substance,  and  it  is  re- 
sorted to  in  cases  when  the  substance 
cannot  be  obtained  in  the  form  of  a 
long  thin  wire,  or  when  the  resistance 
to  transverse  aa  well  as  to  longitudinal 
conduction  has  to  be  measured. 


Fig.  8*. 


Sir  W.  Thomson  *  has  described  a  method  applicable  to  such 
cases,  which  we  may  take  as  an  example  of  a  system  of  nine 
conductors, 

■  JPnt.  R.  S.,  Jane  8,  lESl. 
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The  moBt  important  part  of  tlie  method  consists  in  measuring 
the  resistance,  not  of  the  whole  length  of  the  conductor,  bat  of 
the  part  between  two  marks  on  the  conductor  at  some  little  dis- 
tance from  its  ends. 

The  resistance  which  we  wish  to  measnre  is  that  experienced 
hy  a  cnrrent  whose  intensity  ia  nniform  in  any  section  of  the 
oondnctor,  and  which  flows  in  a  direction  parallel  to  its  axis. 
Now  close  to  the  extremities,  when  the  cnrrent  is  introduced 
by  means  of  electrodes,  either  soldered,  amalgamated,  or  simply 
pressed  to  the  ends  of  the  conductor,  there  is  generally  a  want  of 
uniformity  in  the  distribation  of  tiie  current  in  the  conductor. 
At  a  short  distance  from  the  extremities   the  current  becomes 


lig.  35. 
sensibly   uniform.    The   student   may  examine   for   himself  the 
investigation  and  the  diagrams  of  Art.  193,  where  a  current  is 
introdoced  into  a  strip  of  metal  with  parallel  sides  throngh  one 
of  the  sides,  bat  soon  becomes  itself  parallel  to  the  sides. 

The  resistances  of  the  conductors  between  certain  marks  S,  8' 
and  7,  T*  are  to  be  compared. 

The  conductors  are  placed  in  series,  and  with  connexions  as 
perfectly  conducting  as  possible,  in  a  battery  circuit  of  small  resist- 
ance. A  wire  SFT  is  made  to  touch  the  conductoTs  at  S  and  T, 
and  S'F'T"  is  another  wire  tonching  them  at  S'  and  2". 

The  galvanometer  wire  connects  the  points  Tand  P  of  these  wires. 

The  wires  SFT  and  S'F'T'  are  of  resistance  so  great  that  the 
resistance  due  to  imperfect  connexion  at  S,  T,  8'  or  T"  may  be 
neglected  in  comparison  with  the  resistance  of  the  wire,  and  F,  F' 
are  taken  so  that  the  resistances  in  the  bruiches  c^  either  wire 
leading  to  the  two  conductors  are  nearly  in  tb«  ratio  of  the  rerast- 
•nces  of  the  two  conductors. 

CalliDg  ifand  F  the  resistances  of  the  conductors  SS'  and  T'T. 
„      A  odAC  those  of  the  branches  SFuA  FT. 
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Calling  P&n&B  those  of  the  branches  8'  V  and  P  T. 
„       Q  that  of  the  ooQoecting  piece  S'T", 
„       B  that  of  the  battery  and  its  connexiooa. 
„        G  that  of  the  galvanometer  and  its  connexions. 
The   symmetry  of  the   system   may  be   nnd^stood   from   the 
skeleton  diagram.    Fig.  34. 

The  condition  that  B  the  battery  and  G  the  galvanometer  may 
be  conjagate  condnctors  is,  in  this  case, 

Now  the  resistance  of  the  connector  Q  is  as  small  as  we  can 
make  it.     If  it  were  zero  this  equation  wonld  be  reduced  to 

C  ~  a'    ■ 
and  the  ratio  of  the  resistances  of  the  conductors  to  be  compared 
would  be  that  of  CT  to  J,  as  in  Wheatstone's  Bridge  in  the  ordinary 
form. 

In  the  present  case  the  value  of  Q  is  small  compared  with  P 
or  with  B,  BO  that  if  we  assume  the  points  F,  7'  so  that  tiie  ratio 
oi  R  to  £7  is  nearly  equal  to  that  of  P  to  .^,  the  last  term  of  the 
equation  will  vanish,  and  we  shall  have 
F:H'.'.C:A. 

The  success  of  this  method  depends  in  some  degree  on  the  per- 
fection of  the  contact  between  the  wires  and  the  tested  condnctors 
at  8,  8',  T'  and  T.  In  the  following  method,  employed  by  Messrs. 
Matthiessen  and  Hookin*,  this  condition  is  dispensed  with. 


Fig.  30. 
S52.]   The  conductors  to  be  tested  are  arranged  in  the  manner 
•  Za&MWory,     Ma(tlii«awn  mu]  Eoekln  on  AHajt. 
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already  described,  with  tlie  coonexioiis'  as  well  made  as  possible, 
and  it  is  reqaired  to  compare  the  resistance  betweea  the  marks  SS' 
OD  the  first  conductor  with  the  recdetance  between  the  marks  TToa 
the  second. 

Two  conducting  points  or  sharp  edges  are  fixed  in  a  piece  of 
insulating  material  so  that  the  distance  between  them  can  be 
accurately  measared.  This  apparatus  is  laid  on  the  conductor  to 
be  tested,  and  the  points  of  contact  with  the  conductor  are  then 
at  a  known  distance  SS".  Each  of  these  contact  pieces  is  connected 
with  a  mercury  cup,  into  which  one  electrode  of  the  galvanometer 
may  be  plunged. 

The  rest  of  the  apparatus  is  arranged,  as  in  Wheatstone's  Bridge, 
with  lesistaoce  coils  or  boxes  A  and  C,  and  a  wire  FR  with  a 
aliding  contact  piece  Q,  to  which  the  other  electrode  of  the  galva- 
nometer  is  connected. 

Now  let  the  galvanometer  be  connected  to  3  and  Q,  and  let 
Ai  and  Ct  be  80  arranged,  and  the  position  of  Q  so  determined,  that 
there  is  no  current  in  the  galvanometer  wire. 

Then  we  know  that       XS     Ai+PQ 

where  XS,  PQ,  &c.  stand  for  the  resistances  in  these  conductors. 
From  this  we  get 

XS  _    ^i+Pft 

xr    Ai-i-Ci+Ps' 

Now  let  the  electrode  of  the  galvanometer  be  ooimected  to  S^, 
and  let  resistance  be  transferred  from  CtoA  (by  carrying  resistance 
coils  from  one  side  to  the  other)  till  electric  equilibrium  of  the 
galvaoometer  wire  can  be  obtained  by  placing  Q  at  some  point 
of  the  wire,  say  Q,.  Let  the  values  of  C  and  A  be  now  C^  and  A^, 
and  Ut  A^+C^  +  P£  =  Ai  +  Ci+PR  =  S, 

Then  we  have,  aa  befor^ 

XSr      A^+PQ^ 

xr~     s     ' 


Whowe 


X?~  R 

In  the  same  way,  placing  the  apparatus  on  the  second  conductor 
at  Tf  and  again  transferring  resistance,  we  get,  when  the  elwtiode 
isior,  ^      ^,+.PQ, 

xy"     s     * 
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And  whsa  Hie  in  T, 

XT  _  At+PQt 

xr~     R     ' 

We  can  now  dedaoe  the  ratio  of  the  wsietaDces  88'  and  ITT,  for 
SS'  _  A^-J^  +  Q,Q, 

When  great  accurae;  ib  not  required  we  may  dispense  with  the 
resistance  coils  A  and  C,  and  we  then  find 
SS'_  Q,Q, 
T'T      QsQ,  ■ 

the  readings  of  the  podtioD  of  Q  on  a  wire  of  a  melxe  in  length 
cannot  be  depended  on  to  less  than  a  tenth  of  a  miUimetre,  and  the 
resietence  of  the  wire  may  vaty  considerably  in  difierent  parts 
owing  to  inequality  of  temperatnrej  friction,  &c.  Hence,  when 
great  accuracy  is  required,  coils  of  coosidersble  resistance  are  intro- 
duced at  A  and  C,  and  the  ratios  of  the  resistances  of  these  ooiU 
cqn  be  determined  more  accurately  than  the  ratio  ^  the  reeistAnoes 
of  the  parts  into  which  the  wire  is  divided  at  Q. 

It  will  be  obeerved  that  in  this  method  the  accuracy  of  the 
determination  depends  in  oo  degree  od  the  perfection  of  the  con- 
tacts at  S,  y  or  T,  2". 

This  method  may  he  called  the  differential  method  of  using 
'Wheatstone's  Bridge,  since  it  depends  on  the  comparison  of  ob- 
servations separately  made. 

An  essential  condition  of  accuracy  in  this  method  is  that  the 
resistance  of  the  connexions  should  continue  the  same  during  the 
courge  of  the  four  observations  required  to  complete  the  deter- 
mination. Hence  the  series  of  observations  ought  always  to  be 
repeated  in  order  to  detect  any  change  in  the  resistances. 

On  the  Compariton  ^  Great  Beaitlancet. 

853.]  When  the  resistances  to  be  measured  are  very  great,  the 
comparison  of  the  potentials  at  different  points  of  the  system  may 
be  made  by  means  of  a  delicate  electrometer,  such  as  the  Quadiaat 
Electrometer  described  in  Art.  219, 

If  the  conductors  whose  resistances  are  to  be  measured  are  placed 
in  series,  and  the  same  current  passed  through  them  by  means  of  a 
battery  of  great  electromotive  force,  the  difference  of  the  potentials 
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ftt  the  extremitiee  of  each  conductor  will  be  proportional  to  the 
resiatoQce  of  that  conductor.  Hence,  hj  connecting  the  electrodes 
of  the  electromet«r  with  the  extremities,  first  of  one  conductor 
and  then  of  the  other,  the  ratio  of  their  resistances  may  be  de- 
termined. 

This  is  the  most  direct  method  of  determining  resistances.  It 
involves  the  ase  of  an  electrometer  whose  readings  ma;  be  depended 
on,  and  we  most  also  have  some  guarantee  that  the  oorront  remains 
constant  during  the  experiment. 

Four  condaotoTs  of  great  resistance  ma;  also  be  arranged  as  in 
Wheatstoue's  Bridge,  and  the  bridge  itself  ma;  consist  of  the 
electrodes  of  an  electrometer  instead  of  those  of  a  galvanometer. 
Hie  advantage  of  this  method  is  that  no  permanent  current  is 
required  to  produce  the  deviation  of  the  electrometer,  whereas  the 
galvanometer  cannot  be  deflected  onless  a  current  paraes  through 
the  wire. 

854.]  When  the  resisttmce  of  a  conductor  is  so  great  that  the 
current  which  can  he  sent  through  it  by  an;  available  electromotive 
force  is  too  small  to  be  directi;  measured  by  a  galvanometer,  a 
condenser  ma;  be  used  in  order  to  accumulate  the  electricity  for 
a  certain  time,  and  then,  b;  discharging  the  condenser  through  a 
galvanometer,  the  quantity  accumulated  ma;  be  estimated.  This 
is  Messrs.  Bright  and  Clark's  method  of  testing  the  joints  of 
submarine  cables. 

855.]  But  the  rimplest  method  of  measuring  the  resistance  of 
such  a  conductor  is  to  chaige  a  condenser  of  great  capacit;  and  to 
connect  its  two  surfaces  with  the  electrodes  of  an  electrometer 
and  also  with  the  extremities  of  the  conductor.  If  ^  is  the  dif- 
ference of  potentials  as  shewn  b;  the  electrometer,  3  the  capacit; 
of  the  condenser,  and  Q  the  charge  on  either  surfiice,  S  the  resist- 
ance of  the  conductor  and  x  the  current  in  it,  then,  b;  the  theor; 
of  condensers,  q  =  SE. 

By  Ohm's  law,  S  =  Jtx, 

and  by  the  definition  of  a  current, 

, iQ 


^. 


Henca  —q=ES 


and  Q  =  Q,e  f, 

whuK  Qg  is  llie  cLarge  at  first  wheD  /  = 
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Similarly  E  =  E^e  «* 

where  Eg  is  the  original  reading  of  the  electrometer,  and  E  the 
eatne  after  a  time  t.     From  this  we  find 


S{iog.Eo-\og,E}  ' 
which  gives  B  in  absolute  meaaare.    In  this  expression  a  knowledge 
of  the  value  of  the  unit  of  the  electrometer  scale  is  not  required. 

If  3,  the  capacity  of  the  condenser,  is  given  in  electrostatic 
measure  as  a  certain  number  of  metres,  then  R  is  also  ^ven  in 
electrostatic  measure  as  the  reciprocal  of  a  velocity. 

If  ^  is  given  in  electromagnetic  measure  its  dimensions  are 
ya 
•J-,  and  Risi  velocity. 

Since  the  condenser  itself  is  not  a  perfect  insulator  it  is  necessary 
to  make  two  experiments.  In  the  first  we  determine  the  rerastance 
of  the  condenser  itself,  R^,  and  in  the  second,  that  of  the  condenser 
when  the  conductor  is  made  to  connect  its  surbces.  Let  this  be  Rf. 
Then  the  resistance,  S,  of  the  conductor  is  given  by  the  equation 


I 


1 


This  method  has  been  employed  by  MM.  Siemens. 

Tkonum't  *  Method/or  the  Determination  of  the  Retieiance  ^ 
the  Oalvanometer. 
356.]  An  arrangement  similar  to  Wheatstone's  Bridge  has  been 


Fig.  37. 

employed  with  advantage  by  Sir  W.  Thomson  in  determining  the 

•  Proe.  S.  8.,  Jan.  IS,  ISTl. 


zedbyGoOJ^lC 


357-]  makcb's  method.  449 

leaistance  of  the  galnnometer  when  in  actual  nse.     It  was  sug^ 
gested  to  Sir  W.  Thomson  by  Mance's  Method.     See  Art.  357. 

let  the  batt«ry  be  placed,  as  before,  between  £  and  C  in  the 
figure  of  Article  347,  bat  let  the  galTanometer  be  placed  in  CA 
instead  of  in  OA.  If  6^ — cy  is  zero,  then  the  conductor  OA  m 
GoDJngate  to  SC,  and,  as  there  is  no  cnrrent  produced  in  OA  by  the 
battery  in  BC,  the  strength  of  the  current  in  any  other  conductor 
is  independent  of  the  resistance  in  OA.  Hence,  if  the  galvano- 
meter is  placed  in  CA  ite  deflexion  will  remain  the  same  whether 
the  resistance  of  OA  is  small  or  great.  We  therefore  observe 
whether  the  deflexion  of  the  galvanometer  remains  the  same  when 
0  and  A  are  joined  by  a  conductor  of  small  resistance,  as  when 
this  connexion  is  broken,  and  if,  by  properly  adjusting  the  re- 
sistances of  the  conductoi^  we  obtain  this  result,  we  know  that 
the  resistance  of  the  galvanometer  is 

where  e,  y,  and  j3  are  resistance  coils  of  known  resistance. 

It  will  be  observed  that  though  this  is  not  a  null  method,  in  the 
Ecuse  of  there  being  no  current  in  the  galvanometer,  it  is  so  in 
the  sense  of  the  fact  observed  being  the  negative  one,  that  the 
deflexion  of  the  galvanometer  is  not  chauged  when  a  certain  con- 
tact is  made.  An  observation  of  this  kind  is  of  greater  value 
than  an  observation  of  the  equality  of  two  different  deflexions  of 
the  same  galvanometer,  for  in  the  latter  case  there  is  time  for 
alteration  in  the  strength  of  the  battery  or  the  sensitiveness  of 
the  galvanometer,  whereas  when  the  deflexion  remains  constant, 
in  spite  of  certain  changes  which  we  can  repeat  at  pleasure,  we  are 
sure  that  the  current  is  quite  independent  of  these  changes. 

The  determination  of  the  r^istance  of  the  coil  of  a  galvanometer 
can  easily  be  effected  in  the  ordinary  way  of  using  Wheatstone's 
Bridge  by  placing  another  galvanometer  in  OA.  By  the  method 
uow  deecribed  the  galvanometer  itself  is  employed  to  measure  its 
own  resistance. 

Manee'**  Method  of  determinii^  fit  Semiance  of  the  Baiterif. 

857.]   The  measurement  of  the  resistance  of  a  battery  when  in 

action  is  of  a  much  higher  order  of  difficulty,  since  the  resistance 

of  the  battery  is  found  to  change  considembly  for  some  time  alter 


•  Pnc.  R.  a.,  Jul  IB,  1871. 
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the  strength  of  the  current  through  it  is  changed.  In  many  of  the 
methods  oomnionly  used  to  meaeure  the  reeistanoe  of  a  battery  such 
alterations  of  the  streogth  of  the  current  through  it  occur  in  the 
course  of  the  operations,  and  therefore  the  results  are  Tendered 
doubtful. 

In  Mance's  method,  whieh  is  free  from  this  objectioQ,  the  battery 
is  placed  in  £C  and  the  galvanometer  in  CA.  The  connexion 
between  0  and  S  is  then  alternately  made  and  broken. 

Now  the  deflexion  of  the  galvanometer  needle  will  remain  on- 
altered,  however  the  reBJstance  in  OB  be  changed,  provided  that 
OB  and  AC  are  conjugate.  This  may  be  regarded  as  a  particular 
case  of  the  result  proved  in  Art.  347,  or  may  be  seen  directly  on 
the  elimination  of  z  and  fi  from  the  equations  of  that  article,  viz. 
we  then  have 

(aa—cy)3i  +  {cy  +  ca  +  e6+ba)y  =  Ea, 

If  J'  is  independent  of  x,  and  therefore  of  ^,  we  must  have 
aa  =  cy.  The  resistance  of  the  battery  is  thus  obl^ed  in  temu 
of  c,  Y,  a. 

When  the  condition  aa  ^  cy  is  fulfilled,  the  current  through 
the  galvanometer  is  then 

Ea  Ey 

cb  +  a{a-\-6  +  o)'    "  al,  +  y(a  +  b  +  c)' 

To  test  the  sensibility  of  the  method  let  us  suppose  that  the 
condition  cy  =  aa  is  nearly,  but  not  accurately,  ful&Ued,  and  that 


^0  ifi  the  current  through  the  galvanometer  when  0  and  B  are 
connected  by  a  conductor  of  no  sensible  resistance,  and  jfj  the 
current  when  0  and  B  are  completely  disconnected. 

To  find  these  v^ues  we  must  make  ^  equal  to  0  and  to  oo  in  the 
general  formula  for  y,  and  compare  the  results. 
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The  general  value  for  f  is 

5 ^* 

where  D  denotes  the  same  expression  as  in  Art.  348.  Making  nee 
of  the  valaes  of  y  given  above  we  can  then  easily  shew  that  the 
oipreesionfl  for  y^  and  gi  ore  approximately 

e{cy-aa)  j/^ 
^^    y{c+a)     E' 

and       * V r  ir ' 

From  these  valaes  we  find 

y.— yi  _a        cy—aa 
y  y(c+o){a+y)" 

The  resistance,  c,  of  the  condactor  AB  should  be  eqoa!  to  a, 
that  of  the  battery ;  a  and  y  shoold  be  equal  and  as  small  aa 
pOBsible}  and  b  ebonld  be  eqoal  to  a  +  y. 

Since  a  galvanometer  is  most  sensitive  when  its  deflexion  is 
small,  we  should  bring  the  needle  nearly  to  zero  by  means  of  fixed 
magnets  before  making  contact  between  0  and  B. 

In  this  method  of  measuring  the  resistance  of  the  battery,  the 
current  in  the  galvanometer  is  not  in  any  way  interfered  with 
daring  the  operation,  so  that  we  may  ascertain  the  resistance  of 
the  battery  for  any  given  strength  of  current  in  the  galvanometer 
BO  as  to  determine  how  the  etiength  of  the  current  afiects  the 
resistance*. 

If  y  is  the  current  in  the  galvanometer,  the  actual  current 
through  the  battery  is  w^  with  the  key  down  and  x^  with  the 
key  np,  where 

(h  ac     \  /.  ^    \ 

'  +  7"'HmT))'      ''  =  '>'('  +  ^' 

the  resistance  of  the  battery  is 

and  the  electromotive  force  of  the  battery  is 
£  =  ,(!  +  =+  ^(6+y)). 

•  [la  tha  Fhilo*opliieal  Magtaine  for  1S£T,  TdL  I.  pp.  S15>626,  Mr.  OUtd  Lodge 
hu  pointed  out  aa  a  ddect  In  Muice'i  method  that  aa  the  electnnnotlve  toroo  of  ^e 
battery  depeada  upon  the  current  paadng  throDgh  the  battety,  the  deflexion  of  the 
nlranotnetar  needle  cuinot  be  the  ■una  in  the  two  oaaea  when  the  k«;  ia  down  or  up, 
if  the  equation  as  -  cy  <■  true.  Mr.  Lodge  deaoribea  a  modification  of  Manoel 
DMthod  wUah  be  baa  em|^;ed  wiA  raooHa.] 


QgS 
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HEASUBEUENT  OF  BESISTANCE. 


[358. 


The  method  of  Art.  3S6  for  findings  the  reeistanoe  of  the  galva- 
nometer  differs  from  this  odIj  Id  making  and  breaking  contact 
between  0  and  A  instead  of  between  0  and  B,  and  \>j  ezchangping 
a  and  ^  we  obtain  for  this  case 

On  the  Comparison  of  EUctromotke  Foreet. 

358.]  Hie  following  method  of  comparing  the  electromotiTe  forces 
of  voltaic  and  thermoelectric  arrangements,  when  no  cnrrent  passes 
throagh  them,  reijaires  only  a  set  of  resistance  coils  and  a  constant 
battery. 

Let  the  electromotive  force  E  of  the  battery  be  greater  than  that 
of  either  of  the  electromotora  to  be  compared,  then,  if  a  sufficient 


Kg.  SB. 

resistance,  B^,  be  interposed  between  the  points  A-^,  B^  of  the 
primary  circuit  EB^A-^E,  the  electromotive  force  from  B^  to  A^ 
may  be  made  eqoal  to  that  of  the  electromotor  E^ .  If  the  elec- 
trodes of  this  electromotor  are  now  connected  with  tfae  points 
A^,  Bi  no  current  will  flow  throngh  the  electromotor.  By  placing 
a  galvanometer  C,  in  the  circuit  of  the  electromotor  E^,  and 
a^neting  the  resistance  between  A^  and  B^,  till  the  galvanometer 
Gi  indicates  no  current,  we  obtain  the  equation 

El  =  RiC 
where  Bj  is  the  resistance  between  J,  and  £j ,  and  C  is  the  strength 
of  the  current  in  the  primary  circuit. 

In  the  same  way,  by  taking  a  second  electromotor  E^  and  placing 
its  electrodes  at  A^  and  B2,  so  that  no  current  is  indicated  by  the 
aalvanometer  0,, 

E^  =  B^C, 
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where  R^  is  the  resistance  between  J^  and  B^.  If  the  observations 
of  the  galvaDometers  6,  and  C,  are  simultaneous,  the  value  of  C, 
the  current  in  the  primary  circuity  is  the  B&ms  in  both  equations, 
and  we  find 

In  this  way  the  electromotive  force  of  two  electromotors  may  be 
compared.  The  absolute  electromotive  force  of  an  electromotor  may 
be  measnred  either  electrostatically  by  means  of  the  electrometer, 
or  electrom^;netically  by  means  of  an  absolute  galvanometer. 

This  method,  in  which,  at  the  time  of  the  comparison,  there 
is  no  current  through  either  of  the  electromotors,  is  a  modification 
of  Poggendorff's  method,  and  is  due  to  Mr.  Latimer  Clarb,  who 
has  deduced  the  following  values  of  electromotive  forces : 


VolM, 

VattieUI.    AmBlgmiiutodZlDO  HSOt+   4m].  CnSO,  Coppsr     -LOTS 

n.                  ,               HSO,+ 12  Bq.  CaSO,  Copper     >-0.B7S 

ni.                 „               HSOt-t-ISkq.  CaNO,  Coppsr     ^=1.00 

JnmmI.                   „                    „           „  HKO.  Cvbm     -I.eSf 

II.                  „                    „           „  ip.  g.  1.  S8  CuboD     -1.888 

Grove                          „               H80,+   i  >q.  HNO,  Platinum  =  1.958 

A  YoU  U  an  tUeiroMotivt  font  equal  (« 100,000,000  until  of  the  etntmOn-ffram 
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ON  THE  ELECTBIC  RESISTANCE  OF  SUBSTANCES. 


359.]  There  are  three  elaseee  id  which  we  may  place  difl*erent 
BubstaDces  in  relation  to  the  passage  of  electricity  through  them. 

The  first  class  contains  all  the  metals  and  their  alloys,  some 
sulphnrets,  and  other  compoands  containing  metals,  to  which  we 
must  add  carbon  in  the  form  of  gae-coke,  aod  seleninm  in  the 
crystalline  form. 

'  In  all  these  substances  conduction  takes  place  without  any 
decompodtion,  or  alteration  of  the  chemical  natnre  of  the  substance, 
either  in  its  interior  or  where  the  current  enters  and  leaves  the 
body.  In  all  of  them  the  resistance  increases  as  the  teroperatare 
rises. 

The  second  class  consists  of  substances  which  are  called  electro- 
lytes, because  the  current  is  associated  with  a  decomposition  of 
the  substance  into  two  components  which  appear  at  the  electrodes. 
As  a  role  a  substance  is  an  electrolyte  only  when  in  the  liquid 
form,  though  certain  colloid  substances,  snch  as  glass  at  100°C, 
which  are  apparently  solid,  are  electrolytes.  It  would  appear  from 
the  experiments  of  Sir  S.  C.  Srodie  that  certain  gases  are  capable 
of  electrolysis  by  a  powerful  electromotive  force. 

In  all  substances  which  conduct  by  electrolysis  the  resistance 
diminiBhes  as  the  temperature  rises. 

The  third  class  consists  of  substwices  the  resistance  of  which  is 
so  greet  that  it  is  only  by  the  most  refined  methods  that  the 
passage  of  electricity  through  them  can  be  detected.  These  are 
called  Dielectrics.  To  this  class  belong  a  considerable  number 
of  solid  bodies,  many  of  which  are  electrolytes  when  melted,  some 
liquids,  such  as  turpentine,  naphtha,  melted  paraffin,  &c,  and  all 
gases  and  vapours.  Carbon  in  the  form  of  diamond,  and  seleninm 
in  the  amorphous  form,  belong  to  this  cbss. 

The  resistance  of  this  class  of  bodies  is  enormous  compared  with 
that  of  the  metals.     It  diminishes  as  the  temperature  rises.     It 
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is  difficult,  OQ  account  of  the  great  resiataoce  of  these  sabstances, 
to  determme  whether  the  feeble  current  which  we  can  force  through 
them  is  or  is  not  associated  with  electrolysis. 

Oh  the  Eleelrie  Setittance  o/MelaU. 

860.]  There  is  no  part  of  electrical  research  in  which  more 
numerous  or  more  accurate  experimentB  have  been  made  than  in 
the  determination  of  the  resistance  of  metals.  It  is  of  the  utmost 
importance  in  the  electric  telegraph  that  the  metal  of  which  the 
wires  are  made  should  hare  the  smallest  attainable  reaietance. 
Measurements  of  resistance  must  therefore  be  made  before  selecting 
the  materials.  When  any  fault  occurs  in  the  line,  its  position  is 
at  once  ascertained  by  measurements  of  resistance,  and  these  mea- 
surements, in  which  so  many  persons  are  now  employed,  require 
the  use  of  resistance  coils,  made  of  metal  the  electrical  properties 
of  which  have  been  carefully  tested. 

The  electrical  properties  of  metals  and  their  alloys  have  been 
studied  with  great  care  by  MM.  Matthiesscn,  Vogt^  and  Hoekin, 
and  by  MM.  Siemens,  who  have  done  so  much  to  introduce  exact 
electrical  measurements  into  practical  work. 

It  appears  from  the  researches  of  Dr.  Matthiessen,  tiiat  the  effect 
of  temperature  on  the  resistance  is  nearly  the  same  for  a  considerable 
number  of  thejovn  metals,  the  resistance  at  lOO'^C  being  to  that 
at  O'^C  in  the  ratio  of  lAli  to  1,  or  of  100  to  70.7.  For  pure  iron 
the  ratio  is  1.64S,  and  for  pure  thallium  1.456. 

The  resistance  of  metals  hns  heen  observed  by  Dr.  C.  W.  Siemens* 
through  a  much  wider  range  of  temperature,  extending  from  the 
freezing  point  to  350''C,  and  in  certain  cases  to  1<I<I0°C.  He  finds 
that  the  resistance  increases  as  the  temperature  rises,  but  that  the 
rate  of  increace  diminishes  as  the  temperature  rises.  Tlie  formula, 
which  he  finds  to  agree  very  closely  both  with  the  resistances 
observed  at  low  temperatares  by  Dr.  Matthiessen  and  with  his 
own  observations  through  a  range  of  lOOO^C,  is 

where  T  is  the  absolute  temperature  reckoned  from  — 273''C,  and 

a,  ^,  y  are  constants.     Thus,  for 

Platinum r=  0.039369  jr*  +  0.0O216407  T— 0.2413, 

Copper T=  0.026577  7'* +  0.0031443  7"- 0.22751, 

Iron r  =  0.072545  7'+ 0.0038133  T- 1.23971. 

•  Pnt.  B.  S,  April  27, 1871. 
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From  datft  of  tbis  kind  the  temperature  of  a  furnace  may  be 
determioed  1>y  means  of  an  observatios  of  the  resistance  of  a 
platinum  wire  placed  in  the  furnace. 

Dr.  Matthiessen  found  that  when  two  metals  are  combined  to 
form  an  alloy,  the  resistance  of  tbe  alloy  is  in  most  cases  gieatet 
than  that  calculated  from  the  resistance  of  tiie  component  metals 
and  their  proportions.  In  the  case  of  alloys  of  gold  and  silver,  the 
resistance  of  the  alloy  ie  greater  than  that  of  either  pure  gold  or 
pure  silver,  and,  within  certain  limiting  proportions  of  the  con- 
stituents, it  varies  very  little  with  a  slight  alteration  of  the  pro- 
portions. For  this  reason  Dr.  Matthiessen  recommended  an  alloy 
of  two  parts  by  weight  of  gold  and  one  of  silver  as  a  material 
for  reproducing  the  nnit  of  resistance. 

The  effect  of  change  of  temperature  on  electric  resistance  is 
geuerally  less  in  alloys  than  in  pure  metels. 

Hence  ordinary  resistance  coils  are  made  of  Qerman  silver,  on 
account  of  its  great  redstance  and  its  small  variation  with  tem- 


An  alloy  of  silver  and  platinum  is  also  used  for  standard  coils. 

361.]  The  electric  resistance  of  some  metals  changes  when  the 
metel  is  annealed;  and  until  a  wire  has  been  tested  by  being 
repeatedly  raised  to  a  high  temperature  witiiont  permanently 
altering  ite  resistance,  it  cannot  be  relied  on  as  a  measare  of 
resistance.  Some  wires  alter  in  resistance  in  course  of  time  withont 
having  been  exposed  to  changes  of  temperature.  Hence  it  is 
important  to  ascertain  the  specific  resistance  of  mercury,  a  metal 
which  being  fluid  has  always  the  same  molecular  structure,  and 
which  can  be  easily  purified  by  distillation  and  treatment  with 
nitric  acid.  Great  care  has  been  bestowed  in  determining  the 
resbtance  of  this  metal  by  W.  and  C.  F.  Siemens,  who  introduced 
it  as  a  standard.  Their  researches  have  been  supplemented  by 
those  of  Matthiessen  and  Hockin. 

The  specific  lei^istanee  of  mercury  was  deduced  from  the  observed 
resistance  of  a  tube  of  length  I  containing  a  weight  k  of  mercury, 
in  the  following  manner. 

No  glass  tube  is  of  exactly  equal  bore  throughout,  but  if  a  small 
quantity  of  mercury  is  introduced  into  the  tube  and  occupies  a 
length  A  of  the  tube,  the  middle  point  of  which  is  distant  x  from 
one  end  of  the  tube,  then  the  area  «  of  the  section  near  this  pobt 

will  be  a  =  p  where  C  is  some  constant, 
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The  weight  of  mercury  which  fills  the  whole  tube  ie 

K  =  pftdx  =  pCS{^)-, 

where  n   is  the  nDmber  of  poJats,  at  equal  distances  along  the 
tube,  where  A.  has  bees  measured,  and  p  is  the  mass  of  unit  of 
volume. 
The  resistauce  of  the  whole  tube  is 


H'. 


•fc  =  gS(A) 


where  r  is  the  specific  renistance  per  unit  of  volume. 

Hence  teB  =  rp^ (A) 2  (i)  ^ . 

,                               «B        n' 
and  »■  =  — if 

'■''imil) 

gives  the  specific  resistance  of  unit  of  volume. 

To  find  the  resistance  of  unit  of  length  and  unit  of  mass  we  mnst 
multiply  this  by  the  densi^. 

It  appears  from  the  experiments  of  Mattbiessen  and  Hockia  that 
the  resistance  of  a  uniform  column  of  mercuiy  of  one  metre  in 
length,  and  weighing  one  gramme  at  0°C,  is  13.071  OhmSj  whence 
it  follows  that  if  the  specific  gravity  of  mercury  is  I3.S96,  the 
resistance  of  a  column  of  one  metre  in  length  and  one  square 
millimetre  in  section  is  0.96146  Ohms, 

862.]  In  the  following  table  It  is  the  resistance  in  Ohms  of  a 
column  one  metre  long  and  one  gramme  weight  at  0°C,  and  r  is 
the  resistance  in  ceatimetres  per  second  of  a  cube  of  one  centi- 
metre, according  to  the  experiments  of  Matthieesea  *. 

Faroent*^ 


gnnity  It  r      1°C  M  !0°C. 

Silver 10.50       hard  drawn       0.1689     1609  0.377 

Copper 8.95       hard  drawn       0.1469     1642  0.388 

Gold 19.27       hard  drawn       0.4150     2154  0.365 

Lead 11.391        pressed  2.257  19847  0.387 

Mercury 13.695  liquid  13.071  96146  0.072 

Gold  2,  Silver  1 .  .  16.218  bard  or  annealed  1.668  10988  0.065 

Selenium  at  lOO^C  Cryatalliue  form  6x10'^  1.00 

•  PUL  Mag^  VUj,  1806. 

DigiLizedbyGoOy 


BB3ISTANCB.  [363. 


On  the  Electric  Betittance  of  Electrol^tet. 

863,]  The  measurement  of  the  electric  resietance  of  electrolytes 
is  rendered  difficult  oa  account  of  the  polarization  of  the  electrodes, 
which  causes  the  observed  difference  of  potentials  of  the  metallic 
electrodes  to  be  greater  than  the  electromotive  force  which  actually 
produces  the  current. 

This  difficulty  can  be  overcome  ia  varions  ways.  In  certain 
cases  we  can  get  rid  of  polarization  by  using  electrodes  of  proper 
material,  as,  for  instance,  zinc  electrodes  in  a  solution  of  sulphate 
of  zinc.  By  making  the  sur&ce  of  the  electrodes  very  large  com- 
pared with  the  section  of  the  part  of  the  electrolyte  whose  resist- 
ance is  to  be  measured,  and  by  using  only  currents  of  short  duration 
in  opposite  directions  alternately,  we  can  make  the  measurements 
before  any  couEiderahle  intensity  of  polarieation  has  been  excited 
by  the  passage  of  the  current. 

Finally,  by  making  two  different  experiments,-  in  one  of  which 
the  path  of  the  current  through  the  electrolyte  is  much  longer  than 
in  the  other,  and  so  adjusting  the  electromotive  force  that  the 
actual  current,  and  the  time  during  which  it  flows,  are  nearly  the 
same  in  each  case,  we  can  eliminat«  the  effect  of  polarization 
altogether. 

364.]  In  the  experiments  of  Dr.  Paalzow  *  the  electrodes  were 
in  the  form  of  tai^  disks  placed  in  separate  flat  vessels  tilled  with 
the  electrolyte,  and  the  connexion  was  made  by  means  of  a  long 
siphon  filled  with  the  electrolyte  and  dipping  into  both  vessels. 
Two  such  siphons  of  difierent  lengths  were  need. 

The  observed  reustances  of  the  electrolyte  in  these  siphons 
being  R^  and  R^,  the  siphons  were  next  filled  with  mercury,  and 
their  resistances  when  filled  with  mercury  were  found  to  be  S( 
and  R^. 

The  ratio  of  the  resistance  of  the  electrolyte  to  that  of  a  mass 
of  mercury  at  0°C  of  the   same  form  was  then  found  from  the 


B,-R. 


formula 

To  deduce  from  the  values  of  p  the  resistance  of  a  centimetre  in 
length  having  a  section  of  a  square  centimetre,  we  must  multiply 
them  by  the  value  of  r  for  mercury  at  0°C.     See  Art.  361. 

•  Daiia  Mcm^OtrlAt,  3a\j,  1868. 
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The  resolts  given  by  Faalzow  are  as  follow : — 

Htxinret  ^Sulphuric  Acid  and  Water. 


T«np.  Re«i«r™  compwed 

•^  with  mncaiy. 

HgSO^                   IS'C  96960 

HaS04+    14H'0 IS'C  14157 

HjS04+   13H*0 22''C  13310 

HjS04+499H'0 22*^0  184773 

Sulphate  ofZine  and  Water. 

ZnS04+    23H'0 23°C  194400 

ZnS04+    24H»0 23°C  191000 

ZnSO^+105H*O 23''C  354000 

Sulphate  of  Cktpper  and  Water. 

CnSO^+   45H<0 22°C  202410 

CaSO^+I05H*O 22°C  339341 

Sulphate  i^Magnenum  and  Water. 

MgSO^+    34H*0 22°C  199180 

MgSO^+107H*O 22''C  324600 

Hydrochloric  Acid  and  Water. 

HCl     +    ISH'0 23X  13626 

HCl     +500H«0 23''C  86679 

365.]  MM.  F.  Eohlraoscli  and  W.  A.  Nippoldt*  have  de- 
termined the  resistance  of  mixtures  of  ealphuric  acid  and  water. 
They  need  alternating  magneto-electric  cnrrents,  the  electromotive 
force  of  which  varied  from  \  to  ^V  of  that  of  a  Grove's  cell,  and 
by  means  of  a  thermoelectric  copper-iron  pair  they  reduced  the 
electromotive  force  to  xibotid  of  that  of  a  Grove's  cell.  They  found 
that  Ohm's  law  was  applicable  to  this  electrolyte  thronghoat  the 
range  of  these  electromotive  forces. 

The  resistance  is  a  minimum  in  a  mixture  containing  about  one- 
third  of  sulphuric  acid, 

He  resistance  of  electrolytes  diminishes  as  tlie  temperature 
increases.  The  percentage  increment  of  conductivity  for  a  rise  of 
1°C  u  given  in  the  following  table. 

*  PogK  -  '("o-  ocuriU.  p.  269,  Oot.  1819. 
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SesUlance  ofMxxturet  tf  Sulpiuric  Mid  and  Water  at  22°C  in  terms 
(^Mercury  at  O'C.     MM.  Kohlrausch  and  Nippoldt 


Sjiecific  gmniy 


{Hg- 

0.9985  0.0  746300  0.4T 

1.00  0.2  465100  0.47 

1.0504  8.3  34530  0.653 

1.0989  14.2                   18946  0.646 

1.1431  20.2                   14990  0.799 

1.2045  28.0                   13133  1.317 

1.2631  3S.2                   13132  1.259 

1.3163  41.6                   14286  1.410 

1.3547  46.0                   15762  1.674 

1.3994  60.4                   17726  1.682 

1.4482  65.2                   20796  1.417 

1.5026  60.3                   25574  1.794 

On  the  Eteeirical  SetUtance  qf  Dielectrkt, 

866.]  A  great  number  of  determinations  of  the  resistance  c^ 
gatta-percha,  and  other  materials  ased  as  insulating  media,  in  the 
manufacture  of  telegraphic  cables,  have  been  made  in  order  to 
ascertain  the  valne  of  these  materials  as  insulators. 

The  teste  are  generally  applied  to  the  material  after  it  has  been 
used  to  cover  the  conducting  wire,  the  wire  being  need  aa  one 
electrode,  and  the  water  of  a  tank,  in  which  the  cable  is  plunged, 
ae  the  other.  Thus  the  current  is  made  to  pass  through  a  cylin- 
drical coating  of  the  insulator  of  great  area  and  small  thickness. 

It  is  found  that  when  the  electromotive  force  begins  to  act,  the 
current,  ae  indicated  by  the  galvanometer,  is  by  no  means  constant. 
The  first  effect  is  of  course  a  transient  current  of  considerable 
intensity,  the  total  quantity  of  electricity  being  that  required  to 
charge  the  surfaces  of  the  insulator  with  the  superficial  distribntioa 
of  electricity  corresponding  to  the  electromotive  force.  Tliis  first 
current  therefore  is  a  measure  not  of  the  conductivity,  but  of  the 
capacity  of  the  insulating  layer. 

Sut  even  after  this  current  has  been  allowed  to  subside  the 
residual  current  is  not  constant,  and  does  not  indicate  the  tme 
conductivity  of  the  substance.  It  is  found  that  the  current  con- 
tinues to  decrease  for  at  least  half  an  hour,  ao  that  a  determinatioQ 
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of  the  resisfance  dedoced  from  the  cairent  will  give  a  greater  value 
if  a  certain  time  ie  allowed  to  elapee  than  if  taken  immediately  after 
applying  the  battery. 

Tbos,  with  Hooper's  iosnlating  material  the  apparent  resistance 
at  the  end  of  ten  minutes  was  fonr  times,  and  at  the  end  of 
nineteen  hours  twenty>three  times  that  observed  at  the  end  of 
one  minnte.  When  the  direction  of  the  electromotive  force  is 
reversed,  the  resistance  foils  as  low  or  lower  than  at  first  and  then 
gradoally  rises. 

These  phenomena  seem  to  be  due  to  a  condition  of  the  gutta- 
percha, which,  for  want  of  a  better  name,  we  may  call  polarization, 
and  which  we  may  compare  on  the  one  band  with  that  of  a  series 
of  Leyden  jars  charged  by  cascade,  and,  on  the  other,  with  fitter's 
secondary  pile,  Art.  271. 

If  a  nmnher  of  Leyden  jars  of  great  capacity  are  connected  in 
series  by  means  of  conductors  of  great  resistance  (such  as  wet 
cotton  threads  in  the  experiments  of  M.  Qaugain),  then  an  electro- 
motive force  acting  on  the  aeries  will  produce  a  current,  as  indicated 
by  a  galvanometer,  which  will  gradually  diminish  till  the  jars  are 
fully  charged. 

The  apparent  resistance  of  such  a  series  will  increase,  and  if  the 
dielectric  of  the  jars  is  a  perfect  insulator  it  will  increase  without 
limit.  If  the  electromotive  force  be  removed  and  connexion  made 
between  the  ends  of  the  series,  a  reverse  cnrrent  will  be  observed, 
the  total  quantity  of  which,  in  the  case  of  perfect  insulation,  will  be 
the  fame  as  that  of  the  direct  current.  Similar  effects  are  observed 
in  the  case  of  the  secondary  pile,  with  the  difference  that  the  final 
insulation  is  not  so  good,  and  that  the  capacity  per  unit  of  surface 
is  immensely  greater. 

In  the  case  of  the  cable  covered  with  gutta-percha,  Sb; ,  it  is  found 
that  after  applying  the  battery  for  half  an  hour,  and  then  con- 
necting the  wire  with  the  external  electrode,  a  reverse  current  t^es 
place,  which  goes  on  tor  some  time,  and  gradually  reduces  the 
system  to  its  original  state. 

These  phenomena  are  of  the  same  kind  with  those  indicated 
by  the  'residual  discharge'  of  the  Leyden  jar,  excq)t  that  the 
amount  of  the  polarization  is  mach  greater  in  gutta-percha,  See. 
than  in  glass. 

This  state  of  polarization  seems  to  be  a  directed  property  of  the 
material,  which  requires  for  its  production  not  only  electromotive 
force,  but  the  passage,  by  displacement  or  otherwise,  of  »  con- 
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eiderable  quantity  of  electricity,  and  this  passage  requires  a  con- 
siderable tima  When  the  polarized  state  has  been  set  up,  there 
is  an  internal  electromotive  force  acting  in  the  substance  in  the 
reverse  direction,  which  will  continue  till  it  has  either  produced 
a  reversed  current  equal  in  total  quantity  to  the  first,  or  till  the 
state  of  polarization  has  quietly  subsided  by  means  of  trae  con- 
duction through  the  substance. 

The  whole  theory  of  what  has  been  called  residaal  discharge, 
absorption  of  electricity,  electrification,  or  polarization,  deserves 
a  careful  investigation,  and  will  probably  lead  to  important  dis- 
coveries relating  to  the  internal  structure  of  bodies. 

S67.]  The  resistance  of  the  greater  number  of  dielectrics  di- 
minishes as  the  temperature  rises. 

Thus  the  resistance  of  gutta-percha  is  about  twenty  times  as  great 
at  0°C  as  at  24''C.  Messrs.  Bright  and  Clark  have  found  that  the 
following  formula  gives  results  agreeing  with  their  experiments. 
If  r  is  the  resistance  of  gutta-percha  at  temperature  T  centigrade, 
then  the  resistance  at  tempemture  T+ 1  will  be 

fl  =  rx0.8878', 
the  number  varies  between  0.6B78  and  0.9. 

Mr.  Hockin  has  verified  the  curious  fact  that  it  is  not  until  some 
hours  afler  the  gutta-percha  has  taken  its  temperature  that  the 
resistance  reaches  itA  corresponding  value. 

The  effect  of  temperature  on  the  resistance  of  india-rubber  is  not 
so  great  as  on  that  of  gutta-percha. 

The  resistance  of  gutta-percha  increases  considerably  on  the 
application  of  pressure. 

The  resistance,  in  Ohms,  of  a  cubic  metre  of  various  specimens  of 
gutta-percha  used  in  different  cables  is  as  follows  *. 

KameofCkble. 

Red  Sea 267x  10"  to  .S62  x  10" 

Malta-Alexandria 1.23  x  10" 

Persian  Golf...  1.80    xlO" 

Second  Atlantic    3.42    x  10" 

Hooper's  Persian  Gulf  Core. ..74.7     x  10" 
Gutta-percha  at  24^0 3.53   x  10" 

868.]  The  following  table,  calculated  from  the  ezperimeDts  <^ 


*  Jenkin'a  Cantor  Ikelurtt. 
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M.  Buffj  deBcribed  in  Art.  271,  shews  the  reEistance  of  a  cubic 
metre  of  glass  in  Ohms  at  different  temperatures. 


ZOO^C 

227000 

250° 

13900 

300° 

1480 

350° 

1035 

400° 

735 

869.]  Mr,  C.  F.  Varley  *  has  recently  itiTestigat«d  the  conditions 
of  the  current  throng^h  rarefied  gasesj  and  finds  that  the  electro- 
motive force  E  is  equal   to  a  constant  E^  together  with  a  part 
depending  on  the  current  according  to  Ohm'e  Law,  thus 
E=  E„  +  RC. 

For  instance,  the  electromotive  force  required  to  cause  the 
current  to  begin  in  a  certain  tube  was  that  of  323  Daniell'e  cells, 
but  an  electromotive  force  of  304  cells  was  just  sufficient  to 
maintain  the  current.  The  intensity  of  the  current,  as  measured 
by  the  galvanometer,  was  proportional  to  the  number  of  cells  above 
304.  Thus  for  305  cells  the  deflexion  was  2,  for  306  it  was  4, 
for  307  it  was  6,  and  so  on  up  to  380,  or  304.^-76  for  which  the 
deflexion  was  150,  or  76  x  1.97. 

From  these  experiments  it  appears  that  there  is  a  kind  of 
polarization  of  the  electrodes,  the  electromotive  force  of  which 
is  equal  to  that  of  304  Daniell's  cells,  and  that  up  to  this  electro- 
motive force  the  battery  is  occupied  in  establishing  this  state  of 
polarization.  When  the  maximum  polarization  is  established,  the 
excess  of  electromotive  force  above  that  of  304  cells  is  devoted  to 
maintaimog  the  current  according  to  Ohm's  Law. 

The  law  of  the  current  in  a  rarefied  gas  is  therefore  very  similar 
to  the  law  of  the  current  through  an  electrolyte  in  which  we  have 
to  take  account  of  the  polarization  of  the  electrodes. 

Id  connexion  with  this  subject  we  should  study  Thomson's  results, 
described  in  Art.  57,  in  which  the  electromotive  force  required 
to  produce  a  spark  in  air  was  found  to  be  proportional  not  to  the 
distance,  but  to  the  distance  together  with  a  constant  quantity. 
The  electromotive  force  corresponding  to  this  constant  quantity 
mAy  he  regarded  as  the  intensity  of  polarization  of  the  electrodes. 

S70.]  MM.  Wiedemann  and  Kiihlmann  have  recently  f  inveeti- 
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^ted  the  passage  of  electricity  through  gases.  The  electric  cnrrent 
was  prodticed  by  Holtz's  machine,  and  the  discharge  took  pUce 
between  spherical  electrodes  within  a  metallic  vessel  containing' 
rarefied  gas.  The  discharge  was  in  general  discontinuous,  and  the 
interval  of  time  between  aaccessive  discharges  was  measnred  by 
means  of  a  mirror  revolving  along^  with  the  axis  of  Holtz's  machine. 
The  images  of  the  series  of  discharges  were  observed  by  means  of 
a  heliometer  with  a  divided  object-glass,  which  was  adjasted  till 
one  image  of  each  discharge  coincided  with  the  other  image  of 
the  next  discharge.  By  this  method  very  consistent  results  were 
obtained.  It  was  found  that  the  qnantity  of  electricity  in  each 
discharge  is  independent  of  the  strength  of  the  cnrrent  and  of 
the  material  of  the  electrodes,  and  that  it  depends  on  the  nature 
and  density  of  the  gas,  and  on  the  distAnoe  and  form  of  the 
electrodes. 

These  researches  confirm  the  statement  of  Faraday*  that  the 
electric  tension  (see  Art.  46)  required  to  cause  a  disruptive  disehai^ 
to  begin  at  the  electrified  suriace  of  a  conductor  is  a  little  less 
when  the  electrification  is  negative  than  when  it  is  positive,  but 
that  when  a  discharge  does  take  place,  much  more  electricity  passes 
at  each  discharge  when  it  begins  at  a  positive  surface.  They  also 
tend  to  support  the  hypothesis  stated  in  Art.  67,  that  the  stratom 
of  gas  condensed  on  the  sur&ce  of  the  electrode  plays  an  important 
part  in  the  phenomenon,  and  they  indicate  that  this  condensation 
is  greatest  at  the  positive  electrode. 
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